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Linearized model collision operators for multiple ion species are implemented to the gyrokinetic local 

flux-tube code, which satisfy the conservation laws of particles, momentum, and energy, and also satisfy 

adjointness relations even for collisions between different particle species under unequal temperatures. It is 

confirmed that the developed operator works well in the simulations within certain resolution of the 

velocity space.  

 

 

1. Introduction 
Nowadays, the magnetically confined plasma 

experiments should contain different ion species 

including deuterium, carbon, and so on. The 

collisions between each ion species play a 

significant role in the plasma transport with 

kinetic approaches. In the gyrokinetic simulation, 

especially, the collision operator is needed to 

realize the steady turbulent state. Therefore, it is 

desirable to employ a good collision operator in 

the kinetic simulations, which is easy to treat 

numerically satisfying physical properties such as 

several conservation laws. In this work, we 

implement the linearized model collision operator 

for multiple ion species plasmas [1] into the 

gyrokinetic Vlasov local flux-tube code, 

GKV/GKV-X [2,3], and it is confirmed that the 

operator works well with several conservation 

laws and physical constraints within certain 

allowable numerical errors. Using the developed 

collision operator, it is confirmed that the correct 

collisional processes appears in the simulations.  

 

2. The linearized collision operator 
The turbulent transport driven by micro 

instabilities needs collisional processes for the 

achieving the steady state. Therefore, the collision 

model that satisfies correct properties such as 

physical conservation laws should be included in 

the kinetic simulations.  

 

2.1 Properties 

In our work [1], the linearized model collision 

operator for multiple ion species plasmas were 

constructed, satisfying conservation laws for 

particle, momentum, and energy, and satisfies also 

adjointness relations and Boltzmann's H-theorem 

including unequal temperature plasmas with 

different particle species. Several properties 

satisfied by the linear collision operator for 

collisions between species 𝑎 and 𝑏 are discussed 

in explicit way. The conservation of particle should 

be satisfied for the test-particle part 𝐶𝑎𝑏
𝑇  and the 

field-particle part 𝐶𝑎𝑏
𝐹 , where the collision operator 

is given by 𝐶𝑎𝑏 =  𝐶𝑎𝑏
𝑇 + 𝐶𝑎𝑏

𝐹 . The conservations of 

particle are represented by ∫ 𝑑3𝑣 𝐶𝑎𝑏
𝑇 (𝛿𝑓𝑎) =

∫ 𝑑3𝑣 𝐶𝑎𝑏
𝐹 (𝛿𝑓𝑎) = 0, while momentum conservation, 

∫ 𝑑3𝑣 𝑚𝑎𝒗𝐶𝑎𝑏
𝑇 (𝛿𝑓𝑎) + ∫ 𝑑3𝑣 𝑚𝑏𝒗𝐶𝑏𝑎

𝐹 (𝛿𝑓𝑎) = 0 , and 

the energy conservation, ∫ 𝑑3𝑣 
1

2
𝑚𝑎𝑣2𝐶𝑎𝑏

𝑇 (𝛿𝑓𝑎) +

∫ 𝑑3𝑣 
1

2
𝑚𝑏𝑣2𝐶𝑏𝑎

𝐹 (𝛿𝑓𝑎) = 0 should be satisfied. For 

the adjointness relations for the test-particle part, 

∫ 𝑑3𝑣 (
𝛿𝑓𝑎

𝐹𝑎𝑀
) 𝐶𝑎𝑏

𝑇 (𝛿𝑔𝑎) =  ∫ 𝑑3𝑣 (
𝛿𝑔𝑎

𝐹𝑎𝑀
) 𝐶𝑎𝑏

𝑇 (𝛿𝑓𝑎) , and 

for the field-particle part, 𝑇𝑎 ∫ 𝑑3𝑣 (
𝛿𝑓𝑎

𝐹𝑎𝑀
) 𝐶𝑎𝑏

𝑇 (𝛿𝑓𝑎) =

 𝑇𝑏 ∫ 𝑑3𝑣 (
𝛿𝑓𝑏

𝐹𝑏𝑀
) 𝐶𝑏𝑎

𝐹 (𝛿𝑓𝑎) . The H-theorem can be 

written by 𝑇𝑎 ∫ 𝑑3𝑣 (
𝛿𝑓𝑎

𝐹𝑎𝑀
) [𝐶𝑎𝑏

𝑇 (𝛿𝑓𝑎) + 𝐶𝑎𝑏
𝐹 (𝛿𝑓𝑏)] +

 𝑇𝑏 ∫ 𝑑3𝑣 (
𝛿𝑓𝑏

𝐹𝑏𝑀
) [𝐶𝑏𝑎

𝑇 (𝛿𝑓𝑏) + 𝐶𝑏𝑎
𝐹 (𝛿𝑓𝑎)]  ≤ 0. 

