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We have applied the multivariable analysis technique called the proper orthogonal decomposition (POD) to
both the divertor particle flux distribution and the electron pressure distribution in the core region of LHD. The
cross-correlation analysis indicates that 3rd, 4th, and 5th POD modes of the electron pressure distribution are
highly correlated with the divertor footprint index which is a measure of where the peak position of the particle
flux distribution is located on the inner divertor plate. Both the 3rd and 4th modes seem to correspond to the shift
of the electron pressure peak position from the magnetic-axis radius. In contrast, 5th mode has a strong influence
on the peripheral gradient of the electron pressure distribution. Their relationships with the divertor footprint
could be explained by the finite β and the Pfirsch-Schlüter current effects.
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1. Introduction
It is essential to keep the divertor heat load below the

material tolerance for a successful fusion reactor, and an
accurate understanding of the formation mechanism of the
divertor footprint distribution is indispensable for the heat
load estimation. On the low-field side divertor plate in the
tokamak configuration, the heat flux distribution can be fit-
ted by convolving an exponential decay and a Gaussian
function, and fitting parameters in several devices were
collected in a database [1]. In contrast, such a simple
model cannot be used in the heliotron/stellarator configu-
ration; for example, the footprint distribution has multiple
peaks across the strike point. Because of the complicated
three-dimensional (3D) magnetic field geometry and the
presence of a stochastic region, understanding the relation-
ship between the magnetic field structure and the divertor
footprint is difficult and is continuously progressing [2–4].

In the Large Helical Device (LHD), the divertor heat
and particle flux distributions are thought to be mainly de-
termined by the magnetic configuration, which depends
on the external control parameters such as the magnetic
axis position Rax, cancellation rate of the quadrupole mag-
netic field component Bq, and the coil pitch parameter
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γ. In addition, the plasma current against the toroidal
magnetic field strength (Ip/Bt) [5] and high plasma pres-
sure with high averaged beta (⟨β⟩) [6] could modify the
magnetic geometry. Furthermore, it was suggested that
edge electron temperature affects the peaking position of
the footprint profile [7], which was not reproduced by
the EMC3-EIRENE simulation even if the spatially non-
uniform transport coefficients were introduced [8].

In recent studies, we have applied the proper orthog-
onal decomposition (POD) method, which is also called
the principal component analysis (PCA) and one of the
multivariable analysis techniques, to the ion-saturation-
current dataset obtained by using a large number of Lang-
muir probes embedded on the LHD divertor plates (called
“toroidal divertor probe arrays”) [9,10]. As a result, a char-
acterization index of the divertor particle flux distribution
(r2/1) was evaluated from the ratio of two dominant orthog-
onal bases in the POD analysis outputs. Moreover, the ob-
tained r2/1 was found to be correlated with the peripheral
electron pressure gradient even if ⟨β⟩ is not so high [9].
This suggests that the plasma pressure distribution alters
the edge magnetic field structure, which in turn changes
the divertor footprint distribution.

In this study, to promote the further understanding of
the relationship between the core plasma and the divertor
footprint distributions, we have applied the POD method
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to the Thomson scattering (TS)-measured upstream elec-
tron pressure distribution in addition to the divertor probe
signals. Dominant orthogonal bases of the electron pres-
sure were found and their correlations with the above-
mentioned r2/1 were calculated. As a result, we confirmed
relationships being consistent with previous studies.

Section 2 describes the dataset creation, which is an
important preliminary step in multivariable analysis. Sec-
tion 3 explains POD method and the divertor footprint
characterization index obtained in the previous study [9].
The POD analysis results of core plasma distribution and
their relationships with the divertor footprint are shown in
section 4. Finally, this study is summarized in section 5.

2. Creating Datasets
In this study, we applied the POD method to two

datasets, dataset A and dataset B, obtained in the 17th ex-
perimental campaign in LHD. Dataset A is the same with
the previous study in Ref. [9], which was used to character-
ize the divertor particle flux distribution. Dataset B is a part
of dataset A with fewer time points for analyzing the TS-
measured upstream electron pressure, as described later.
All data was downloaded from the Kaiseki Data Server
System [11].

