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The accuracy and the resolution of two types of the contactless methods for measuring the critical current
density in a high-temperature superconducting (HTS) film have been investigated numerically. To this end, a
numerical code has been developed for analyzing the shielding current density in the film with a crack. The
results of computations show that the accuracy of two contactless methods is degraded remarkably due to the
crack. Specifically, in the permanent magnet method, the maximum repulsive force acting on the film decreases
when the magnet approaches near the crack. It is found that, even if the crack size is small, the maximum
repulsive force decreases. This means that the crack can be detected. In the inductive method, although the
threshold current decreases because of the crack, its value does not necessarily decrease for the case with a small
crack size. In fact, the accuracy is not degraded when the inner radius of the coil contains the crack of the film.
For this reason, we conclude that the smallest possible inner radius is preferable to detect the crack.

c© 2012 The Japan Society of Plasma Science and Nuclear Fusion Research

Keywords: contactless method, critical current density, crack detection, high-temperature superconductor, nu-
merical simulation

DOI: 10.1585/pfr.7.2405017

1. Introduction
As is well known, a high-temperature superconduc-

tors (HTSs) are used for developing various devices and
systems (e.g. nuclear fusion reactor, flywheel, and SQUID,
etc.), and they are characterized by some parameters. Par-
ticularly, a critical current density jC is one of the most
important parameters, and it is important to measure the
value of jC accurately. The standard four-probe method [1]
has been generally used for measuring jC. In the method,
electrodes are deposited with a silver paste to decrease the
measurement error. After a large current source flows in an
HTS sample, jC can be evaluated accurately from nonlin-
ear I-V characteristics. However, HTS characteristics may
be degraded because of a heat generated between the elec-
trodes and the sample. As a result, the process may lead to
the destruction of a sample surface or to the degradation of
superconducting characteristics.

As a contactless method for measuring jC, Claassen
et al. have proposed the inductive method [2]. By ap-
plying an ac current to a small coil placed just above an
HTS film, they monitored a harmonic voltage induced in
the coil. They found that, only when a coil current exceeds
a threshold current IT, the third-harmonic voltage develops
suddenly. They conclude that jC can be evaluated from the
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threshold current. In contrast to this, Mawatari et al. eluci-
dated the inductive method on the basis of the critical state
model [3]. From their results, they derived a theoretical
formula between jC and IT. This method has been success-
fully employed as the measurement of the jC-distributions
and the detection of a crack [4].

On the other hand, Ohshima et al. proposed the per-
manent magnet method [5,6]. In the method, while moving
a permanent magnet above an HTS film, the electromag-
netic force acting on the film is measured. As a result, they
found that the maximum repulsive force FM is roughly pro-
portional to jC. This means that jC is estimated from the
measured value of FM. This method has been successfully
applied to the determination of jC-distributions and the de-
tection of a crack [7].

In the previous study, a numerical code was developed
for analyzing the time evolution of a shielding current den-
sity in an HTS film without crack [8]. By using the code,
two types of the contactless methods were reproduced for
the case without any cracks. The results of computations
showed that, in the inductive method, the critical current
density jC near the film edge cannot be accurately mea-
sured. In the permanent magnet method, even if the mag-
net is placed near the film edge, the maximum repulsive
force is almost proportional to jC [8]. However, any cracks
were not at all taken into consideration in this study.

c© 2012 The Japan Society of Plasma
Science and Nuclear Fusion Research

2405017-1



Plasma and Fusion Research: Regular Articles Volume 7, 2405017 (2012)

The purpose of the present study is to develop a nu-
merical code for analyzing the time evolution of the shield-
ing current density in an HTS film with a crack and to
simulate the permanent magnet method and the inductive
method. In addition, we investigate the influence of the
crack on the resolution and the accuracy of the two types
of the contactless methods, and we investigate the possi-
bility of the crack detection for two methods.

