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This study develops a computational code for evaluating the operations of high-power gyrotrons with high-
current electron beams. The analytical model describes the electromagnetic fields and electrons by the Maxwell
equations and cold-fluid equations, respectively. Specifically, it estimates the output power of the gyrotron with
electron-beam fluctuations, which occur under high beam currents. The effects of fluctuations of the intense
electron flows in nonuniform magnetic fields are studied in a 1 MW gyrotron for electron cyclotron resonance
plasma heating and current drive in large devices, such as the tandem mirror plasma device GAMMA10/PDX
and the Large Helical Device (LHD). The rate of fluctuation growth of the electron beam and the output power
of the high-power gyrotron with a fluctuated beam are calculated. In gyrotrons with a higher operating frequency
(e.g., 154 GHz), significant deterioration of the electron beam and gyrotron operation is expected at beam currents
exceeding 120 A.
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1. Introduction
High-power millimeter-wave gyrotrons are designed

for continuous-wave or long-pulse operation in fusion
plasma applications. Gyrotrons are attractive sources
of high-power millimeter and submillimeter waves for
electron cyclotron heating and current control of mag-
netically confined plasmas in controlled fusion research.
For these purposes, the gyrotrons must operate in the
quasi-continuous regime at frequencies of 10 - 300 GHz
and output powers of 1 MW or higher. Recently, many
studies [1–3] have been devoted to high-power and long-
pulse gyrotrons, and multi-frequency gyrotrons are re-
quired for experimental flexibility and research collabora-
tion efforts.

Two important requirements of gyrotron development
are high radiated power and stable operation in the sin-
gle desired mode. The efficiency and limitations of the
attainable gyrotron parameters are determined by the qual-
ity of the electron beam formed in the gyrotron. High-
power gyrotrons require a high-current electron beam with
a sufficiently small velocity spread and a transverse struc-
ture. The efficiency and output power of a gyrotron are
significantly restricted by the spread in both the trans-
verse velocity and the beam structure. For future gyrotron
development, this study develops a computing code that
describes the interaction of the electron beam with the
width in waveguide-cavity gyrotron oscillators. Several
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studies [4–7] have confirmed that fluctuations of the elec-
tron beam influence nonuniform magnetic fields and
crossed fields. Theoretically and experimentally, a low-
quality beam is known to induce various parasitic instabil-
ities that evolve in gyrotron operations. By studying these
fluctuations, we can understand various phenomena that
affect the beam quality.

The developed code calculates the profile of the elec-
tron beam by simultaneously solving a set of cold-fluid
equations of motion and the Maxwell equations. The code
reaches a self-consistent solution in the dynamic system
that accounts for the effects of electron-beam fluctuations.
A parallel algorithm [8, 9] ensures the required calculation
accuracy and reduces the computation time. We present
the calculation results for a 1 MW gyrotron.

2. Fluctuation Model for Electron
Beams
In the analytical model, we consider the open res-

onator of a gyrotron formed by a section of a cylindrical
hollow waveguide. The radius of the waveguide varies
slightly along its axis. As the waveguide possesses cylin-
drical symmetry, it was modeled in cylindrical polar coor-
dinates (r, θ, z). The applied magnetic field was directed
along the z-axis, perpendicular to the cross-section. The
electron density of the annular beam was piecewise defined
as a function of the radius r. The radial electron distribu-
tion ne(r) was limited to the region re − rb < r < re + rb,
where re is the radius of the center of the beam and rb is
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the beam width. Therefore, the density was calculated as

ne(r) = H(r − re + rb)H(re + rb − r)n0/8πrerb, (1)

where H is the step function and the coefficient n0 was cal-
culated from the beam current I and the electron velocity
V . The current I is given by

I = neV = n0V/8πrerb. (2)

The fluctuation will prevent a sharply localized electron
beam [4].

Before investigating the effect of beam fluctuations,
we must determine the stationary state of the system. The
electromagnetic field components E and B accompanying
the electron beam in the stationary state are respectively
given by

E0 = E0r(r) and B0 = B0z(r) + B0θ(r). (3)

The velocities of the electron beam in the fluid de-
scription is

V0 = V0z(r) + V0θ(r). (4)

In the cold-fluid model, the average r-component of
the velocity is zero. The stationary state is determined
from the Maxwell equations and the cold relativistic fluid
Euler equations [4]. Here the subscript 0 denotes the sta-
tionary value of a quantity. As mentioned in [4], the axial
magnetic field B0z is constant in regions of zero electron
density, and the magnetic fields along the axis and the wall
are very similar, reflecting the small contribution from the
electron current. The nonuniformity is considered to occur
in regions of non-zero density of the beam current.

