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In the near future, the intensity of the ultra-short pulse laser will reach to 1022 W/cm2. When an electron
is irradiated by this laser, the electron’s behavior is relativistic with significant bremsstrahlung. This radiation
from the electron is regarded as the energy loss of electron. Therefore, the electron’s motion changes because
of the kinetic energy changing. This radiation effect on the charged particle is the self-interaction, called the
“radiation reaction” or the “radiation damping”. For this reason, the radiation reaction appears in laser electron
interactions with an ultra-short pulse laser whose intensity becomes larger than 1022 W/cm2. In the classical
theory, it is described by the Lorentz-Abraham-Dirac (LAD) equation. But, this equation has a mathematical
difficulty, which we call the “run-away”. Therefore, there are many methods for avoiding this problem. However,
Dirac’s viewpoint is brilliant, based on the idea of quantum electrodynamics. We propose a new equation of
motion in the quantum theory with radiation reaction in this paper.
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1. Inroduction
With the rapid progress of the ultra-short pulse laser

technologies, the maximum intensities of these lasers have
reached the order of 1022 W/cm2 [1, 2]. One laser facil-
ity which can achieve such ultra-high intensity is LFEX
(Laser for fast ignition experiment) at the Institute of Laser
Engineering (ILE), Osaka University [3] and another is
the next laser generation project, the Extreme Light In-
frastructure (ELI) project [4] in Europe. If an electron
is in the strong fields caused by a laser which intensity
is larger than 1018 W/cm2, the dynamics of the electron
should be described by relativistic equations. The most
important phenomenon in this regime is the effect of the
ponderomotive force, where an electron is pushed in the
propagation direction of the laser. When a charged par-
ticle is accelerated, it proceeds in a trajectory accompa-
nied with bremsstrahlung. If the laser intensity is higher
than 1022 W/cm2, strong bremsstrahlung might occur. Ac-
companying this, the “radiation reaction force (or damp-
ing force)” works on the charged particle. Therefore, it is
necessary to study the radiation reaction effects in the ul-
tra relativistic laser-electron interaction regime. We can
consider this effect as a “self-interaction”. In the laser
electron-interaction at this intensity level, one of the im-
portant equations is the equation of motion with the reac-
tion force.
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The study of the radiation reaction was started by
L. A. Lorentz [5]. The purpose of his study was research
of the electron’s characteristics via classical physics. The
charge of an electron is distributed on the surface of the
sphere with the radius of the classical electron’s radius.
One part of the electron interacts with another part by the
Liénard-Wiechert (L-W) electromagnetic field. When the
electron moves, the force which is generated by the inte-
gral of the L-W field appears. This force is the radiation
reaction force, and the equation of the electron’s motion
becomes

(
m0 + α

e2

4πε0rc2

)
u̇ = −eElaser +

e2

6πε0c3
ü. (1)

This equation is called the Lorentz-Abraham equation.
Where, c is the speed of the light, e2ü/6πε0c3 is the ra-
diation reaction force. The term of αQ2/4πε0rc2 is called
the electromagnetic mass depending on the sphere radius r.
α is a constant depending on the charge distribution. In the
classical theory, an electron is treated as a point particle,
which means the limit, r → 0 ⇒ αe2/4πε0rc2 → ∞. This
is a difficulty in classical electrodynamics similar to renor-
malization in QED. We can say that the study of the radia-
tion reaction is researching the way on how to describe the
effect of the bremsstrhalung without the electromagnetic
mass.