2. Governing Equation
In measuring a critical current density jC by using

contactless methods, a time-dependent magnetic field is
applied to an HTS sample. In the following, we assume
that a magnetic field B/μ0 is applied to a square-shaped
HTS thin film of the length a and the thickness b. Further-
more, the square cross-section of the film is denoted by Ω,
and an outer boundary of Ω is expressed by C0. Further-
more, we assume that a crack exists in Ω and its shape is
given by an inner boundary C1.

Throughout the present study, we adopt the Cartesian
coordinate system 〈O : ex, ey, ez〉, where z-axis is parallel to
the thickness direction. Note that, in the inductive method,
the origin O is chosen at the center of an HTS upper sur-
face, whereas O is taken at the centroid of an HTS in the
permanent magnet method.

As is well known, the YBCO superconductors have
a strong crystallographic anisotropy: the current flow in
the c-axis direction differs from that in the ab-plane, and
the flow along c-axis is almost negligible. Here, the c-axis
is the direction along z, and it is perpendicular to the ab-
plane. On the basis of the fact, we assume the thin-layer
approximation [9]: the thickness of the HTS film is suf-
ficiency thin that the shielding current density can hardly
flow in the thickness direction.

The shielding current density j is closely related to
the electric field E. The relation can be written as E =
E(| j|)[ j/| j|], where a function E( j) is given by the power
law: E( j) = EC[ j/ jC]N . Here, EC is the critical electric
field, and N is a constant.

Under the above assumptions, the shielding current
density j can be written as j = (2/b)∇S × ez, and the time
evolution of the scalar function S (x, t) is governed by the
following integro-differential equation [9]:

μ0∂t(ŴS ) + ∂t〈B · ez〉 + (∇ × E) · ez = 0, (1)

where a bracket 〈 〉 denotes an average operator over
the thickness of the film, and E is an electro magnetic
field. In addition, ŴS is defined by ŴS ≡ �

Ω
Q(|x −

x′|)S (x′, t)d2x′ + (2/b)S (x, t). Here, both x and x′ are po-
sition vectors in the xy-plane. The explicit form of Q(r) is
described in [9].

The initial and boundary conditions to (1) are assumed
as follows: S = 0 at t = 0, S = 0 on C0, ∂S/∂s = 0 on
C1, and

∮
C1

E · tds = 0. Here, s is an arclength along C1.
By solving the initial-boundary-value problem of (1), we

can determine the time evolution of the shielding current
density in an HTS film.

Discretized with the backward Euler method, the
initial-boundary-value problem of (1) is reduced to the
nonlinear boundary-value problem. In order to solve the
problem, we adopt the Newton method and the finite ele-
ment method. On the basis of the numerical method, a nu-
merical code has been developed for analyzing the shield-
ing current density in an HTS film with a crack. In order
to simulate two types of the contactless methods, a mag-
netic flux density B/μ0 is given by generating a permanent
magnet or a coil.

Throughout the present study, the geometrical and
physical parameters are fixed as follows: a = 20 mm, b =
600 nm, EC = 0.1 mV/m, and N = 20. In addition, the
critical current density jC is assumed to be homogeneous.

3. Simulation of Contactless Methods
In the section, we investigate the influence of a crack

on the accuracy of the permanent magnet method and the
inductive method. A crack shape is a line segment with
two end points (x, y) = (0,±y∗c) in the xy-plane. Here, the
crack size is denoted by Lc(≡ 2y∗c) .

3.1 Permanent magnet method
In the permanent magnet method, a cylindrical perma-

nent magnet of radius rm and height hm is placed above an
HTS film. Moreover, a distance L(t) between an magnet
bottom and a film surface is given by L(t) = Lmin + (Lmax −
Lmin)(t/τ0−1) tanh[200(t/τ0−1)], where Lmin and Lmax are
the minimum and the maximum value of L(t), respectively.
In terms of the coordinate system for the present study, the
symmetry axis of the permanent magnet can be expressed
as (x, y) = (xm, ym). For the purpose of characterizing the
strength of the magnet, we use a magnetic flux density BF

at (x, y, z) = (0, 0, b/2) for the case with L = Lmin. In
this subsection, the parameters are fixed as follows: ym =

