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A motor-generator slowly converts low electrical power to the large rotating energy of the induction motor,
which is then converted to the higher electrical power of the synchronous generator through a pulse. Such a cycle
is repeated in a tokamak plasma experiment. In the transient phase at the start of the synchronous generator,
high transient voltage appears in the armature windings repeatedly. Due to the repeatability, it is imperative
to estimate the high voltage and control it so that the maximum voltage is kept under a tolerable value. A
quaternion is a four-dimensional hypercomplex number that is good at describing three-dimensional rotation.
Utilizing the quaternion capability, a three-phase motor-generator is analyzed using three-dimensional rotation.
The mechanical rotation was anlyzed by the rotation quaternion. The salient pole-type rotating field can be
manipulated by direct-quadrature conversion even in quaternion analysis. The rotating dynamics and electrical
phenomena of a motor-generator can be analyzed by considering the quaternion power from the motor-generator
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and the electrical load for plasma control.
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1. Introduction

A motor-generator converts low electrical power to the
large rotating energy of the induction motor over a long
time period (300s) and the large rotating energy is con-
verted to the higher electrical power of the synchronous
generator, which controls power supplies for a short time
(3's). Such a cycle is repeated every five minutes in a toka-
mak plasma experiment.

In the transient phase at the start of the synchronous
generator, high transient voltage appears in the armature
windings repeatedly. Due to the repeatability, it is imper-
ative to estimate the high voltage and control it so that the
maximum voltage is kept under a tolerable value.

The quaternion is a four-dimensional hypercomplex
number that is good at describing three-dimensional ro-
tation, such as that seen in three-dimensional graphics
and simulation programming theory. Utilizing the quater-
nion capability, the three-phase motor-generator was an-
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alyzed using three-dimensional rotation as an alternative
to transforming to two-dimensional rotation in alpha-beta
coordinates [1]. The mechanical rotation can be ana-
lyzed by a rotation quaternion instead of a rotation matrix.
The salient pole-type rotating field can be manipulated by
direct-quadrature conversion even in quaternion analysis.

The rotating dynamics and electrical phenomena of a
motor-generator can be analyzed considering the quater-
nion power from the motor-generator and the electrical
load for plasma control. Since the quaternion can be dif-
ferentiated in time as well as rotated in space [2], it is
utilized to analyze transient phenomena in the rise-up and
rise-down of the induction motor and the synchronous gen-
erator. The quaternion characteristics will be utilized to
analyze a motor-generator in more detail.

2. Quaternion and the Differentiation

The quaternion is a four-dimensional hypercomplex
number, which is extended from a complex number [3]
to express three-phase AC voltage (Alternating voltage) in
three dimensions:
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g=a+v=a+(vs+ vy +kv,), (1)
P=P=kF=- (2
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A quaternion is divided into a real part (scalar part) and
an imaginary part (vector part). The imaginary part has a
vector property, where the imaginary numbers behave as
unit base vectors, but also have a hypercomplex number
property. To assign three-phase AC voltages or currents to
the vector part, consider the exponential representation of
the quaternion:

q = a+ APl = llglicos 6 + fisin6) = liglle”’,  (4)

it = (vy + vy + kv,)/II91l, (5)
lgll® = a® + I, (6)
DI = () + (0y) + (v (7)

Let us assign three-phase AC phase (line-to-neutral) volt-
ages to the vector part of the quaternion:

+1 cos(wt — 0m/3) + j cos(a)t —2n/3)
\/_E{ +k cos(wt — 47/3) }’

= €' \3Ee,, (8)
A= (+i+]+k/V3, ©)

_ [+icos(—0n/3) + jcos(-27/3) 3
€0 = { +k cos(—4r/3) }/\/; (10)

The exponential form of the equation (8) denotes that the
initial three-phase (positive phase) AC voltage vector ro-
tates counterclockwise with unit vector axis 7. In this case,
the locus of the rotating vector is a circle on the plane,
which is perpendicular to 7 and includes the origin.

