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In order to determine the densities and temperatures in high-density helium plasmas by emission spec-
troscopy, a numerical study of He I spectral line shapes have been performed taking into account radiation
trapping. A computational simulation code has been developed, consisting of two parts. The first part solves
coupled rate equations to obtain population densities in each energy level of the He atom. The other describes the
absorption rate, emission rate, and spectral line shapes by solving the equation of radiation transfer. In a homo-
geneous plasma, the calculated line profile has a central dip caused by photoabsorption by residual cold atoms.
In addition, the results show that radiation trapping significantly alters the population dynamics. The population
densities estimated from the intensity of the line profile considering the photoabsorption are lower by one order
of magnitude than those without the photoabsorption. For application to a He arc plasma, the temporal evolution
of this central dip is also examined as a preliminary calculation.
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1. Introduction
To determine the electron temperature and density of a

plasma, the spectral line intensity ratio of appropriate tran-
sitions can be employed with the experimental ratio be-
ing compared with a value calculated using a collisional-
radiative (CR) model [1,2]. However, in high-density plas-
mas, such as atmospheric thermal plasmas or divertor plas-
mas of magnetically confined devices, the optical depth
becomes significantly thick. For example, although at-
mospheric arc plasmas have been studied extensively sa
a component of fundamental research into arcjet thrusters
and atomic/molecular physics [3], it has been found that
the radiation trapping of resonance transitions alters the
population density distribution [4]. Consequently, we can-
not apply the intensity ratio method to determine the tem-
peratures and densities of such plasmas. In this study,
therefore, the coupled rate equations for the He atom, in-
corporating radiation transport, are solved to derive the
population densities and spectral line shapes of the reso-
nance spectra. The optically thick transitions considered
are He I 1s 1S - 2p 1P, 1s 1S - 3p 1P, and 1s 1S - 4p 1P and the
respective wavelengths are 58.4, 53.7, and 52.2 nm. The
simulation code developed, which directly solves the cou-
pled rate equations, yields the time evolution of the popu-
lation densities and the spectral line shapes.

In this paper, the coupled rate equations and the equa-
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tion of radiative transfer are presented in Sec. 2. In Sec. 3,
the plasma model and simulation code are described. The
simulations for inhomogeneous and homogeneous plasmas
are presented in Sec. 4. The final section provides sum-
mary.

2. Radiation Transfer and the Cou-
pled Rate Equations
At a frequency ν, the equation of radiation transfer

corresponding to the transition q← p is given by

dIν = {−kνIν + ην} dx, (1)

where Iν is the radiance and kν and ην are the absorption
coefficient and the emission coefficient, respectively. x is
the coordinate along the optical path [5]. In a spatially
homogeneous medium, a formal solution of Eq. (1) is given
by

Iν(x) = Iν(0)exp(−kνx) +
ην
kν

[
1 − exp(−kνx)

]
. (2)

Here, the absorption and emission coefficients are given by

kν =
hν
4π

{
nqBqpP′(ν) − npBpqP(ν)

}
, (3)

and

ην =
hν
4π

npApqP(ν), (4)

c© 2016 The Japan Society of Plasma
Science and Nuclear Fusion Research

2401124-1



Plasma and Fusion Research: Regular Articles Volume 11, 2401124 (2016)

respectively, where Apq is the Einstein A coefficient from
level p to q; Bqp and Bpq are the Einstein B coefficients
for photoabsorption and induced emission, respectively; h
is the Planck constant; and np is the population density of
the level p. P(ν) and P′(ν) are the line profiles, normalized
to 1, for emission and absorption, respectively. Assuming
that P(ν) and P′(ν) have the same Gaussian shape, they are
expressed as

P(ν) = P′(ν) =
1
Δν
√
π

exp
[
−
(
ν − ν0
Δν

)2]
, (5)

where

Δν =
ν0
c

√
2kBT
mHe
. (6)

Here, kB is the Boltzmann constant, T is the temperature
of the emitting or absorbing neutral He atoms, mHe is the
mass of the He atom, c is the speed of light and ν0 is the
central frequency of the spectrum. The central frequencies
of the spectra for the resonance transitions 1s 1S - 2p 1P, 1s
1S - 3p 1P, and 1s 1S - 4p 1P are 5.13×1015 Hz, 5.58×1015