Dataset A contains various measured data, including
ion saturation current signals measured with probe arrays
across the strike point on 10 divertor plates (named 2L, 2R,
6L, 6R, 7L, 7R, 8L, 8R, 10L, and 10R) and TS-measured
parameters, in discharges with a standard inward-shifted
magnetic configuration (Rax = 3.6 m, Bq = 100%, and
γ = 1.254) with strong toroidal magnetic field strength
(Bt = −2.75 T). The discharge gas was basically hydro-
gen, and no distinction was made for the inclusion of
impurity gases. Data were extracted in 0.1 s increments
from a discharge time from 3 to 7 s. Furthermore, to
remove the plasma-current effect, time points satisfying
|Ip/Bt| < 10 kA/T condition was selected. In addition, time
points with upstream plasma and no measurement prob-
lems were extracted. As a result, an ion saturation cur-
rent matrix (I(x, s)) was created for 6409 time points (s)
in 276 discharges at a total of 188 probe-channel positions
(x), excluding frequently damaged channels (see Fig. 2 in
Ref. [9]).

Time points in dataset B were extracted under more
stringent condition than in dataset A. Regarding upstream
electron temperature Te and electron density ne, time
points containing one or more TS channels with a large
error ratio with ∆Te/Te > 50% or ∆ne/ne > 50% were ex-
cluded. Here, TS channels where errors were often large
were initially excluded. This data extraction process ex-
cludes noise-induced spatial structure in the POD analysis
result. As a result, the electron pressure pe(R, t) = neTe for
1089 time points (t) in 118 discharges at 110 radial posi-
tions (R) are obtained, as shown in Fig. 1.

Fig. 1 2D pattern of pe as functions of the major radius R and
the time point t.

3. POD Analysis Procedure
2D matrixes of the ion saturation current I in database

A and the electron pressure pe in database B were analyzed
by the POD method, which does not use any artificial or-
thogonal function [12,13] and is generally the same or sim-
ilar to other multivariable analysis methods, e.g., PCA and
singular value decomposition (SVD). Such the multivari-
able methods have been often applied to magnetic confine-
ment plasmas [14–16]. In this study, the POD analysis pro-
cedure of the matrix I is the same as the previous study [9].

First, a fluctuation component of the matrix I(x, s) as
functions of position x and time point s was calculated
as Ĩ(x, s) = I − ⟨I⟩, where ⟨ ⟩ means the average in time
point. Next, the covariance matrix C was calculated from
the cross-correlation function Clm between positions xl and
xm as

C =


C11 · · · C1n
...

. . .
...

Cn1 · · · Cnn

 , (1)

Clm = ⟨Ĩ(xl, s)Ĩ(xm, s)⟩. (2)

After that, the eigenfunction ϕi(x) and the eigenvalue λi

were calculated from the eigenvalue problem as

Cϕi(x) = λiϕi(x). (3)

The calculated ϕi(x) is the orthonormal basis for the probe
position x. The orthogonal basis for the time point s was
then obtained as

ai(s) =
∑n

k=1
Ĩ(xk, s)ϕi(xk). (4)

By using ϕi(x) and ai(s), Ĩ(x, s) can be reconstructed as

Ĩ(x, s) =
∑n

i=1
ai(s)ϕi(x). (5)

In addition, due to the relation of ⟨a2
i (s)⟩ = λi, λi/

∑n
k=1 λk

gives the contribution ratio from ai(s)ϕi(x) for the variance
over the entire space. The subscript i, called a POD mode
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number, is descending order of magnitude of λi as λ1 >

λ2 > · · · > λn.
Furthermore, the offset-added ai(s) was also defined

as

a′i(s) ≡ ai(s) +
∑n

k=1
⟨I(xk, s)⟩ϕi(xk), (6)

which can satisfy

I(x, s) =
∑n

i=1
a′i(s)ϕi(x). (7)

As reported in the previous study [9], a 2D matrix of the
ion saturation current was found to consist predominantly
of i = 1 and i = 2 modes (∼87%), so that I(x, s) ∼
a′1(s)ϕ1(x) + a′2(s)ϕ2(x). Furthermore, it is known that the
ratio of a′2 to a′1, r2/1 ≡ a′2/a

′
1, characterizes the shape of

the ion saturation current distribution. Hereafter, we refer
to r2/1 as the divertor footprint index.

