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Evaluation of chaos-induced friction in Alfven system

by using the projection operator method
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Alfven waves are ubiquitously observed in space and laboratory magnetized plasmas. The derivative
nonlinear Schrodinger (DNLS) equation is known as a nonlinear evolution equation of Alfven waves. Hada
et al (Phys. Fluid, 1990) derived a few degrees of freedom Alfven system from the DNLS by assuming the
traveling wave solution and observed the chaotic behaviors of the system driven by the periodic external
force. In the present study, the chaos-induced friction in the Alfven system is evaluated by using the Mori

projection operator method.
Hada et al[l] derived ordinary differential
equations from the driven derivative nonlinear

Schrodinger (driven-DNLS) equation by assuming
the stationary wave solution as follows:

b, —vb, =b, (b2 +b? —1)— b, + F cos6), oy
b, —vb, =—b, (bZ +b? 1)+ (b, — 1)+ Fsine, (2)

where v is the normalized dissipative scale length,
A is the phase speed of the wave, F is the amplitude

of an external driver, and 4 = Qt+ 4, respectively.

In this model, the Alfven wave is
monochromatically amplified. Bifurcation diagrams
of the system have been reported by the past
studies[1][2].

We here assume <b,>=<b,>=0, <bb,>=0, and
<b,b,b,>=<b,b,b,>=0, where < > is the ensemble
average. Let us rewrite egs.(1)(2) as

b, —vb, =V, —(A+1)b, + F cos, 3)
b, —vb, =V, +(A+Nb, — 1+ Fsiné, (4)

where V,=hb,(b,’+b,%) and V,=-b,(b,+b,") are the
nonlinear terms.

We consider the projection of the nonlinear terms
(V='(V, , V,)) by using the Mori projection operator
method [3-6]. In what follows, the time

dependence of the variables is specified such as
H(X(t)). The projection of a variable H(X(t)) on the

macrovariable A =A(t=0) is [3-6]
P(H(A®1)) =<H(AM)A" >< AA*" > A (5)

where * indicates the Hermitian conjugate. In the
same manner as past studies [5], we obtain

V(b(®) =e™ (P+Q)V(b), (6)

where b='(b, , b,) Ais the evolution operator [5],
and Q=1-P.
By using egs.(5) and (6), we have [3-6]

v, (b(t) =— j;rw (S)b, (t—s)ds+L b, (t)+r,, (7)
V,(B(t) =—[ T, ()b, t-9)ds+Lb, )+, (&)

where the second terms of egs.(7)(8)
(L,=(<b,*>+<b,0,”>)/<b,”> and L, =-(<b, >+
<b,?b,*>) /<b,*>) come from the first term of the
right hand side in eq.(6)[3-6], while the first and
third terms in the right hand side of egs.(7)(8) come
from the second term of the right hand side in
eq.(6)[3-6]. The fluctuating force r =(ry, r,) is

r(t) = e QV (b(t)), ©)

and the memory function is



I'(t) =diag(T,, . T,,) =<r®)r ><bb™>".  (10)

From egs.(3)(4) and (7)(8), we obtain an
evolution equation for time correlation function
C=<b(t)b™> as [3-6]

C,, —C, =L.C, -7,C,, +Csy. (11)
C,,—C, =L,C, +Cq,, (12)
C, —C,, =L,C, +Cp,, (13)
C,—C, =L,C, -7,C,, +Cp,, (14)

where C=<F(t)b™>, F(t)='(Fcos 6 , Fsin 0 ),
Lu=L,-( 4 +1), Lpo=L,+( 4 +1), respectively. We
here assume

j;r(s)c:(t _s)ds ~yC(t) (15)

where vy =diag( v yy, v ) is the chaos-induced
friction coefficient [4]. We here also neglect the
diagonal component of linear coefficients (L.).
From egs.(11)(12), we obtain

C, +aC, +bC,, =Cg, (16)
where

a=(y,, —v(Ly+L,) (=), (17)
b =Ly, /(1-v?), (18)
Cr =L,Cpy +1Cpy +Cy - (19)

The direct numerical simulation of egs.(1)(2)
with the parameters £=0.25, F=0.3, »=0.191609,
£2=-1.0 is carried out by using the forth order
Runge-Kutta method with At =103, In this run,
time evolution becomes chaotic [2](Fig.1). The
ensemble average of correlation functions is
numerically evaluated by using the time integral
such as [3]

c, :%_ijy (t+ih)b, (ih). (19)

where h=0.1, N=37500 in the present run. For
averaged values (t =0) such as <b,*>, we use h=At
and N=15000000. In this run, L4=0.108 and
L,=-0.1063, respectively.

The numerical result shows that Cg can be
written as Cr=Aosin(t- ¢ o), where Ay=0.07855 and
¢ 0=2.752. Then, the special solution of eq.(19)
becomes
C,y(t)=A;cost +A,sint’, (20)

where

_ —aA _ (b-1A 21
A (b-12+a?’ A (b—1)2+a?’ &Y
and t’=t- ¢ ,. We here set E=(A,*+A,%)*°=0.0408,
which corresponds to the energy of the frequency
mode with o =1.

By using the bisection method to find the
solution of f(v ,,)=E-0.0408=0, we finally obtain
the chaos-induced friction coefficienty ,, =1.5920,
A=-3.5019 X 102, A,=-2.0942 X 102, respectively.
Figure 2 shows the time dependence of C,,.
Although the phase of oscillation of eq.(20) (black
line) agrees well with the one in the numerical
result (gray line), the amplitude modulation due to
the side band modes is not reproduced by the
present approach. This is because of the simple
approximation in eq.(15).
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Fig.1. Hodogyram (by-b,).
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Fig.2. Time dependence of C,,. Black and gray lines
indicate eq.(20) and the numerical result, respectively.
The chaos-induced friction coefficient y,, =1.5920.
References
[1]T. Hada, C. F. Kennel, B. Buti, and E. Mjolhus, Phys.
Fluid B 2(11), 2581 (1990).
[2]A. C.-L. Chian, Y. Kamide, E. L. Rempel, and W. M.
Santana, J. Geophys. Res., 111, A07S03 (2006).
[3]R. Ishizaki, S. Kuroki, H. Tominaga, N. Mori, and H.
Mori, Prog. Theor. Phys., 109(2), 169 (2003).
[4]R. Ishizaki, H. Mori, H. Tominaga, S. Kuroki, and N.
Mori, Prog. Theor. Phys., 116(6), 1051 (2006).
[5]H. Mori, S. Kuroki, H. Tominaga, R. Ishizaki, and N.
Mori, Prog. Theor. Phys., 111(5), 635 (2004).
[6]D. Hamada, Master’s Thesis of Interdisciplinary
Graduate school of Engineering Science, Kyushu
University, 2007.