Hz, and 5.74×1015 Hz, respectively.
For the population density of level p, the coupled rate

equations including radiation trapping are [6]

dnp

dt
= −
{∑

q�p

Cpqnenp + S pnenp +
∑
q<p

Apqnp

+
∑
q>p

∫
line

BpqIqp(ν)npP′(ν)dν +
∑
q<p

∫
line

BpqIpq(ν)npP(ν)dν
}

+

{∑
q�p

Cqpnenq +
∑
q>p

Aqpnq

+
∑
q<p

∫
line

BqpIpq(ν)nqP′(ν)dν +
∑
q>p

∫
line

BqpIqp(ν)nqP(ν)dν
}

+
(
αpne + βp + β

d
p

)
nine, (7)

where Cpq is the electron impact transition rate coefficient.
S p is the ionization rate coefficient. αp, βp, and βd

p are the
rate coefficients for three-body, radiative, and dielectronic
recombination, respectively. The fourth, fifth, eight, and
the ninth terms on the right side in Eq. (7) represent the ab-
sorption rate for the outflow to upper levels, the induced
emission rate for the outflow to lower levels, the absorp-
tion rate for the inflow from lower levels, and the induced
emission rate for the inflow from upper levels, respectively.

3. The Plasma Model and Radiation
Transport Simulation
In this study, numerical calculations of radiation trans-

port in high-density He plasmas were performed. Figure 1
shows a schematic drawing of the plasma geometry. The
plasma has a cylindrical shape and is divided into (n+1) re-
gions. The radius of the plasma cylinder is 0.25 cm and its
cross section dS is 0.196 cm−2. The length of the plasma

Fig. 1 A schematic drawing of the cylindrical plasma used in
the radiation transport simulation. The plasma is divided
into (n + 1) segments of length dl.

Fig. 2 Two photoabsorption processes for the 1s 1S - 2p 1P tran-
sition. The temperatures of the recombined hot atoms
and the residual cold atoms are Th_i and Tc, respectively.
kh
ν_i and kc

ν_i are the absorption coefficients for the recom-
bined hot atoms and the residual cold atoms, respectively.
In the same manner as described above, for each tempera-
ture component, ηh

ν_i and ηc
ν_i are the emission coefficients

and Ih and Ic are the radiance values.

cylinder L is L = (n + 1) dl. Here dl is the length of a sin-
gle volume element. The mesh i (i = 0, 1, · · · , n− 1, n) has
electron temperature Te_i, electron density ne_i, absorption
coefficient kν_i, and radiation coefficient ην_i. The ion den-
sity ni_i is equivalent to the electron density ne_i, and the
temperature of the recombined hot atoms Th_i, which are
generated as a result of the recombination of helium ions,
is set equal to the electron temperature. This assumption is
justified in high-density thermal equilibrium plasmas. The
density nc and temperature Tc of the residual cold atoms
are constant throughout the volume. Each value of the pa-
rameters is as determined in the center of the mesh. Fig-
ure 2 shows a schematic drawing of the photoabsorption
processes for the 1s 1S - 2p 1P transition in this simula-
tion. In the figure, kh

ν_i is the absorption coefficient of the
recombined hot atoms and is calculated with Th_i. On the
other hand, kc

ν_i is that for the residual cold atoms and is
calculated with Tc. Ih and Ic are the radiance values from
the recombined hot atoms and residual cold atoms, respec-
tively. In the same way, ηh

ν_i and ηc
ν_i are emission coeffi-

cients for the recombined hot atoms and the residual cold
atoms, respectively. For the other resonance transitions,
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similar procedures are also employed.
The algorithm used in the simulation code is divided

into two sections: the coupled rate equations and the equa-
tion of radiation transfer. The computational scheme of the
code is as follows:

(a) In each computational mesh, the time evolution of
two sets of the coupled rate equations are solved. One
of the coupled rate equations is solved with ni_i, ne_i,
Te_i, and nh for the recombined hot atoms, and the
other is solved with ne_i, Te_i, and nc for the resid-
ual cold atoms. We then obtain the spatial profile
of the population densities. The time step size dt is
1.0× 10−12 s. At the first time step, the induced emis-
sion and absorption rates are zero because Ipq values
are zero. Whenever an increment in the time reaches
the time step size for the equation of radiation trans-
fer (which will be defined later), (b), (c), and (d) are
carried out.