Figure 2 shows examples of reconstructed ion satura-
tion current distributions using different r2/1 on 8L and 8R
plates, which are positioned in the same toroidal section
(#8) with helical symmetry. Here, ϕi(x) and ai(s) were cal-
culated from I in dataset A. When r2/1 is negative, the di-
vertor particle flux has a sharp peak at the private side with
the smaller probe number. In contrast, with a positive r2/1,
the amplitude of the divertor particle flux becomes larger
at the SOL side with the larger probe number. On other
divertor plates (2L, 2R, 6L, 6R, 7L, 7R, 10L, and 10R),
which were simultaneously analyzed, similar tendencies
were found (no figure). The larger amplitude on 8L plate
than on 8R plate is attributed to drift transports [6]. Be-
cause Fig. 2 consists of the dominant bases from the entire
dataset, it should reflect the distribution in the attached di-
vertor state more strongly than the detached state with a
limited number of detached plasma discharges.

 

Fig. 2 Reconstructed ion saturation current distributions on (a)
8L and (b) 8R plates with r2/1 = −0.5 (blue solid line), 0
(green dashed line), and 0.5 (red dotted line).

The same analysis as above is possible for the 2D ma-
trix of the core electron pressure in Fig. 1 as

p̃e(R, t) =
∑N

i=1
bi(t)ψi(R), (8)

where ψi(R) is the orthonormal basis for the radial posi-
tion R and bi(t) is the orthogonal basis for the time point
t. The contribution ratio from each POD mode can be also
calculated with the eigenvalue.

4. Analysis Results
4.1 POD modes of electron pressure

distribution
Figure 3 shows ψi and its contribution ratio calculated

from the electron pressure distribution in dataset B. The
i = 1 mode has a single peak around the magnetic axis
position at Rax = 3.6 m and contains ∼96% of the variance.
Thus, this mode can reconstruct most of the variation in
electron pressure distribution. In other words, i ≥ 2 modes
finely modify the electron pressure distribution, e.g., ∼2%
for i = 2 mode and < 1% for i > 2 modes.

The shape of ψ2 has a peak at R ∼ Rax and con-
cavity on both inner and outer sides. Therefore, posi-
tive/negative b2 contributes to make the pe distribution
peaking/flattening. Detailed characteristics of ψ3, ψ4, and
ψ5 will be discussed later. In the higher order modes, there
are finer structures due to measurement noise and so on. In
this study, modes with i > 10 are ignored.

 

Fig. 3 (a) ψi(R) as functions of R and mode number i from i = 1
to 10 and (b) its contribution ratio as a function of i.
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Fig. 4 Rc(r2/1, bi) as a function of i (blue circle) and Rc(r2/1, b3+

b4) (red cross).

4.2 Relationship between divertor footprint
index and POD modes of core plasma
distribution

To clarify the relationship between the divertor foot-
print index and the obtained mode structures in the core
plasma region, we calculated the cross-correlation coef-
ficient between r2/1 and bi in dataset B by the following
equation:

Rc(r2/1, bi) = ⟨r̃2/1(t)b̃i(t)⟩/⟨r̃2
2/1⟩0.5⟨b2

i ⟩0.5. (9)

Figure 4 shows Rc(r2/1, bi) as a function of i. Positive
correlation coefficients are seen for i = 3 and 4 modes with
Rc ∼ 0.31 and ∼0.35, respectively. In contrast, a negative
correlation is clearly observed for i = 5 mode with Rc ∼
−0.53. Therefore, conditions that b3 > 0, b4 > 0, and
b5 < 0 contribute to an increase in r2/1 at which a peak
in particle flux appears at the SOL-side divertor probes.
The other modes are not so correlated with the divertor
footprint distribution. In the following, we focus on i = 3,
4, and 5 modes.