In the framework of small-perturbation theory [4], the
quantities in the equations are superpositions of stationary
values and small time- and θ-dependent fluctuations: E =
E0 + δE, B = B0 + δB, V = V0 + δV and rb = rb0 + δrb. As
the fluctuations are small, the equations can be linearized
and written to first order in the fluctuated quantities. The
time dependence of the azimuthal angle θ is exp(i(λθ−ωt)),
where ω and t are the frequency and time, respectively, and
λ is the order. If ω is complex with Im(ω) > 0, then the
fluctuation will grow exponentially as exp(Im(ω)). Under
the symmetric conditions of the gyrotron, the azimuthal
electrical field on the axis must vanish, i.e., δEθ = 0 at
r = 0. Therefore, λ = 1 is forbidden and the minimum λ is
λ = 2. The boundary conditions in a hollow waveguide are
δE0(r = rw) = 0, where rw is the radius of the waveguide.

Following Ref. [4], the dispersion relation D of the
frequency ω is derived from the boundary condition as fol-
lows:

D(ω) = AJ′λ(ωrw) +CY ′λ(ωrw) = 0, (5)

where the functions J′λ and Y ′λ are the derivatives of the
Bessel function and the Neumann function of integer order
λ, respectively. The coefficients A and C that depend on

Fig. 1 Fluctuation factor α f as a function of the beam current I
at rw = 20 mm.

the parameters ω and λ are calculated by:

δEθ(re + rb) = AJ′λ(ω(re + rb)) +CY ′λ(ω(re + rb)).

(6)

We must now find the zero points of the dispersion rela-
tion, D(ω) = 0. The most efficient approach is to solve the
dispersion relation Eq. (5) while simultaneously varying
Re(ω) and Im(ω) until D is minimized. To minimize the
D, we adopted a numerical method of simulated anneal-
ing [8]. A modification of the downhill simplex method,
this method determines D as a function of the best point of
Re(ω) and Im(ω) from the starting simplex. This heuris-
tic optimization of D is calculated by a parallel algorithm
that utilizes the added computational power of the parallel
architecture to enhance the optimization performance (i.e.,
the convergence rate) of the algorithm. The execution time
is reduced by parallel calculations of the simplex opera-
tions, such as recalculating the D values.

The beam travels in the z-direction at velocity V0z with
a fluctuation that increments by Im(ω). The ratio α f , de-
fined as the ratio of the growth rate of the fluctuation Im(ω)
and the average axial velocity, is given by

α f = V0z/Imω. (7)

The factor α f corresponds to the distance traveled by the
electron beam when the amplitude of the fluctuation has
grown by the factor e. Figure 1 plots α f as a function
of the beam current I at rw = 20 mm. Here we show
the result of λ = 2 (the α f s for λ > 2 are negligible
in the 28-GHz and 154-GHz gyrotrons, as mentioned in
Sec. 4). The factor α f increased with increasing beam cur-
rent and applied magnetic field, and rapidly decreased with
increasing λ. We calculated the fluctuation level from the
Im(ω) value and the electron-beam parameters (including
the deviation of the beam width outside of the electron gun,
which is obtained by the electron trajectory code) [10].
For a gyrotron operating at I = 100 A, rw = 20 mm and
B0 = 6.2 T through the midsection of the cavity, the factor
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α f is 0.00024. If the cavity is located more than 100 mm
from the electron gun and the current is below 120 A, the
fluctuation exerts no significant effect on the quality of the
electron beam.

3. Interaction Model for Radio
Frequency (RF) Fields
We first investigated the electron interaction with RF

waves in a gyrotron with a fluctuating electron beam. The
RF field E in the cavity is expressed as a superposition of
transverse electric (TE) cavity modes in cylindrical coor-
dinates (r, θ, z):

E = ΣmnVmnemn exp(iωmnt), (8)

where Vnm is the field amplitude and ωnm is the frequency
of the mode. The function enm characterizes the eigenvec-
tor of the corresponding TE mode with indices m and n,
and is determined by the Helmholtz equation:

Δ⊥E + k2
mnE = 0, (9)

where the complex transverse wave number knm is deter-
mined by the boundary condition of the cavity. Consider-
ing Eqs. (8) and (9) and the condition of the stable state,
the complex function Vnm obeys the following parabolic
equation:

∂2Vmn/∂z
2 + [ω2

mn/c
2 − k2

mn + Ic]Vmn

= −4π/c2 ∂I/∂t. (10)