(b) Using the population densities obtained in (a), the ab-
sorption coefficient kν_i and the emission coefficient
ην_i are calculated (i = 1, 2, . . . n). kν_i is the sum of
kh
ν_i and kc

ν_i. ην_i is also the sum of ηh
ν_i and ηn

ν_i.
(c) The line profile of Iν_1 is calculated using Eq. (2), i.e.,

Iν_1(dl) = Iν_0 exp(−kν_1dl)

+
ην_1

kν_1

[
1 − exp(−kν_1dl)

]
. (8)

Then, Iν_i is calculated using Iν_i−1 (i = 1, 2, . . . n).
Iν_n corresponds to the experimentally measured spec-
trum.

(d) Using the line profiles obtained in (c), the induced
emission and absorption rates are calculated in each
segment, and these values are used in the next time
step.

(e) The processes described above are repeated itera-
tively until steady-state population densities are ob-
tained (typical time : 10−5 s).

From the plasma geometry (see Fig. 1), the time pe-
riod for the photons to travel from segment i = 0 to i = n is
L/c. However, in the high-density recombining plasma, a
time step size of 1.0 × 10−12 s is required to solve the cou-
pled rate equations appropriately, because collisional pro-
cesses such as three-body recombination and collisional
de-excitation are very rapid phenomena. In this study,
therefore, a time step size of 1.0 × 10−12 s is used to cal-
culate the coupled rate equations. On the other hand, for
the equation of radiation transfer, the time step size is set
to be greater than L/c s. For example, in the case of L = 5
cm, L/c is 1.67 × 10−10 s and we use a time step size of
2.0 × 10−10 s.

4. Numerical Results and Discussion
To investigate the effect of radiation trapping on the

population density distribution and spectral line shape, we

Fig. 3 Spectral line profiles of the transition 1s 1S - 2p 1P for
the inhomogeneous plasmas. The electron temperature is
0.5 eV and the electron density and the ion density are
1014 cm−3. The densities of the residual cold atoms are
1013, 1014, and 1015 cm−3.

Fig. 4 1s 1S - 2p 1P line profile calculated with/without the effect
of radiation trapping. The electron temperature is 0.5 eV
and the density of the residual cold atoms is 1014 cm−3.

performed simulations for a plasma with a mesh count n =
5 and a plasma cylinder length of 5.0 cm. The temperature
of the residual cold atoms was Tc = 0.026 eV (300 K). The
ion and electron densities were ni_i = ne_i = 1014 cm−3.
The electron temperature was Te_i = 0.5 eV. The spatial
distributions of the electron temperature and the density
were constant throughout the plasma. The time step size
for the equation of radiation transfer was 2.0×10−10 s. Fig-
ure 3 shows the spectral line profiles Iν_5 (see Fig. 1) of the
1s 1S - 2p 1P transition at time 5.0×10−5 s. The densities of
the residual cold atoms were 1013, 1014, and 1015 cm−3. In
the calculation, a slit function is not considered. In Fig. 3,
the peak heights are normalized. As is clearly seen, the
profiles have a hollow shape, as the central frequency has
the highest absorption probability. For the residual cold
atoms of 1013, 1014, and 1015 cm−3, the absorption coeffi-
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Fig. 5 Population density distributions of (a) 2p 1P, (b) 3p 1P,
and (c) 4p 1P at an electron temperature of 0.5 eV. The
densities of the residual cold atoms were 1013, 1014, and
1015 cm−3.

cients kc
ν0

are 2.2 × 102, 2.2 × 103, and 2.2 × 104 m−1, re-
spectively, at the central frequency. For the recombined hot
atoms, kh