Figure 5 shows spatial distributions of ψ3, ψ4, and
ψ5. In this figure, edge regions inside the last closed
flux surface (LCFS) with the normalized minor radius of
ρ ∼ 0.85 - 0.95 are hatched. ψ3 and ψ4 have similar shapes
near the magnetic axis position, positive for R < Rax and
negative for R > Rax. In the more outer edge region, ψ3

and ψ4 are negative at outer and inner major radius posi-
tions, respectively. Because b3 and b4 are positively cor-
related with r2/1, the similar feature around the magnetic
axis could be important in changing the divertor footprint
distribution. To simplify the interpretation, we assumed
that the components of ψ3 and ψ4 affecting r2/1 were at-
tributed to the same mechanism. The cross-correlation be-
tween r2/1 and the sum of two modes, b3 + b4, was calcu-
lated, as shown in Fig. 4. A larger positive correlation of
Rc(r2/1, b3 + b4) ∼ 0.46 was confirmed.

On the other hand, ψ5 has negative peaks at ρ ∼ 0.9 as
well as near the magnetic axis. In the previous study [9], it
was reported that r2/1 becomes small when the radial gradi-
ent of pe at the peripheral region of ρ ∼ 0.9 is steep. There-
fore, observed negative peaks in the edge of ψ5 could affect

 

Fig. 5 (a) ψ3(R) (blue solid line), ψ4(R) (green dashed line), and
(b) ψ5(R) (red solid line) as a function of R.

r2/1. Detailed relationship between ψ5 and pe distributions
will be discussed later.

Figure 6 (a) is a scatter plot with b3 + b4 on the hori-
zontal axis, b5 on the vertical axis, and r2/1 as the color of
the markers. Clearly, r2/1 is smaller when b3+b4 is smaller
and b5 is larger.

In order to discuss each impact independently, a lim-
ited range plot of another parameter was made. Figure 6 (b)
shows b3 + b4 as a function of r2/1 under the condition that
|b5| < 1.0, which corresponds to less than a half of the
standard deviation of b5. Positive correlation can be seen,
as expected from the correlation analysis result, but there
is a large variation and some point groups do not follow the
fitted linear curve depicted by a dashed line. This means
that r2/1 is not strongly determined from b3 + b4 and there
might be influences from other modes.

Similar to Fig. 6 (b), the r2/1-dependence of b5 under
the condition that |b3 +b4| < 2.3 is shown in Fig. 6 (c). The
variation of b5 is large when r2/1 is positive, and smaller
when r2/1 is negative. This result indicates that positive b5

contributes more strongly to reduce r2/1, i.e., to form the
private-side peak on the divertor footprint (see Fig. 2).

4.3 Relationship to core plasma distribution
and discussion

To understand the relationship between POD analysis
results and the core plasma distribution, the pe distribu-
tions at characteristic time points were extracted. Figure 7
shows pe as a function of R at four time points, t1, t2, t3,
and t4. In Fig. 6, markers at these time points are indicated
by green circles. At the former two points, t1 and t2, r2/1
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Fig. 6 (a) Scatter plot of b5 versus b3 + b4. Dot color indicates
r2/1. (b) b3 + b4 and (c) b5 as a function of r2/1 under the
conditions that |b5| < 1.0 and |b3 +b4| < 2.3, respectively.

values are large and small, respectively, in Fig. 6 (b). Sim-
ilarly, at the latter two time points, t3 and t4, r2/1 values are
large and small, respectively, in Fig. 6 (c).

At the time point t1, the pe distribution is relatively
line symmetric about the magnetic axis. On the other hand,
the pe distribution at t2 is somewhat larger and compli-
cated. From Fig. 5 (a), when b3 and b4 are negative, b3ψ3

and b4ψ4 contribute to create a peak at R ∼ 3.75 m, which
is slightly outward from the magnetic axis position. In fact,
the pe distribution at t2 seems to have a peak around there,
although it is not distinct. The peak shift outward might
be attributed to the Shafranov shift with relatively high
plasma pressure (finite β), and such the condition is known
to change the divertor footprint [6]. Therefore, the positive
correlation between b3 + b4 and r2/1 might be explained
by the finite β effect. Note that the overall increase in pe

 

Fig. 7 pe distributions at time points (a) t1 (blue), t2 (red), (b) t3

(blue), and t4 (red).

also increases the peripheral gradient, which may have an
additional effect regarding the Pfirsch-Schlüter current dis-
cussed below.