0 mm, Lmax = 20 mm, Lmin = 0.5 mm, hm = 3 mm, τ0 =

39 s, and BF = 0.3 T.
According to Ohshima’s experimental results, a crit-

ical current density jC can be estimated by using the for-
mula: jC = α(FM/b) [5, 6], where FM is the maximum re-
pulsive force acting on an HTS sample, and α is the propor-
tionality constant. In order to determine the proportionality
constant numerically, we investigate the relation between
jC and FM. Note that various values of FM are evaluated
by assuming the value of jC. In Fig. 1, we show the depen-
dence of the critical current density jC on the maximum
repulsive force FM for various radius rm. We see from
this figure that, in spite of the radius rm, FM is roughly
proportional to jC. In order to determine the evaluated
value jPC(rm) of jC, a straight line is fitted to M data points
( jC j , FM j ) ( j = 1, 2, · · · ,M) by using the least-squares (see
Fig. 1). As a result, we get the following three equations:

jPC (1.5 mm) = 1.79 × 10−7(FM/b), (2)
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Fig. 1 Dependence of the critical current density jC on the max-
imum repulsive force FM.

Fig. 2 Dependence of the maximum repulsive force FM on the
magnet position xm for rm = 2 mm, jC = 4 MA/cm2. Here,
the symbols, 	 and �, show Lc = 0 mm and Lc = 12 mm,
respectively. The inset indicates the dependence of the
relative error ε on xm for rm = 2 mm, jC = 4 MA/cm2 and
Lc = 12 mm.

jPC (2.0 mm) = 1.16 × 10−7(FM/b), (3)

jPC (2.5 mm) = 8.07 × 10−8(FM/b). (4)

Note that (2)-(4) are applicable only to an HTS film with-
out any cracks. Consequently, the critical current density
jC can be evaluated by substituting FM to (2)-(4).

Let us first investigate the influence of a crack on the
maximum repulsive force FM. In Fig. 2, we show the de-
pendence of the maximum repulsive force FM on the mag-
net position xm. We see from this figure that a crack tend
to reduce FM. This result qualitatively agrees with the ex-
perimental one. In addition, it is found that, FM decreases
with the crack size Lc for 1.6 mm ≤ Lc ≤ 19.2 mm, On
the other hand, FM drastically decreases whether without
or with a crack when the magnet approaches near the edge.
Therefore, we suppose that a crack position can be detect
by measuring FM.

Next, let us investigate the accuracy of the permanent
magnet method for various radius rm. As the measure of
the accuracy, we define a relative error: ε ≡ | jPC− jC|/ jC. In
the inset of Fig. 2, we show the dependence of the relative
error ε on the magnet position xm. This figure indicates
the relative error ε decreases with increasing xm. In par-
ticular, ε becomes the maximum value when the magnet
approaches near the crack.

Finally, we investigate the resolution of the crack de-

Fig. 3 Dependence of the distance d on the radius rm for jC =

4 MA/cm2 and Lc = 12 mm.

tection. To this end, we set εt = 10% as the a tolerance of
the method (see Fig. 2). As a result, a distance d between
the magnet and crack can be evaluated. The distance d a
function as the radius rm is depicted in Fig. 3. This figure
indicates that the distance d monotonously increases with
the radius rm. We conclude that the resolution of the crack
detection can be improved by using a smaller radius.

3.2 Inductive method
A small Nc-turn coil is placed just above an HTS film,

and an ac current I(t) = I0 sin 2π f t flows in it. We assume
that a vertical section of the coil is given by rin ≤ r ≤ rout

and zb ≤ z ≤ zt with the cylindrical coordinates (r, θ, z). In
order to determine the coil position, the symmetrical axis
of the coil is shown by (x, y) = (xc, yc).