ν0
is 2.1× 10 m−1 at the central frequency. The ap-

pearance of the central dip in the line profile indicates that
the resonance line emitted by the recombined hot atoms
is absorbed by the residual cold atoms. Thus, with higher
densities, a deeper dip is observed. Figure 4 shows the 1s
1S - 2p 1P line profiles as calculated with/without account-
ing for radiation trapping. The density of the residual cold
atoms was 1014 cm−3. In Fig. 4, the estimated population
densities of 2p 1P with and without the inclusion of pho-
toabsorption are 6.0×106 and 2.7×107 cm−3, respectively.
Figure 5 plots the spatial distributions of the population
densities of 2p 1P, 3p 1P and 4p 1P at time 5.0×10−5 s. The
densities of the residual cold atoms are 1013, 1014, were
1015 cm−3. In the figure, the horizontal axis corresponds
to the position relative to the origin (see Fig. 1). The pop-
ulation densities of 2p 1P and 3p 1P increase in proportion
to the distance x. In the radiation transfer process, as the
radiation goes through each mesh, Iν_i increases due to ad-
ditional radiation as expressed by the radiation coefficient.
The increase in the population density results from an in-
crease in the absorption rate at each mesh. On the other
hand, the population density of 4p 1P is almost constant
throughout the plasma. The A coefficient for the transi-

Fig. 6 Time evolution of the line profile for the 1s 1S - 2p 1P
transition at various times.

tions of 1s 1S to 2p 1P, 3p 1P, and 4p 1P are 1.8 × 109,
5.6 × 108, and 2.4 × 108 s−1, respectively. The B coeffi-
cients for the photoabsorption from 1s 1S to 2p 1P, 3p 1P,
and 4p 1P are 2.7 × 1012, 6.6 × 1011, and 2.6 × 1011 J−1 m2

sr Hz, respectively. Because the A coefficient of the 1s 1S
- 4p 1P transition is smaller than that of the other transi-
tions, the B coefficient of the 1s 1S - 4p 1P transition has
the lowest value among these transitions. In addition, in
high-density plasmas, the electron impact transition plays
a crucial role, and the outflow from 4p 1P into np 1P (n is
the principal quantum number) increases. Thus, the effect
of photoabsorption on the population density of 4p 1P is
smaller. Further analysis of these excitation and deexcita-
tion flows is necessary, which allows for a more detailed
investigation.

Next, we show the preliminary result for the high-
density He arc plasmas. The mesh number n = 3, and
the length and radius of the plasma cylinder are 1.0 cm
and 0.25 cm, respectively. The spatial profiles of the elec-
tron temperature and density are given by Te(x) = Te0{1 −
(x/1.0)2}2 and ne(x) = ne0{1 − (x/1.0)2}2, respectively.
Here, Te0 is 0.5 eV and ne0 is 1014 cm−3. The density of the
recombined hot atoms is 1012 cm−3. The temperature and
density of the residual cold atoms are set to be 0.026 eV
and 1014 cm−3, respectively. The ion density is 1014 cm−3.
The time step size for the equation of radiation transfer is
5.0× 10−11 s. Figure 6 shows the time evolution of the line
profile for the 1s 1S - 2p 1P transition. The central dip can
still be seen at early time. The He ions begin to recombine
at t = 0, and the recombination flux causes an increase
in the population density of 2p 1P. As a consequence, the
central dip becomes clearer. At 1.0×10−5 and 5.0×10−5 s ,
the line profiles overlap with each other, as the population
densities reached a steady state.
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5. Summary
In order to investigate the effect of radiation trapping

on the population density distributions and spectral line
shapes in a low temperature and high-density He plasma, a
numerical simulation code has been developed. The calcu-
lated line profiles show a central dip created by significant
photoabsorption by residual cold atoms. By comparing
the results with and without photoabsorption, it has been
shown that the population densities estimated from the in-
tensity of the line profile when including photoabsorption
were lower by an one order of magnitude than when pho-
toabsorption was not included. Moreover, radiation trap-
ping significantly alters the population dynamics. For a
high-density He arc plasma, the preliminary result of the
time evolution of the line profile clearly shows the growth

of a central dip. In future work, we plan to compare exper-
imental results with our numerical simulations.
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