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The discovery of gravitational waves (GW170817) and the associated kilonova (AT2017gfo) from a neutron star
merger in 2017 confirmed the latter as key sites for heavy element production through the r-process. Subsequent
observations, including late-time spectra with JWST, have highlighted the need for accurate modeling of kilonova
ejecta. In the photospheric phase, atomic level populations can be estimated under LTE using Boltzmann and Saha
relations, but about a week after the merger the ejecta enters the nebular phase where non-LTE effects dominate.
Modeling nebular spectra therefore requires a detailed treatment of radiative and collisional processes that affect the
population of atomic levels. This work focuses on electron-impact excitation in Sr II, a heavy ion relevant for kilonova
spectra. Two computational approaches are employed: the Plane-Wave Born approximation within the pseudo-
relativistic Hartree-Fock method, and a Distorted Waves method using AUTOSTRUCTURE. The resulting collision
strengths are compared against reference R-matrix data to evaluate the accuracy of these approximations and their
suitability for large-scale applications to all heavy elements. In addition, radiative parameters for forbidden transitions
are computed. These results provide an essential benchmark of approximations that could be used to compute atomic
data for nebular-phase kilonova modeling.
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1. Introduction
Gravitational waves originating from a neutron star merger

(NSM) were observed for the first time in 2017 (GW170817)
[1]. An electromagnetic signal known as a kilonova (KN)
emitted by newly synthesized r-process elements during the
merger was also detected (AT2017gfo), suggesting the pres-
ence of heavy elements in the KN ejecta [2]. In particular, lines
from Sr II have been identified in the AT2017gfo spectrum
[3], only heavy element that has undoubtedly been detected
in a KN signal so far. More recently, the spectrum of a new
KN was observed by the James Webb Space Telescope (JWST)
at later times, namely 29 and 61 days after the merger [4].

NSMs are promising candidate sites of heavy element
production by rapid neutron capture [5], a process that remains
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incompletely understood so far. KN modeling has thus become
a topic of significant scientific interest, and substantial efforts
have been made to model the atomic structure of heavy ele-
ments since then (e.g., [6–11]).

During the first few days after the merger, the KN ejecta
is in photospheric phase, in which the local thermodynamic
equilibrium (LTE) assumption is valid [12], simplifying
the calculation of atomic energy level populations through
Boltzmann and Saha equations. The photospheric-phase KN
spectrum is greatly affected by a significant opacity due to
the absorption of light by millions of electric dipole transitions
(E1) from the various heavy ions present in the ejecta. Most of
the above-mentioned works focused on heavy-elements LTE
opacity calculations in this context. At later times, namely
from about a week post-merger, the rapid decrease of the
NSM ejecta temperature and density resulting from its expan-
sion leads to non-local thermodynamic equilibrium (NLTE)
conditions, corresponding to the KN ejecta nebular phase [12],
which makes the determination of energy level populations
extremely complex. In addition, unlike the quasi-blackbody
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continuum spectrum observed in the photospheric phase, the
nebular-phase spectrum is dominated by emission lines.
In this phase, forbidden lines of magnetic dipole (M1) and
electric quadrupole (E2) types were presumably observed in
the KN spectrum detected by the Spitzer Space Telescope
[13]. Moreover, it was shown in [14] that the inclusion of
heavy element M1 and E2 lines can lead to elemental signa-
ture identifications through radiative transfer simulations,
while stressing the lack of available accurate atomic data for
such lines in heavy elements.

In this paper, we focus on atomic parameters in Sr II that
are required for the KN nebular phase spectral analysis and
modeling. This element was chosen since it was identified in
the AT2017gfo KN spectrum [3] and as atomic data already
exist for comparison, notably electron-impact excitation
effective collision strengths [15]. In particular, we provide
new radiative rates for two forbidden lines involving experi-
mentally determined energy levels belonging to the ground
configuration of Sr II. In order to do so, we used both the
pseudo-relativistic Hartree-Fock method (HFR) as imple-
mented in Cowan’s code [16] and the multiconfiguration Breit-
Pauli (MCBP) approach within the AUTOSTRUCTURE
(AS) code [17]. In addition, we computed electron-impact
excitation effective collision strengths for transitions involv-
ing the lowest energy levels of Sr II. To do so, the same
above-mentioned methods were employed, in which the con-
tinuum electrons were modeled by means of two different
approaches, namely the Plane-Wave Born (PWB) and the
Distorted Waves (DW) approximations, respectively imple-
mented in HFR and AS. They both consist (especially PWB)
in poorer approximations compared to Close-Coupling (CC)
R-Matrix computations [18], but calculations are much less
computationally demanding than the latter. The main purpose
of the present work is to benchmark such approaches with
respect to more complex and accurate time-consuming calcu-
lations (as R-Matrix ones) in the sample case of Sr II [15] to
determine to what extent they can be used for large-scale com-
putation purposes, in the same way as our large-scale opacity
computations in all heavy elements [11].