P. A. M. Dirac derived the relativistic equation with
the radiation reaction in 1938 [6]. The great point of his
method was using the advanced potential as the solution
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of Maxwell equation. Normally, the radiation field is de-
scribed by the retarded potential (L-W field) because of
causality. His equation frees us from the infinity of the
electromagnetic mass by the advanced field. This is re-
garded as the classical renormalization. The equation of
motion is named the Lorentz-Abraham-Dirac (LAD) equa-
tion,

m0
d
dτ
wμ = −eFμν

laserwν

+m0τ0
d2wμ

dτ2
+

m0τ0

c2

dwσ
dτ

dwσ

dτ
wμ. (2)

Where, τ0 = e2/6πε0m0c3, m0 is the rest mass of the elec-
tron, w is the 4-velocity, τ is the proper time of the electron
and g is the Lorentz metric with the signature of (+ − −−).
It seems that this equation is general. However, the LAD
equation has another difficulty. The solution of Eq. (2) is

d
dτ
wμ (τ) =

d
dτ
wμ (0) × e

τ
τ0

−
∫ τ

0
dτ′

[
Q

m0τ0
Fμν

laserwν +
1
c2

dwσ
dτ

dwσ

dτ
wμ

]
e
τ−τ′
τ0 .

(3)

Since τ0 is O(10−23), the factor exp (τ/τ0) diverges to infin-
ity very quickly. This infinity is the “run-away” problem.
The run-away is caused by the form of Eq. (2). To avoid
this problem, some studies exist: (a) such as the approxi-
mation of Eq. (2) [7, 8] or (b) another derivation with new
assumptions [9–12].

In the ultra-relativistic laser high energy electron in-
teraction, every method leads to the converged equation,

m0
d
dτ
wμ = −eFμν

laserwν −
1
c2

dW
dt
wμ. (4)

Here, the energy rate of bremsstrahlung is described as

dW
dt
= −m0τ0gρσ

dwσ
dτ

dwσ

dτ
= m0c2τ0

β̇
2−

(
β × β̇

)2

(
1−β2

)3
.

(5)

Then, the solution is

wμ (τ) = wμ (0) × e
− ∫ τ

0 dτ′ 1
m0c2

dW
dt (τ′)

+

∫ τ

0
dτ′

Q
m0

Fμν
laserwν

(
τ′

) × e
− ∫ τ

τ′ dτ′′ 1
m0c2

dW
dt (τ′′)

, (6)

when significant bremsstrahlung is caused by the electron’s
motion, the energy-momentum of the electron decreases
rapidly as an exponential since dW/dt ≥ 0. This behav-
ior is completely different from the case without the radia-
tion reaction [9, 10]. This is a big reason why we need to
consider the radiation reaction in the ultra-relativistic laser
electron interactions.

Here, we consider that Dirac’s model should be ap-
plied to the quantum theory. If the radiation reaction is
treated in quantum theory, it is considered as high-order
Compton scattering by quantum electrodynamics (QED).
But, QED requires us to prepare the initial and final state
in the Feynman diagram [13]. Quantum field theory (or

QED) can describe the particle’s annihilation and creation.
But at intensities under electron-positron pair creation
(1024 W/cm2), we don’t need to consider the annihilation-
creation of electrons. In this case, the basic equation is the
Dirac equation. If we can describe the radiation reaction in
relativistic quantum dynamics (not QED), we can calculate
easily without considering many patterns of diagrams (in-
teractions). We suggest the Dirac equation with radiation
reaction, in quantum dynamics in this paper.

2. Radiation Field with Advanced Po-
tential
First, we show Dirac’s method in the classical theory

[6]. The unique point in his method is using the advanced
potential. From Maxwell’s equations in the Lorentz gauge,
the wave equation of the 4-potential is derived.

∂λ∂
λAν = μ0 j ν (7)

This equation is solved by the method of Green’s func-
tions. The Green’s function of Eq. (7) satisfies

∂λ∂
λG

(
x, x′

)
= δ4 (

x − x′
)
. (8)

x and x′ are the events in the Minkowski spacetime, x =
(ct, x). Equation (8) has two solutions,

G∓
(
x, x′

)
=

1
4π |x − x′|δ

(
x0 − x′0 ∓ ∣∣∣x − x′

∣∣∣) . (9)