Next, let us consider Ohm’s law of the three-phase AC
circuit, where the load is inductive, and the mutual induc-
tances exist as follows:

ea cos(wt + ¢ — Orr/3)
= V2E |cos(wt + ¢ — 271/3) |,
e cos(wt + ¢ — 4m/3)

L+LnyM+LyM+ Ly
=M+ Ly L+LyM+ Ly
M+LyM+ Ly L+ Ly
cos(wt — 0mr/3)
- pV2I|cos(wt - 27/3)|, (a1
cos(wt — 4r/3)

where p (= d/dr) is a differential operator. Because the
neutral inductance (grounding inductance) does not affect
symmetrical (positive phase) AC, the quaternion represen-
tation is as follows [4]:

e = \3Ee, = (L- M)pi,
= (L - M)p e V3liy = hw(L — M)i, (12)

where the phase ¢ is m/2. Three-phase current can be
expressed in the exponential form of a quaternion. The

quaternion can be easily differentiated in time. Thus, the
reactance of an inductance, L, can be simply expressed as
nwL.

Consequently, the quaternion representation of gen-
eral Ohm’s law can be presented as follows:

d
[RI[i] + [L]E[i] = [e], (13)
e = & V3Eey = {R+ (L - M)p}i,

= {R + (L - M)p} € V3,

=R + Aw(L — M)}i. (14)

When the initial current quaternion is zero (origin), the
quaternion spirally approaches the final steady-state circu-
lar locus as follows:

1 N
_ (et _ 1)
- o (0 1) Vitien, as)
Z=R+aw(L - M) =Z|€", (16)
7=(L-M)/R. 7)

The equation for the generator is as follows:

Vo 0 Zoly
Vi|=|E.|—|Z:i11]. (18)
Vs 0 Z1

The biquaternion (a usual complex number / independent

from the quaternion i, } lAc) representation is obtained as
follows [5]:

V2Vy = 0 — {R + ho(L — M)} V2I,, (19)
Vav, = \/_E (R + Aw(L — MY} V2I,, (20)
V2V, = 0 — {R — (L — M)} V2Is. 1)

The direction I/ /# is worthy of attention. Zero-phase AC
does not rotate but does oscillate along 71. The sign of 7iw
is also worthy of attention. The sign of the inductive reac-
tance is minus in the negative phase equation (21).

With quaternion, complex power is expressed as fol-
lows (the asterisk symbol in a superfix indicates the com-
plex conjugate of the quaternion).

D = (g + v + kve)(lia + Jip + kic)*
= (Vala + Vpip + Veic) — i(Vpic — Veip)
= JWela = Vaic) — k(vaiy — Vbia). (22)

Concerning the product of the vector parts of quater-
nions, the scalar part refers to the inner (scalar) product and
the vector part refers to the outer (vector) product. Namely,
concerning quaternion power, the scalar part represents the
active power of three-phase (positive phase) and the vector
part represents the reactive power [6]. In the case of an
induction motor, the accelerating torque can be obtained
from the scalar part, since the active power is the output
mechanical power [7]. In the case of a synchronous gen-
erator, the decelerating torque can be obtained from the
vector part, since the vector product of magnetic flux and
current is the electromagnetic force.
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3. Motion Equation of the Motor

Generator

Here, a motion equation of the motor generator is de-
duced under the condition that the rotor is a rigid body [8].
According to Newton’s Law, the motion of a rigid body
is analyzed by dividing it into translational and rotational
motions around a gravitational center. The rotational mo-
tion is considered in the case of a motor generator. First, a
rotational matrix R is adopted to express the orientation of
the rigid body. R is interpreted to be a matrix with column
vectors that are the direction cosine ones of a unit vector
fixed at the rotor in the coodinates (q-axis, d-axis, rota-
tional axis). The differential equation of R is as follows:

dR
— = wXR, 23
oY (23)

where w is the angular velocity vector. When the g-axis (x-
axis) rotates counterclockwise around the rotational axis
(z-axis), the g-axis (x-axis) becomes located in the direc-
tion of d-axis (y-axis).

The differential equation of w is as follows:

d
d_t(lw) =T, (24)

where [ is the inertia tensor and /w is the angular momen-
tum vector. T is the torque vector, which includes the ac-
celerating torque 75 from the induction motor and the de-
celerating torque T from the synchronous generator.