Comparing pe at time points t3 and t4 in Fig. 6 (b), we
can see that these shapes are similar but the slope is steeper
at ρ ∼ 0.9 at t4, in which b5 is positive. This feature is con-
sistent with the distribution of b5, which has the convex
shape on the negative side at ρ ∼ 0.9 (see Fig. 5 (b)). The
previous study reported that when the peripheral pe has a
steep gradient, a private side peak appears in the divertor
particle flux distribution [9], which would be due to the
modification of the edge magnetic field structure caused by
the Pfirsch-Schlüter current [17, 18]. The Pfirsch-Schlüter
current is a representative parallel current in helical de-
vices and is driven by the plasma pressure gradient. The
movement of magnetic field structure relative to the diver-
tor plate changes the particle flux distribution on the diver-
tor plate [9]. Therefore, the negative correlation between
b5 and r2/1 can be attributed to the steep gradient of the pe

distribution and its modification effect on the edge mag-
netic field structure.

5. Summary
We have applied the multivariable analysis technique

called the proper orthogonal decomposition (POD) to the
electron pressure (pe) distribution in the core region of
LHD in addition to the divertor particle flux distribution
which was previously analyzed. Furthermore, we investi-
gated the relationship between the orthogonal modes of the
core plasma distribution and the divertor footprint index
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(r2/1) which characterizes whether the particle flux distri-
bution peaks on the private or SOL side on the inner diver-
tor plate.

The POD analysis gave dominant spatial orthogonal
distributions (ψi) of pe and their coefficients (bi) at each
time point. Cross-correlation analysis indicates that 3rd,
4th, and 5th modes are highly correlated with r2/1. More-
over, the sum of 3rd and 4th mode coefficients, b3 + b4,
shows stronger correlation with r2/1. In order to indepen-
dently examine the effects of b3 + b4 and b5 on r2/1, the
dependence was studied by limiting the parameter range
of one of them. As a result, although there was a finite
variation, positive and negative correlations were clearly
observed with b3 + b4 and b5, respectively.

Both the ψ3 and ψ4 shapes seem to correspond to the
shift of the pe peak position from the magnetic axis posi-
tion. In contrast, ψ5 has a strong influence on the peripheral
gradient of pe. Therefore, the effect of the former bases on
the divertor particle flux distribution might be related to the
finite β effect, while the latter changing r2/1 would be re-
lated to the Pfirsch-Schlüter current. It should be noted that
the Pfirsch-Schlüter current effect is likely to be included
in the former case, because the high plasma pressure with
high β equips a high edge pressure gradient. In any case,
these effects would alter the edge magnetic field structure
outside the LCFS, which changes the divertor particle flux
distribution. In contrast, ψ2, which makes pe distribution
peaking/flattening around the radial center, does not have
a strong correlation with r2/1. This means that pe peak-
ing/flattening near the magnetic axis is not so related to the
divertor particle flux distribution.

To verify these effects, it is effective to perform mag-
netic field calculations and 3D numerical simulations with
EMC3-EIRENE code [19], which take the magnetic field
modification effects into account, and compare calculation
results with experiments. In addition, although this study
focused on the analysis of divertor particle flux, divertor
heat flux is of greater importance to engineering. Investi-
gations on distributions of the heat flux measured with an
infrared camera [20] and Langmuir probes are desirable in
LHD. Also, to directly confirm the relationship between
the Shafranov shift and related orthogonal bases, the cor-
relation analysis with the magnetic axis position obtained
by the best-fitted equilibrium is a future task.

In this study, the POD analysis can extract the main
bases of the core plasma distribution strongly related to
the divertor particle flux distribution. This method can be
used to study the dependence on various parameters, ex-

cept for phenomena that depend on time derivatives. To
investigate such the phenomena with time-transient modes,
the dynamic mode decomposition (DMD) [21–24] can be
used.
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