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Isentropic Scaling Law for Implosions of Solid Spherical Targets
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In this study, an isentropic scaling law is developed for direct-drive implosions of solid spherical targets—a setup
frequently employed in Fast Ignition Realization Experiments—in order to estimate densities at maximum compression.
Adiabatic theories usually cannot explain shock-driven compression due to entropy production; however, differences
among similar implosion scenarios can be approximated by isentropic laws. Numerous one-dimensional implosion
simulations support for the proposed isentropic scaling law, especially regarding the relationship between confinement

time and density at maximum compression.
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1. Introduction

In the recent Fast Ignition Realization Experiment
(FIREX) project, solid spherical targets have been used instead
of conventional shell targets to achieve stable hydrodynamic
implosions and to focus on laser-plasma interaction studies
driven by short-pulse lasers [1-5]. The direct-drive implosions
of shell targets are vulnerable to hydrodynamic instabilities,
such as the Rayleigh-Taylor instability, due to their high in-
flight aspect ratio (IFAR). In contrast, the IFAR is unity for
solid spheres, enabling hydrodynamically stable implosions.
However, for central ignition schemes, the formation of a cen-
tral hot spark is required, which makes the use of solid spheres
infeasible. In fast ignition, a hot spark is instantaneously cre-
ated by applying short-pulse lasers at maximum compression.
This suggests that the solid spherical target is a promising
candidate for fast ignition. Kidder has theoretically proposed
isentropic implosions with solid spheres [6]. Since real plas-
mas exhibit more complex behavior than an ideal gas due to
quantum effects, practical target designs employing multi-
pulse drivers have been investigated to mitigate shock heat-
ing [7-9].

According to the numerical predictions, multi-step pulse
lasers can create higher density cores than Gaussian pulses.
However, at kJ-class laser facilities such as Gekko XII, the
lifetime of the imploded core is extremely short, making exper-
imental observation challenging. The monochromatic X-ray
backlighting technique is the most reliable method for density
diagnostics [2]. It requires precise synchronization between
the long-pulse lasers used for implosion and the short-pulse
lasers used for backlighting. Imploded cores that are opti-
mized for kJ-class lasers survive for at most around 100
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picoseconds. The success of measurements at maximum com-
pression depends on random factors arising from jitter caused
by electrical noise.

As an alternative approach, an isentropic scaling law was
developed to estimate the density at maximum compression
and was benchmarked using a number of one-dimensional
implosion simulations. In principle, shock heating results in
entropy production, so implosion dynamics cannot be
described using only adiabatic fluid equations. This paper is
based on the strong assumption that an adiabatic theory can
explain the differences between similar implosion scenarios,
even when shock waves are present. The structure of this
paper is as follows: Sec. 2 derives scaling laws based on adi-
abatic hydrodynamics under the ideal gas assumption.
Section 3 presents the results of one-dimensional implosion
simulations using three-step pulse lasers to verify the isen-
tropic scaling law. Section 4 discusses the limitations of the
isentropic scaling proposed in this study. Section 5 presents
the conclusions of this study.

2. Scaling Law

As mentioned in the previous section, this study assumes
that differences among similar implosion scenarios behave
adiabatically. The radius at maximum compression is defined
as Ry, and various parameters relevant to implosion dynam-
ics are expressed as polynomials of Ryay. Rpnax 18 defined as
the outermost radius at which the density is greater than
Pmax/€, where pp.. is the maximum density and e is the
Euler’s number. When the peak power is fixed, the maximum
laser intensity, I1,.y, 1S given by the following relation:

Inax ¢ Ripay . (1)

Here, R, does not have to be identical to the radius at the
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critical density. However, this theory is based on the assump-
tion that R,y is correlated with the critical surface. Since pres-
sure is known to be proportional to the two-thirds power of
laser intensity, the pressure at maximum compression (Ppax)
can be derived as follows:

2 _4
Pmax & Inax® & Ripax * - (2)

Additionally, the density at maximum compression is related
t0 Pmayx through isentropic processes:

1 _4
Pmax & Pmax” & Rmax 7, (3)

where y is the specific heat ratio. Using the adiabatic hydro-
dynamics, the sound speed c; is given as follows:

_2-1
Cs X 4/ Pmax/ Pmax € Rmax ¥ . 4

The time scale for imploded cores to expand after maximum
compression is referred to as the confinement time, 7:

5y—2
T = Riax/Cs & Ripax 7 - Q)
7 is the time duration during which the instantaneous maxi-
mum density is greater than p,,./e. One important result is
that the density at maximum compression, Py, can be esti-
mated from the confinement time, 7:

pmax & T% N (6)

The rest of this paper assumes y = 5/3.