In the equation (23), the matrix expansion method is
adopted for the vector product of w and R:

dR 0 —Ww3 w)
— =] W3 0 —W1 R
dt
—wWy w1 0
= ‘WR, (25)

where @ is the angular velocity matrix.
In the equation (24), since the rotor is symmetric rota-
tionally, the inertia tensor becomes diagonal:

d 11 0 0 w1 T1
d_t 0 12 0 wy| = T2 . (26)
0 0 13 w3 T3

Next, a rotational quaternion is considered to express

the orientation of the rigid body rotating around only one
axis:
o
0= eXP(fﬂ). X))
(2]
The rotational quaternion is interpreted as a quaternion,

which rotates by 6 counterclockwise around the unit vector
@/|@|. The differential equation of Q is as follows [9]:

d w do 0
_Q_a) xp(a)e)

de —Jolde ol

= 0Q. (28)

Similarity of the product form with the equation (23) or
(25) is noticeable. Note that the angular velocity vector @
is the vector part of the angular velocity quaternion (& =
w1 + jw) +kws). Although the decelerating torque appears
due to the exciting current when the field current is driven,
simulation of the load current is executed neglecting the
exciting current. The initial state is assumed to be steady
state, where the motor generator outputs no-load voltage at
the maximum speed [10-12].

dw/w) _ 1 (i +1)n/s)
dr Ta (11 + 12/ 8)? + (X1 + x2)?
1 X.I,E, cos 1
e L 29)
6 (W/w)VE  Tu
1 3y2
— =, (30)
A Mwy(r +r2)
1 3v2
— ==, 31)
L (079.
1 T
i _M’ (32)
™ Iw()
s=L7% 1~ (w/w), (33)
wo

where 74 is the time constant for acceleration by an induc-
tion motor, 7g is that for deceleration by a synchronous
generator, Ty is that for deceleration by mechanical loss
and windage loss, X, is synchronous reactance, I, is ar-
mature current, E, is armature output voltage, wy is the
synchronous speed of the induction motor, Vj is the rated
output voltage of the synchronous generator and Ty is the
torque for deceleration by mechanical loss and windage
loss. « is the power factor angle of the load, which is the
phase angle of the thyristor power supply.

Time evolutions of acceleration from the start to the
waiting speed, acceleration to the maximum speed, and

Fig. 1 Slip dependence of secondary current and synchronous
watt in an induction motor. Secondary resistance is r,
(red), 2 % r, (green), 4 = r, (blue), 8 = r, (dot-dashed blue),
16 = r, (black), and 32 * r, (dot-dashed black) by adding
a liquid resistance to the original r, in series. Ordinate of
abscissa is scaled by not s (slip) but 1 — s.
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Fig. 2 Time evolution of secondary current and synchronous
watt (synchronous angular velocity times torque) in an
induction motor. Secondary resistance is adjusted so as
to keep the armature current below the maximum current
(blue dashed line) by adjusting the liquid resistance con-
nected to the original r, in series.
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Fig. 3 Time evolution of the liquid resistance and rotating speed
normalized by the synchronous speed in the accelerat-
ing stage toward the waiting speed, from it toward the
maximum speed, and in the free-running stage toward the
waiting speed. Secondary resistance is adjusted so as to
keep the armature current below the maximum current by
adjusting the liquid resistance connected to the original r,
in series.

deceleration to the waiting speed are shown by keeping
the induction motor current below the endurable maximum
current (Figs. 1, 2, 3). In the state of maximum speed, ex-
citing current is driven and no-load induced voltage is out-
put. If the output current is supplied to the power supply
of the poloidal field coil, the motor-generator is decelerated
by electromagnetic force due to the current.

4. Transient Phenomena in

Motor-Generator
In the case of a salient type, the armature current I, is
divided into direct and quadrature components:

I = —jlg + I (34)

720 7205 721 7215 72
t(s]

[N)

Ect [kV]

720 7205 721 7215 722
tls]

Fig.4 Time evolution of poloidal field coil current and voltage.
The flat-top current is assumed to be 35 kA to emphasize
the effect on the motor-generator. The inductance and
resistance of the coil are L = 1.8 mH and R = 30 mQ,
respectively.