 

2.2 Implementation 

The GKV/GKV-X, which were used in ITG 

turbulence simulations [4] in the Large Helical 

Device [5] plasma, is extended recently to 
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multi-species plasma simulations. In the implement 

of the collision operator in the code, we should 

have the velocity moments for different species ions 

to calculate the field-particle operator. If the 

parallelization in species direction is employed, the 

communications for the moments may be 

time-consuming. Therefore, in the implementations, 

we optimize the code for the moment calculations 

and the communications. 

 

3. Numerical test 

In order to validate the developed operator, we 

check the thermal equilibration by the operator and 

the numerical errors for the conservation laws and 

the adjointness relations. From here, we consider 

the drift kinetic limit of the model operator except 

because the discussions under the limit are 

equivalent to that in the gyrokinetic form.  

 

3.1 Thermal equilibration 

We conduct a test of thermal equilibration 

processes with the collision operator in the 

three-ion species plasmas with deuterium (D), 

helium (He) and carbon (C). If each species ion has 

distributions with different temperature of the 

perturbed Maxwellian, 𝛿𝑓𝑎 = 𝐹𝑎𝑀((
𝛿𝑛𝑎

𝑛𝑎
) + (

𝑚𝑎

𝑇𝑎
) 𝒖𝑎 ∙

𝒗 + (
𝛿𝑇𝑎

𝑇𝑎
) (

𝑣2

𝑣𝑡𝑎
2 −

3

2
)) , the thermal equilibrations 

between each species ions will be proceeded due to 
𝜕𝛿𝑓𝑎

𝜕𝑡
=  ∑ (𝐶𝑇(𝛿𝑓𝑎) + 𝐶𝐹(𝛿𝑓𝑏))𝑏  and the temperatures 

will be relaxed to the equal value. Figure 1(a) 

shows the time evolutions of each temperature 

fluctuation with the initial distributions with 𝒖𝑎 = 0 

in the equilibration process, where the initial 

temperatures are given by different values. It is 

found that the differences between each temperature 

vanish as a result of the thermal relaxation brought 

by the collision operator. Due to the equilibration 

process, the distribution functions should go to 

same function for sufficiently long time. In Fig.1(b), 

the distribution functions at initial state t=0, and at 

t/(R0/vtD)=1000. Indeed, it can be seen that each 

distribution function goes to same function. 

 

3.2 Error estimates  

Based on the conservation laws, we estimate the 

errors of the collision operator for the conservations 

in the three-ion species case. In the evaluations, we 

estimates following errors,  

∆𝑎𝑏
(0)𝑇,𝐹≡ 𝜏𝑎𝑏 ∫ 𝑑3 𝑣  𝐶𝑎𝑏

𝑇,𝐹(ℎ𝑎)/ ∫ 𝑑3 𝑣 ℎ𝑎 , 

∆𝑎𝑏
(1)

≡

𝜏𝑎𝑏(∫ 𝑑3 𝑣 𝑚𝑎𝑣∥ 𝐶𝑎𝑏
𝑇 (ℎ𝑎) + ∫ 𝑑3 𝑣 𝑚𝑏𝑣∥ 𝐶𝑏𝑎

𝐹 (ℎ𝑎))/

∫ 𝑑3 𝑣 𝑚𝑎𝑣∥ℎ𝑎 ,  

∆𝑎𝑏
(2)

≡

𝜏𝑎𝑏(∫ 𝑑3 𝑣 𝑚𝑎𝑣2  𝐶𝑎𝑏
𝑇 (ℎ𝑎) + ∫ 𝑑3 𝑣 𝑚𝑏𝑣2 𝐶𝑏𝑎

𝐹 (ℎ𝑎))/

∫ 𝑑3 𝑣 𝑚𝑎𝑣2ℎ𝑎 . 

Calculation duration tsim~10
2
(R0/vtD) is necessary in 

the turbulence simulations. Therefore, we set an 

acceptable error less than 1% for the duration, i.e., 

the upper limit |Δlim| should be less than 10
-4

. The 

results for each error show that |Δ
(0)

| < 6.5×10
-5

, 

|Δ
(1)

| < 1.7×10
-5

, and |Δ
(2)

| < 2.9×10
-5

 . For the 

adjointness relations, we also confirmed that the 

error is in the acceptable level. Therefore, it is 

confirmed that all errors of the operator are in the 

acceptable level.  

 

  
Fig.1. (a) Time evolutions of the temperature fluctuations 

for three-species plasma. (b) The distribution functions at 

t=0 (solid curves) and t/(R0/vtD)=1000 (dashed curves). 

 

 4. Summary 

In this work, we developed a numerical collision 

operator for multiple ion species are implemented 

to the gyrokinetic local flux-tube code satisfying the 

conservation laws of particles, momentum, and 

energy, and also adjointness relations even for 

collisions between different particle species under 

unequal temperatures. We confirmed that the 

operator works well with the conservation laws and 

physical constraints within certain allowable 

numerical errors. 
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