3. Numerical Experiments

This section presents a series of one-dimensional implo-
sion simulations to verify the isentropic scaling laws derived
in Sec. 2. The targets are solid polystyrene spheres with
diameters of 200, 250, 300, 350, and 400 um. The three-step
pulses used in this paper can be expressed as follows:

P(t) = P, f(£;0.25) + (P, — Py) f(; T)

+ (P=P)(ET) @
where P;, P,, and P; represent the power at each stage of a
three-step pulse, and the switching times of each stage are
denoted by T; and T,. The total pulse duration is T3 = 5 [ns].
The function f(¢t; T) is introduced to switch each stage, with
arise time of 0.125 ns, and is expressed as follows:

t—T
f +1
er(«/io)

2

The parameters required to determine pulse shapes are denoted
in Tables 1 and 2.

Additionally, to examine the robustness of the scaling
law against uncertainties in laser intensity, numerical experi-
ments were conducted in which the intensity of each step was
perturbed by + 10%. Thus, seven implosion calculations were
performed for each target, including the optimized pulse
shape. Furthermore, since laser absorption is significantly
related to the laser wavelength, 527-nm and 351-nm lasers

0.125 [ns]

UCEY T 222

®)

)

Table 1. The diameters of solid spheres and the corresponding three-
step pulse lasers (2w).

dlum] P [TW] Py [TW]  P3[TW] Ty[ns]  T[ns]
200 8.0x10°  1.0x10" 3.0 35 4.6
250 24x107  24x10" 2.6 35 45
300 47x10%  3.0x10" 2.0 35 45
350 8.5x102  4.0x10" 2.0 3.6 4.6
400 14x10"  45x%107 2.0 35 4.6

Table 2. The diameters of solid spheres and the corresponding three-
step pulse lasers (3w).

d[pm] P [TW] Py [TW]  P3[TW] Ty[ns]  T[ns]
200 6.5%10° 7.0 107 2.0 35 4.6
250 1.8x10%  1.4x10" 2.0 35 4.6
300 4.0x102 2310 2.0 3.5 4.6
350 7.5%107 4.0 10" 2.0 3.6 4.6
400 13x107  45x%107 2.0 3.5 4.6

are employed to examine the impact of the laser wavelength
on the scaling law. The former is referred to as 2w, and the
latter is referred to as 3w. A total of 70 implosion simula-
tions were performed and compared with the scaling law.

These numerical experiments were carried out using the
radiation hydrodynamics code PheNiX [10]. PheNiX solves
single-fluid, two-temperature hydrodynamic equations that
include energy source terms. These terms consist of laser
absorption, thermal conduction, radiative transfer, and colli-
sional relaxation. The laser absorption is calculated using
one-dimensional ray-tracing and the opacity of inverse-
bremsstrahlung. The refraction and wave nature of lasers are
neglected. The thermal conduction is approximated in the flux
limited diffusion form with conductivities of Spitzer-Hiarm
and a flux limiter of 0.06 [11]. The radiative transfer in multi-
group diffusion form is solved with a variable Eddington fac-
tor proposed by Minerbo [12]. The emissivity and opacity are
calculated using the average ion model and the screened hydro-
genic model [13]. The free energy is estimated by Cowan
model for ions and Thomas-Fermi model for electrons,
resulting in tabulated equations of state (EOS) [14, 15]. The
computational domain in radial direction is 500 um divided
into 1,024 cells.

This section compares the scaling laws (Egs. (2), (3),
(5), and (6)) with the results of numerical experiments. The
hydrodynamic quantities are defined based on the simulation
results. Ppax and ppa, are the maximum local density and
pressure values, respectively.