Adopting the direct reactance as X4 and the quadrature one
as Xy, the output voltage of synchronous generator is:

Er — Ey = (+jXa)(=jla) + (+jXq)Iy)
= Xdld + jXqI 5 (35)

where E; is the no-load output voltage and E, is output
terminal voltage. Since X4 > X, the armature reaction
dropped due to fact that the smaller quadrature reactance in
a salient type is lower than that due to the direct reactance
in a non-salient type. Even if three-phase AC is assigned
to the vector part of the quaternion, an imaginary number
Jj has only to replace 7 in the equation (35).
E; - E, = (+7Xg)(=1ly) + (+1Xq)(Iq)
—?Xqly + X1y = Xqlg + 1Xo 1y, (36)

where Ey, E,, I3 and I are quaternions though the same
variables are used.

When time evolution on the DC side of the power sup-
ply for the poloidal field is given:

d/
E=L— +RI, 37
ot 37

2
L= \E ! (38)
E,cosa = n E 39)

g 3 \/z ’

E,sina = \/(Ef)2 — (Egcos @)? — X1, (40)
Ey = \(EgcosaP + (Egsinal. @1

The current waveform of the power supply shown in Fig. 4
is considered.

In the phase where the output current is flat in time, the
field current is controlled so as to keep the output voltage
within the rated output voltage range. In the case of the
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integral time constant equal to 0.5s, waveforms of field
current and output voltage are shown (Fig.5). The output
voltage approaches the rated voltage in the flat phase of the
output current.

Field current is adjusted by Pl-controlling the field
voltage so that the generator output voltage becomes equal
to the rated voltage. The differential equation is as follows:

fi (Ir — Iter) N (It = Iteer)
dr Ifref Ifref

Eoer — E Eger — E
:GP ( gref g)+ ( gref g) ) (42)
Egref Egref(l + STI)

where Egr and I are rated output phase voltage and nec-
essary field current, respectively. 7y and 7y are the time
constants of the field coil and integral control, respectively,
and Gp is the gain for proportional control. In the inte-
gral control, not a complete integral but a first-order-lag
integral is adopted. Though the first-order-lag integral is
expressed in Laplace transform format, the following dif-
ferential equations are solved by computer simulation:

A Ur = Lier) U = ier)

T
! dr Ifref Ifref
Eoet — E
= Gp M + Eq, (43)
Egref

dEgI (Egref - Eg)
—E fE, = Y 44
I dr gl Egref (44)

When the output voltage of the synchronous generator
changes, the firing angle is adjusted so that the coil current
approaches the reference value in the power supply for the
poloidal field (PF) coil. The firing angle is obtained if the

In = 10.935 kA
Xd = 0.683 ohm
1.5+ Xq = 0.547 ohm
Ifref = 600 A
Gf=6
taul=05s

If [KA]
:

0.5 tauf=04s

Eg (K]

720 7205 721 7215 722
tls]

Fig. 5 Time evolution of field current and output voltage of a
synchronous generator. The field current is feedback-
controlled so as to keep the output terminal voltage con-
stant where the proportional gain is six, the integral time
constant is 0.5 s, and the first-order-delay time constant is
0.4s.

control equation is solved by the computer simulation.

da R (I-I%
LIR)— +a = —=G¥ | - I'F) 4 ——=|
LI g @ = gorCr [( e T (1 st

(45)
dI 36
LE +RI = EgT\/_ cosa, (46)

where Iri f is the control reference value of the output cur-
rent from the power supply for the PF coil.