According to Mawatari’s theory [3], a critical current
density jC can be calculated from

jIC = 2F(rmax)IT/b, (5)

where jIC denotes an estimated value of jC. Also, F(rmax)
is the maximum value of a primary coil-factor function
F(x) [3] determined from the configuration of the coil and
the HTS . IT is a lower limit of the coil current I0 when
a third-harmonic voltage V3 begins to develop in the coil.
An important point is that (5) is also applicable only to an
HTS film without any cracks.

In simulating the inductive method, calculating a
third-harmonic voltage V3 from time evolution of the
shielding current density, we must determine an I0-V3

curve. To evaluate the value of IT, we use the conventional
voltage criterion V3 = 0.1 mV⇔ I0 = IT [3]. Incidentally,
the numerical method of V3 is described in [10].

The parameters in this subsection are fixed as follows:
xc = yc = 0 mm, rout = 2.5 mm zb = 0.2 mm, zt = 1.2 mm,
Nc = 400, f = 1 kHz, and jC = 1 MA/cm2. As a result, the
values of F(rmax) can be obtained as follows:

F(rmax) = 6.23 × 104 m−1 ; rin = 1.0 mm,
F(rmax) = 7.74 × 104 m−1 ; rin = 1.5 mm,
F(rmax) = 9.52 × 104 m−1 ; rin = 2.0 mm.
In Fig. 4, we show the I0-V3 curves for various crack

size Lc’s. We see from this figure that, beginning to devel-
ops drastically from a certain value of I0 for all crack size
Lc’s, the third-harmonic voltage V3 increases with I0. By
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Fig. 4 I0-V3 curves for rin = 1 mm.

applying the voltage criterion to the I0-V3 curve for Lc =

3.2 mm, we get IT = 33.3 mA (see inset of Fig. 4). This
value is different from the analytic value IA

T = 48.1 mA
of IT. Incidentally, IA

T can be calculated from the formula
IA
T = jCb/[2F(rmax)] derived from (5). On the other hand,

the value of IT for Lc = 1.6 mm is IT = 55.3 mA by using the
voltage criterion. This value is almost equivalent to that for
Lc = 0 mm. This means that the crack size of Lc = 1.6 mm
cannot be detected. The cause is a spatial distribution of
the shielding current density.

In Figs. 5 (a) and (b), we show the spatial distribu-
tions of the shielding current density j. We see from this
figure that, for Lc = 1.6 mm, the spatial distribution of j
is symmetric about the symmetry axis of the coil since j
hardly affects the crack. This behavior is almost equal to
that without crack. On the other hand, the flow of j for
Lc = 3.2 mm is disorder due to the crack. From these re-
sults, we imply that the small crack size may be detected
by changing the inner radius rin of the coil.

Let us investigate the influence of the inner radius rin

on the crack detection. To this end, we define the relative
error: ε∗ ≡ | jIC − jC |/ jC. In Fig. 6, we show the depen-
dence of the relative error ε∗ on the crack size Lc. This
figure indicates that the relative error ε∗ decreases for the
small crack size Lc, whereas the value of ε∗ becomes re-
markably large for the case with the large Lc. From this
result, it is found that, if the inner radius rin almost con-
tains the crack, the accuracy is not degraded. Therefore,
the crack detection may be impossible by using the induc-
tive method. Consequently, we conclude that, in order to
detect any cracks of the film, the smallest possible inner
radius is preferable.

4. Conclusion
1. The maximum repulsive force acting on the film de-

creases when the magnet approaches near the crack.
In addition, the crack can be detected even if the crack
size is small in the permanent magnet method.

2. A small crack size does not necessarily detect for the
inductive method. This is mainly because, when the
inner radius of the coil almost contains the crack of
the film, the accuracy is not degraded. For this reason,

Fig. 5 The spatial distribution of the shielding current density
for I0 = 60 mA and rin = 1 mm at time f t = 1.2. Here,
the thick line indicates the crack.

Fig. 6 Dependence of the relative error ε∗ on the crack size Lc.

we conclude that the smallest possible inner radius is
preferable to detect the crack.
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