Figures 1-3 show a comparison of the three independent
scaling laws (Egs. (2), (3), and (5)) with the simulation data.
These scaling laws accurately reproduce the results of the
one-dimensional implosion simulations. While agreement
with a single formula could be coincidental, the consistency
observed in density, pressure, and confinement time indicates
that the assumptions of the scaling laws are reasonable.
However, since the implosion dynamics in each case cannot
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Fig. 1. The relation between the radius and density at maximum com-

pression.
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Fig. 3. The relation between the radius at maximum compression and
the confinement time.

be approximated adiabatically due to the effects of shock
waves, thermal conduction, and radiative transfer, this out-
come should not be considered self-evident.

Because the critical density is affected by the laser wave-
length, it is difficult to reproduce both 2w and 3w implosions
with a single scaling law. However, the numerical experiments
suggest the proposed scaling law reproduces both types of
implosions. Although the achievable density and pressure
depend heavily on the laser wavelength, the data simply fall
within different regions of the scaling law.

Furthermore, Fig. 4 shows that the relationship between
confinement time and density at maximum compression
(Eq. (6)) accurately explains the numerical results. Because
expansion after maximum compression is a purely hydrody-
namic process, it allows for more accurate predictions than
other scaling laws.

It is challenging for the monochromatic X-ray backlight
method to measure the core at maximum compression, par-
ticularly when the confinement time is less than 100 ps. The
proposed scaling law has the possibility to estimate the den-
sity of such a short-lifetime core. While capturing the instant
of maximum compression is difficult with monochromatic
X-ray backlight measurements, taking multiple measurements
around this moment is possible. Calculating the confinement
time from these snapshots makes it possible to estimate the
density at maximum compression. Note that this method only
allows estimation of relative values, compared to other cases,
and absolute density measurement is impossible. In other
words, density estimation using this scaling law is only feasi-
ble if absolute density values can be measured using another
method.
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Fig. 2. The relation between the radius and pressure at maximum com-

pression.
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Fig. 4. The relation between the confinement time and the density at
maximum compression.
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Fig. 5. The relation between the core radius at maximum compression
and the minimum radius of critical surface.

4. Limitations of the Isentropic Scaling

Finally, some limitations of the proposed theory are
mentioned here. The derivation of the proposed scaling is
based on the assumption that the radius of the critical surface
is proportional to the core radius at maximum compression.
Figure 5 quantifies this correlation explicitly using the simu-
lation data. This result suggests that the radii of the critical
surface and the core do not have strong correlation, and this
is the reason of relatively large errors in Egs. (3)—(5).

The validity of the proposed theory strongly depends on
the EOS. Figure 6 shows a comparison between the adiabatic
indices of realistic plasma (y’) and ideal gas (y). The area
enclosed by the dotted line is of interest in the implosion
dynamics, where the ideal gas model adequately explains the
proposed scaling. However, the validity of the isentropic
scaling law is confirmed only for the polystyrene. In order to
apply the proposed theory to other materials, one must check
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Fig. 6. The EOS table of polystyrene employed in this study.

EOS tables to determine the appropriate adiabatic indices.

The proposed theory assumes that the differences among
implosion scenarios are isentropic, although variations in
shock timing, absorption efficiency, thermal conduction, and
radiation losses are well-known entropy sources in implo-
sions. The proposed theory is expected to be valid for cases
with nearly the same adiabat, which is the ratio between the
hydrodynamic and Fermi pressures. Therefore, the differences
between single-step and multi-step compressions cannot be
explained by the isentropic scaling law.

It should be noted that the scaling law has only been
verified in one-dimensional simulations in this study. For
example, if the core undergoes significant deformation due to
hydrodynamic instabilities, one cannot expect points to be
plotted on the same line as in the case of symmetric implo-
sions. Therefore, the scaling law should only be applied to
cases where spherical symmetry is not a significant concern.

5. Conclusion

This study established adiabatic scaling laws for direct-
drive implosions of solid spheres using three-step pulse lasers.
Although implosion is a complex phenomenon involving

entropy generation through shock waves, thermal conduc-
tion, and radiative transport, the adiabatic approximation is
assumed to hold for differences between similar implosion
scenarios. Numerous one-dimensional numerical experiments
confirmed the validity of Eq. (6), which describes the relation-
ship between density at maximum compression and confine-
ment time. These results suggest that measuring the timescale
required for plasma expansion could enable accurate density
prediction.
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