The equations to solve (Eg,61) via (Ig,Iq) from
(I, a, Ey) are as follows:

I sin(a + 6;) = Iy, @7
I, cos(a + 6;) = I, (48)
E,sindy = Xqlg, (49)
E,cos 6| = Ef — Xala, (50)

01 dependence of Eg is determined from the direct compo-
nent of equations (47) and (50), and the dependence of E,»
is determined from the quadrature component of equations
(48) and (49), which are shown in Fig. 6. The values of E,
and §; are obtained from the intersection of both lines.
Simulation results of generator output induced voltage
and output terminal voltage are shown (Fig. 7). Control of
output induced voltage is not smoothly controlled. This is
because the claculation of ¢; is not correct when the con-
trolled firing phase angle is over 90 degrees. Cooperation
is necessary between phase control in the power supply of
the poloidal field coil and current control in the field coil.
Since the armature reactance is relatively large, output
voltage control is difficult when the output current is low.
Since the exciting current flows in the load transformer, a
low output curent region can be prevented by driving the
current. When the power factor is low in the load of the
generator, the induced voltage must be large. When the
load power supply is operated in the regenerative mode,

Ef= 3.811kV

Xd = 0.683 ohm
Xq = 0.547 ohm
la= 4.101 kKA
alpha = 28.648 deg
E1= 3811 kV

In=10.935 kKA

Ep [V, Eg(kV)

0.1 0.2 03 04 05 06 07 08 09
151[1'(11[]

Fig. 6 Dependence of output terminal voltage E, on angle of
phase difference 6, is shown for the direct-axis compo-
nent (red) and the quadrature-axis component (blue). The
output current of the synchronous generator is 3/8 of the
rated current.
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Fig. 7 Time evolutions of generator output induced voltage E
and output terminal voltage E, are shown.

lamin = 0.100 kA
~ tauAlpha = 0.005 s

taulcs =0.100 s

0 tauCT = 0.060 s

T T
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Fig. 8 Time evolutions of controlled phase angle « (black
dashed), cos a (red), and Ics are shown. Ics: Ioger (black
dashed), P-controlled I.qy, (green dashed), I-controlled
ILsineeg (red dashed) and totally controlled I (red solid).

the output terminal voltage cannot be determined stably.
Namely, there is a gap between the power mode and the
regenerative mode.

Simulation result after optimization of control param-
eters in the power supply is shown in Fig. 8. In the phase
control of the firing angle (black broken line), the propor-
tional gain increased and the integral time constant de-
creased. Together with the current waveform (red solid
line), the P-controlled part is shown in a red broken line
and the I-controlled part is shown in a dash dotted line. In
the current waveform (red solid line), time delay from the
reference waveform (black broken line) decreases and the
difference from it to the flat top also decreases.

5. Summary

In the transient phase at the start of the induction mo-
tor, high transient current flows in the stator coil. By set-
ting the liquid resistance to the maximum value, high cur-
rent is prevented, and the rotation speed is controlled by
adjusting the liquid resistance value.

In the transient phase at the start of the synchronous
generator, high transient voltage appears in the armature
windings repeatedly. Due to the repeatability, it is imper-
ative to estimate the high voltage and control it so that the
maximum voltage is kept under the tolerable value.

Utilizing the quaternion capability, the three-phase
motor-generator is analyzed by three-dimensional rota-
tion instead of by transforming to two-dimensional rota-
tion in alpha-beta coordinates [1]. Although the mechan-
ical rotation can be analyzed by rotation quaternion in-
stead of by rotation matrix, its usage was abandoned be-
cause the vibration of the rotation axis was not analyzed.
The salient pole-type rotating field can be manipulated by
direct-quadrature conversion even in quaternion analysis.
Since the quadrature reactance is lower than the direct re-
actance, consideration of the same did not worsen the sim-
ulation result.

The rotating dynamics and electrical phenomena of a
motor-generator can be analyzed considering the quater-
nion power from the motor-generator and the electrical
load for plasma control. Since the quaternion can be dif-
ferentiated in time as well as rotated in space [2], it was
utilized to analyze transient phenomena in the rise-up and
rise-down of the induction motor and the synchronous gen-
erator. Since the armature reactance is relatively large, out-
put voltage control was difficult when the output current
was low. Since the exciting current flows in the load trans-
former, the low output current region should be prevented
by driving the current.

When the power factor is low in the load of the gener-
ator, the induced voltage must be large. When the load
power supply is operated in the regenerative mode, the
output terminal voltage could not be determined stably.
Namely, there was a gap between the power mode and the
regenerative mode. The quaternion characteristics will be
utilized to analyze a motor-generator in more detail.
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