2. Theoretical Approaches
2.1 Pseudo-relativistic Hartree-Fock method

In the HFR method, which is implemented in the
Cowan’s code [16], a set of orbitals is obtained for each con-
figuration included in the model by solving the coupled
integro-differential Hartree-Fock (HF) equations, which arise
from a variational principle applied to each configuration aver-
age energy. Based on the Slater-Condon theory, the atomic
wavefunctions are built as superpositions of basis wavefunc-
tions. Some relativistic corrections are also included. The HFR
method is fully described in [16] and more details can be
found in our previous papers (e.g., [11]).

2.2 Multiconfiguration Breit-Pauli method
(AUTOSTRUCTURE)
In the MCBP method implemented in the AS code

(described in details in [17]), the wavefunctions are built by
using single-electron orbitals generated from a scaled
Thomas-Fermi-Dirac-Amaldi potential. The scaling parame-
ters for each orbital are optimized in a multiconfiguration
variational procedure minimizing a weighted average of non-
relativistic contributions to the energy. Spin-orbit coupling
and Breit-Pauli operators are introduced as perturbations to
obtain fine-structure relativistic corrections.

2.3 Electron-impact excitation process: the
Plane-Wave Born and the Distorted Waves
approximations
A key parameter for electron-impact process modeling is

the collision strength, Ωi→j, which evaluates the likelihood of
an energy transition from some initial level i to some final levelj caused by the collision between a continuum electron and
an ion. It is related to the cross section σi→j and defined as

Ωi→j = giki2πa02 σi→j, (1)

where gi is the statistical weight of the initial state, ki2 is the
energy of the incident electron, and a0 is the Bohr radius.
Effective collision strengths (Υi→j) can also be obtained by
Maxwellian averaging over a Boltzmann distribution of elec-
tron temperatures as

Υij(Te) = 0
∞Ωi→je−ϵj/kTe d ϵjkTe . (2)

In order to model collisional processes as the electron-
impact excitation, the continuum electron can be described
using various approximations, such as the PWB and the DW
approaches. The PWB approximation neglects the interaction
between the continuum electron wavefunction and the ionic
target potential. This approximation is implemented in the
HFR Cowan’s code to model continuum electrons. An empir-
ical correction arising from comparison to more complex
DW and CC calculations is also computed [16] as

Ωm2 = Ω X + 31 + X , (3)

where X  is the ratio between the continuum incident electron
energy, ϵ, and the transition energy, ΔE, i.e., X = ϵ/ΔE.

In the DW approach, instead of plane waves (as in the
PWB approximation), the wavefunctions of the incoming
and outgoing electrons are modified by the scattering poten-
tial that accounts for the interaction between the continuum
electron and the ionic target. In this approximation, the cou-
plings between the various channels (thus, the resonances)
are neglected, only the interaction between the initial and the
final states is considered [17].
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3. Atomic Structure of Sr II
In both methods (HFR and AS), the same multiconfigu-

ration model was used. The latter is based on the configura-
tions from which experimental levels are available at NIST
[19], i.e., 4p6ns with 5 ≤ n ≤ 13, 4p6np with 5 ≤ n ≤ 8, 4p6nd
with 4 ≤ n ≤ 14, 4p6nf with 4 ≤ n ≤ 12, 4p6ng with 5 ≤ n ≤ 11,
enriched by additional configurations with open 4p subshell,
i.e., 4p55s2, 4p55sns with 6 ≤ n ≤ 8, 4p55snp with 5 ≤ n ≤ 8. A
least-squares semi-empirical fit to the available experimental
energy levels from [19–21] was also performed with HFR to
optimize the configuration average energies and spin-orbit
parameters in order to obtain a better agreement. For AS, a
Term Energy Correction (TEC) [17] was applied to optimize
the energy levels, consisting in incorporating a correction to the
term energies (based on available experimental levels) before
diagonalization of the non-relativistic hamiltonian matrix.

