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Hierarchical Clustering of Modes in Numerical Turbulence Fields
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We propose an automated method for decomposing turbulence, where the modes are derived by applying
singular value decomposition to the electrostatic potential field in turbulence simulations. After classifying the modes
into zonal flows and turbulence based on azimuthal integration, the turbulence is further decomposed into finer
components through hierarchical clustering. This approach systematically breaks down the turbulence into hierarchical
levels, providing flexible control over the degrees of freedom in the mode decomposition process.
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The performance of fusion plasmas is dominated by the
nonlinear evolution of turbulence driven by plasma gradi-
ents. The multi-scale turbulence structures are generated [1–
3], which determine particle and heat transport. Thus, it is
crucial to understand the fundamental nonlinear process, while
the turbulence has a large degree of freedom, which compli-
cates the physical interpretation. Methods to reduce these
degrees of freedom are urgently needed.

There has been rapid progress in data-driven scientific
methods, and their application to plasma turbulence has
started. The applications of dynamic mode decomposition [4,
5] and of neural networks [6] to the turbulence study have
been reported. The orthogonal basis functions can be derived
only from data by using singular value decomposition (SVD)
so that the energy transfer analysis is possible based on the
SVD [7]. Extension of the SVD to multi-fields has been pro-
posed [8, 9]. However, the large number of resulting modes
from SVD makes it still challenging to analyze the details of
the elementary processes. The methods that can systemati-
cally group the essential modes has been required.

This study proposes clustering modes based on their
spatial-temporal behavior. We use a set of a turbulence simu-
lation data [10], and apply SVD to the electrostatic potential
field, to obtain the initial modes. We systematically and auto-
matically group the modes from SVD by applying hierarchi-
cal clustering [11], providing a more automated alternative to
the manual classification approach used in [7]. This approach
is also anticipated to allow for flexible selection of the degrees
of freedom.

As described, our analysis automates and further devel-
ops the process presented in [7], which manually classifies
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the modes obtained through SVD of the electrostatic poten-
tial field ϕ x, y, t  into four groups, where x, y  represent
the Cartesian coordinates and t denotes time. The potential
field is decomposed as

ϕ x, y, t = j ≥ 0sjΨj x, y ℎj t , (1)

where Ψj x, y  describes the spatial structure of the jth mode,
and ℎj t  captures its temporal evolution. The singular valuesj represents the importance of the contribution of the jth
mode ϕj x, y, t = sjΨj x, y ℎj t  to ϕ x, y, t . We assume
that sj is in descending order s0 ≥ s1 ≥ s2 ≥ ⋯), as is com-
mon in many computational implementations. Refer to the
right section of Fig. 1, which displays the spatial structures{Ψj}.

In our analysis, we first remove the background modej = 0  having the largest singular value. Subsequently, we
classify the remaining modes into zonal flows and turbulence
by integrating the absolute differences in the obtained spatial
structures along the azimuthal direction. A mode is classified
as a zonal flow if the integral yields a small value, while the
rest are termed turbulence. Herein, T ⊂ {0, 1, 2, …} denotes
the mode indices of the turbulence specified.

After identifying the turbulence, we further decompose
the overall turbulence indexed by T into finer components
indexed by T1,T2, …,TC, where {Tc} satisfies the conditions:max Tc < min Tc′ for any c < c′ and ⋃cTc = T. See Fig. 1
for illustration of the division with C = 3. As the singular
values represent the contribution of the corresponding struc-
tures to the potential field ϕ x, y, t , the turbulence composed
of the index subset Tc is expected to have more significance
than that of other subsets Tc′ for any c′ > c.

A simple implementation to decompose the turbulence
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(indexed by T) into such finer components (indexed byT1,T2, …TC) can be achieved by applying hierarchical clus-
tering with the Ward method [11] to the dissimilarity matrixD = di1i2 , where di1i2 denotes the absolute difference between
singular values:di1i2 = si1 − si2 , i1, i2 ∈ T. (2)

This hierarchical clustering method successively merges
or splits clusters based on the dissimilarity matrix D = di1i2 ,
resulting in a tree-like dendrogram that reveals relationships
among data points at various levels of granularity. Refer to
the dendrogram in Fig. 1, which clearly demonstrates the divi-
sion of turbulence into multiple levels.

Finally, for each subset Tc, we visualize the accumu-
lated modes ϕ ̃c x, y, t : = ∑j ∈ TcsjΨj x, y ℎj t  in Fig. 1.
This method allows for a hierarchy of turbulence in terms of
the number of degrees of freedom that we want to decom-
pose. In conventional turbulence studies, turbulence is often
modeled with three degrees of freedom (background field,
zonal flow, and turbulence) [1]. By using the presented
method, turbulence can be further divided into a hierarchical
structure. In the case of Fig. 1, the turbulence can be divided
into linear unstable modes T1 and others. The other nonlinear
modes are decomposed into T2 and T3, whose combination
represents the generation and annihilation of spiral structures.
Although Fig. 1 illustrates the decomposition of turbulence
into C = 3 modes, we can further subdivide it into finer
modes by following the tree downwards. In addition to these
visualizations, animation of the decomposed turbulence and

the source codes to reproduce the experimental results are
available at [12].

In summary, the automated method for decomposing
turbulence is proposed, where the modes are derived by apply-
ing the SVD to the simulation data. The turbulence is decom-
posed into finer components through hierarchical clustering.
This approach systematically breaks down the turbulence into
hierarchical levels with any number of degrees of freedom.
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Fig. 1. Decomposition of turbulence via hierarchical clustering.
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