Equation (10) describes the temporal evolution of the field
amplitude along the axis of the cavity under interaction
with the electron beam. Ic is the small correction term in
Ref. [11]. The total current term I is given by integrating
the cross-section of the product of the function enm and the
electron density ne related to the electron beam [2]:

I = 2πe
∫

ne(r)V · emnrdr. (11)

If the electron density distribution is assumed as the delta
function δ(r − re), then the coupling of the electrons in the
beam with radial coordinate r to the rotating TEmn-waves
derived from Eq. (11) can be described by the following
function (see e.g., Ref. [2]):

Ls = Jm−s(kmnre). (12)

In Eq. (12), s is the cyclotron resonance harmonic number.
In this case, the electron-beam radius re is chosen to maxi-
mize the absolute value of Ls [2]. As the electron beam has
a width, we can derive from Eq. (11) the coupling parame-
ter of the electron beam to the RF field in a gyrotron with
a piecewise-constant beam:

Ls =

∫
Jm−s(kmnr)rdr/4rbre. (13)

Figure 2 plots the dependence of the coupling param-
eter L1 on the beam width rb for a gyrotron operating in

Fig. 2 Coupling parameter L1 as a function of the width of the
beam distribution rb.

TE28,9 mode at re = 9.1 mm and rw = 20 mm. Assum-
ing a delta-function profile of the beam and using Eq. (12),
L1 was calculated as 0.217, higher than all values of L1

in Fig. 2 (which assumed a piecewise-constant function of
the beam profile). The coupling parameter L1 decreased
with increasing width rb, meaning that the fluctuations in
the electron beam reduced the gyrotron efficiency.

4. Effect of the Beam Fluctuation on
the Output
This section numerically investigates the electron-

beam fluctuation in a 1 MW gyrotron with a cylindrical
hollow cavity, the current design of large devices such as
the LHD. The cavity operates at 154 GHz in TE28,9 mode,
and the gyrotron operates at the fundamental cyclotron res-
onance.

The calculation parameters were set to the typical gy-
rotron operating parameters (electron-beam voltage and
current of 80 kV and 60 A respectively from the electron
gun, with a measured output power of 1.25 MW). The cor-
responding pitch factor α was 1.1. The geometry of the
cavity and the magnetic field profile are shown in Fig. 3 (a).
Figure 3 (b) shows the typical RF field profile of the oper-
ating mode gyrotron at 154 GHz and the average Lorentz
factor γ related to the kinetic energy of the electrons in
the absence of beam fluctuation effects. The current of the
electron beam was I0 = 60 A and the calculated output
power was 1.47 MW. The transmission efficiency from the
mode convertor to the window was ignored in this calcula-
tion.

Figure 4 (a) plots the calculated pitch factor fluctua-
tion δα and width of the electron beam in the gyrotron as
functions of beam current when the beam passed through
the midsection of the cavity. The beam parameters (in-
cluding the fluctuation levels outside the electron gun of
the gyrotron) were obtained by EGUN code [10]. The δα
was obtained from the perpendicular velocity fluctuations.
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Fig. 3 Dependence of the cavity radius rw (solid curve), applied
magnetic field strength B0 (dashed curve) in (a), RF pro-
file (solid curve), and the average Lorentz factor γ of the
electrons (dashed curve) in (b) as a function of the axial
position z in the cavity for the TE28,9 mode at 154 GHz.

Fig. 4 Dependence of the fluctuation of the pitch factor δα
(filled circles), the width of the electron beam rb (open
circles) in (a), the output power of the gyrotron without
(open circles) and with the fluctuation (filled circles) as a
function of the beam current I.

Both δα and rb increased when the beam current exceeded
120 A. Figure 4 (b) shows the beam-current dependence of
the gyrotron output power. Increasing either of δα or rb

decreased the gyrotron output power. These results indi-
cate that at high beam current (> 120 A), the fluctuations
significantly deteriorate the quality of the electron beam.
However, the degradation of the output power in the 1 MW
gyrotron developed for the GAMMA10/PDX tandem mir-
ror [12] (80 kV, operating in TE8,5 mode at 28 GHz [9])
was not calculated, because the growth rates of the large
current fluctuations in the cavity were negligible at low
RF-operating frequency under a small applied magnetic
field. The fluctuation becomes significant in a certain re-
gion of the parameter space. This result will be important
in future gyrotrons with higher operating frequency (such
as 154 GHz) and output power, which will require a high
beam current.

We will continue our attempts to develop gyrotrons
that can operate over a wide frequency range (14 -
300 GHz) for present and future devices up to Demonstra-
tion Power Station (DEMO), the next-generation nuclear
fusion power plant [3, 13, 14].
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