Since we are interested in the KN ejecta nebular phase
that is characterized by a relatively low temperature which
does not exceed a few thousands Kelvins (or even much less),
only the lowest energy levels can be populated. For example,
it was assumed in [22] that only levels whose energy is lower
than 4 eV can be populated in the KN nebular phase, men-
tioning that this threshold was deliberately chosen quite high.
For this reason, we limit our analyses to only the first five
energy levels of Sr II in the present paper, since the sixth
level lies above the threshold energy of 4 eV. A comparison
between our energy levels computed by both HFR (without
and with fit) and AS with respect to experimental values
from NIST [19], as well as with the values computed in [15]
using AS is shown in Table 1 for the first five levels of Sr II.
Compared to the AS computation from [15], we obtained
more accurate energy levels since the average agreement with
the NIST values is of 0.02% with HFR+Fit and of 0.10%
with AS, while results from [15] show a difference of 5.29%
with NIST values on average. This can be explained by the
different multiconfiguration models used but especially by
the fit performed in the HFR calculations and by the TEC

applied to the energy levels in the AS computation. As an
example, the fit performed for the HFR values improves the
average agreement from 0.87% to 0.02%.

4. Radiative Parameters for Forbidden
Transitions

Two forbidden M1/E2 transitions are possible between
the lowest metastable energy levels belonging to the ground
configuration of Sr II, namely 4p64d 2D3/2,5/2–4p65s 2S1/2. We
computed their transition probabilities by means of both the
HFR (with fit) and AS methods, using the above-mentioned
multiconfiguration model. A comparison of our results with
respect to the values obtained by [15] and to experimental
levels from [23, 24] and available in the NIST database [19]
is given in Table 2. We find that our AS transition rates
underestimate the NIST values by about 10% (arising from
uncertainties propagated from the wavefunction calculations,
which are not affected by the TEC application), while the
results from [15] overestimate them by 10%. Nevertheless,
our HFR transition probabilities are found to be much closer
to the observed values from NIST, since the agreement is
within 4%, highlighting the accuracy of our HFR model and
calculation (including a semi-empirical adjustment).

5. Electron-Impact Excitation Effective
Collision Strengths

We calculated the electron-impact excitation effective
collision strengths for ten allowed and forbidden transitions
between the five lowest energy levels of Sr II by means of both
the HFR and the AS methods, respectively using the PWB
and the DW approximations for the continuum electron treat-
ment, for several temperatures below 10,000 K. The results
obtained are shown in Table 3 for the lowest temperature
considered, i.e., T = 1,000 K, which is a typical temperature
characterizing nebular-phase KN ejecta, and are compared to
the effective collision strengths computed in [15] using a more

Table 1. Comparison of our energy levels computed with HFR (without and with fit) and AS to experimental values from
the NIST atomic database [19–21] and to AS calculations from [15] in units of cm−1.

Label Configuration Level HFR (this work) HFR+Fit (this work) AS (this work) AS [15] NIST

1 4p65s 2S1/2 0 0 0 0 0
2 4p64d 2D3/2 14,719 14,558 14,520 15,686 14,556
3 4p64d 2D5/2 15,072 14,832 14,853 16,001 14,836
4 4p65p 2P1/2 23,832 23,706 23,708 24,378 23,715
5 4p65p 2P3/2 24,452 24,514 24,512 25,192 24,517

Table 2. Forbidden transitions involving the lowest metastable levels of Sr II computed by the HFR and AS methods, in
comparison to those computed in [15] using a CC approach and to the experimental values available in the NIST
database REF. The observed wavelengths are given in nm, while all radiative rates are in units of s−1.

Transition Wavelength HFR+Fit (this work) AS (this work) AS [15] NIST

4p64d 2D5/2–4p65s 2S1/2 673.8392 1.58 × 101 1.37 × 101 1.75 × 101 1.54 × 101

4p64d 2D3/2–4p65s 2S1/2 686.8171 9.59 × 100 8.18 × 100 1.05 × 101 9.20 × 100
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complex CC approach by means of the R-Matrix method.
Figures 1 and 2 show the evolution of the electron-impact exci-
tation effective collision strengths with respect to the temper-
ature for both our HFR-PWB and AS-DW results in the sample
cases of two representative transitions, the first one being a
forbidden transition while the second one is an allowed tran-
sition. In both case, they are compared to the R-Matrix calcu-
lations from [15], as well as to usual approximations used in
most KN radiative transfer modeling code so far (in light of
the lack of available atomic data, e.g. in [25]), namely the
van Regemorter (for allowed transitions) [26] and the Axelrod
formulae (for forbidden transitions) [27].

We can notice from Table 3 that both HFR-PWB and
AS-DW effective collision strengths only differ from the
R-Matrix computations from [15] by less than an order of mag-
nitude. In most cases, they agree to each other within a factor
of a few unities, with an only isolated exception for the
effective collision strength computed by HFR-PWB for the
forbidden transition 4p64d 2D5/2–4p64d 2D3/2. The AS-DW
results are in better agreement with the CC/R-Matrix compu-
tations from [15] than the HFR-PWB approach (which was
expected in light of the basic approximation the latter con-
sists in), since they agree within a factor of ∼ 2.5 or less.
Nevertheless, it is worth mentioning that the correct order of
magnitude is obtained even with HFR-PWB (except for one
isolated case). The latter can thus consists in a reasonable
approximation in the context of large-scale computation in
which completeness has to be favored over detailed accuracy,
at least in a first step, in light of the current lack of a com-
plete set of atomic data in all elements for such process and
in such conditions/context. Indeed, HFR-PWB calculations
are quite fast and easy to perform, especially since we
already have the HFR targets for all elements from Z = 20 to
103 from our recent work [11]. It is also worth highlighting
that both our HFR-PWB and AS-DW collision strengths rep-
resent much better approximations than the Axelrod formula
for forbidden transitions as shown in Fig. 1, which is the
approximation formula commonly used in nebular-phase KN

Table 3. Electron-impact excitation effective collision strengths for the
ten transitions between the first five lowest energy levels of
Sr II at a temperature T = 1000 K, computed by both the
HFR-PWB and the AS-DW approaches, in comparison to the
CC results obtained in [15] using R-matrix.

Transition HFR-PWB AS-DW R-Matrix [15]

1–2 3.24 × 100 3.71 × 100 3.03 × 100

1–3 4.87 × 100 5.47 × 100 3.75 × 100

1–4 2.24 × 101 9.85 × 100 4.57 × 100

1–5 4.40 × 100 1.82 × 101 8.35 × 100

2–3 9.50 × 10−2 5.40 × 100 1.36 × 101

2–4 3.55 × 101 1.37 × 101 2.05 × 101

2–5 6.86 × 100 7.26 × 100 6.61 × 100

3–4 5.37 × 100 3.71 × 100 4.57 × 100

3–5 6.24 × 101 2.63 × 101 3.66 × 101

4–5 2.49 × 100 1.24 × 101 5.30 × 100

radiative transfer modeling code (e.g., [25]). Indeed, this for-
mula is known to generally significantly underestimate the col-
lision strengths [28], which can be confirmed from the results
obtained in this work. In addition, the effective collision
strength of the isolated transition for which the HFR-PWB
fails to reproduce the R-Matrix results is still comparable
(even slightly better) to the effective collision strength derived
from the Axelrod formula. However, the van Regemorter for-
mula seems to be a reasonable approximation for allowed
transitions since the results are generally comparable to our
HFR-PWB and AS-DW values, even if the former is in some
cases of poorer quality as for the transition illustrated in Fig. 2.
The HFR-PWB and AS-DW approaches are thus found to be
a better alternative to these approximated formulae, especially
in the case of the Axelrod approximation for forbidden transi-
tions. Besides, we can note that the changes in the HFR-PWB
and AS-DW collision strengths with the temperature are mini-
mal in the chosen temperature range. Nevertheless, as shown

Fig. 1. Effective collision strengths for a forbidden transition in Sr II
computed with PWB-HFR and DW-AS as a function of the tem-
perature, compared to R-Matrix results [15] and to the Axelrod
formula.

Fig. 2. Effective collision strengths for an allowed transition in Sr II
computed with PWB-HFR and DW-AS as a function of the
temperature, compared to R-Matrix results [15] and to the van
Regemorter formula.
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in [15], even R-Matrix collision strengths are virtually con-
stant with respect to the temperature in this regime; significant
variations only appear at higher temperature (in [15], gener-
ally above 10,000 K depending on the transition).

6. Conclusions
In this work, we have benchmarked two approximate

methods—HFR-PWB and AS-DW—for computing electron-
impact excitation effective collision strengths in Sr II against
state-of-the-art CC/R-matrix data. While both approaches are
intrinsically less accurate than close-coupling techniques, our
results show that they generally reproduce the correct order
of magnitude of effective collision strengths, with AS-DW
yielding better agreement within a factor of 2.5. Importantly,
even the simpler HFR-PWB method proves to be capable of
capturing the relevant scale of excitation rates, which already
represents a significant improvement over the empirical for-
mulae commonly adopted in KN nebular-phase modeling
codes. This is particularly true for forbidden transitions, where
the Axelrod prescription can underestimate effective colli-
sion strengths by several orders of magnitude.

Given the acute lack of atomic data for the wide range of
heavy elements expected in KN ejecta, the balance between
completeness and accuracy becomes crucial. The present bench-
mark demonstrates that HFR-PWB and AS-DW approxima-
tions can provide reliable large-scale data sets of collisional
parameters at relatively low computational cost, making them
promising tools for systematic applications to lanthanides,
actinides, and other heavy ions of astrophysical interest. The
atomic data and methodology established here thus offer a
practical pathway to improve non-LTE spectral modeling of
nebular-phase KNe.
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