Therefore, the solutions of Eq. (7) are

A±ν (x) =
∫

R4
d4x′μ0 j ν

(
x′
)
G±

(
x, x′

)

=

∫
R3

d3x′
μ0 j ν

(
x0 ± |x − x′| , x′

)
4π |x − x′| . (10)

Each of A± are satisfied with Eq. (7). Aret = A− is called
the retarded potential and Aadv = A+ is called the advanced
potential. Normally, the retarded potential is taken as the
solution of Eq. (7) due to causality. We often use the for-
mula of the bremsstrahlung, Eq. (5) which can be derived
from the retarded potential. However, Dirac saw that the
radiation field can be expressed as

Aradiation
ν (x) =

Aret
ν (x) − Aadv

ν (x)
2

=

∫
R3

d3x′
μ0

4π |x − x′|
1
2

⎡⎢⎢⎢⎢⎢⎢⎣ j ν
(
x0 − |x − x′| , x′

)
− j ν

(
x0 + |x − x′| , x′

)
⎤⎥⎥⎥⎥⎥⎥⎦ .

(11)

Moreover, J. Schwinger derived Eq. (5) using the field
Aradiation [14]. The retarded potential is divided two parts,

Aret = Aradiation + Asymmetry. (12)

The second term, Asymmetry = (Aret + Aadv)/2 has a singular
point around the electron. The infinity of the electromag-
netic mass causes this. Equation (12) can distinguish the
radiation and the part of the electromagnetic mass. This
radiation field Aradiation is regarded as the retarded field Aret

without the singularity of the electromagnetic mass. The
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quantum electric field is

Aν (x) =
∫

d3 k

(2π)3 2k0

∑
λ=1,2

⎡⎢⎢⎢⎢⎢⎣ ελ
ν (k) aλ (k) e−ikμxμ

+ελ
ν∗ (k) aλ† (k) eikμxμ

⎤⎥⎥⎥⎥⎥⎦,
(13)

(Here, ελ=1,2
ν (k) is the polarization of a photon) and

corresponds to the classical field of the laser and the
bremsstrahlung is

Alaser (x)↔ ελ
ν (k) aλ (k) e−ikμxμ , (14)

Aradiation (x)↔ ελ
ν∗ (k) aλ

† (k) eikμ xμ . (15)

In the ultra-relativistic laser electron (or plasma) interac-
tion, a certain charge particle interacts with multi-photons.
This means we should consider the multi electron-photon
scattering processes in the framework of “non-linear
QED”. The meaning of the word “non-linear” is a require-
ment in which the Feynman diagram becomes high-order.
But, the diagram method is reasonable for elementary pro-
cesses which occur in a very short time. The dynamics can
be represented by combinations of the scattering elements,
however, it becomes complicated to calculate. If we con-
sider the dynamics with the annihilation and the creation
of particles, we should consider quantum field theory. But
the range in which we apply the theory is limited to only
an one electron system. Therefore, only covariant quan-
tum dynamics is required. Our basic equation is Dirac’s
equation because we only need the electron’s (Fermion’s)
equation [15].[

i�γμ
(
∂μ − ie

�
Aμ

)
− mc I

]
ψ = 0 (16)

where, ψ = t [ψ1, ψ2, ψ3, ψ4
]

is the wave function with
4 elements (the Dirac spinor), γ0,1,2,3 is called the Dirac
matrix with 4 × 4 components and I is the 4 × 4 unit
matrix. In the case which considers the effect of the
bremsstrahlung, Maxwell’s equations have to be solved,
coupled with Eq. (16). The formula in classical dynam-
ics is the equation which contains the energy and momen-
tum change by the radiation as the solution of Maxwell’s
equations. In the external field which comes from the laser
without the radiation reaction, the equation of motion is

m0
d
dτ
wμ = −eFμν

laserwν. (17)

Here, Flaser is the electromagnetic field tensor, defined by

Fμν
laser = Fμν (Alaser) = ∂μAlaser

ν − ∂νAlaser
μ. (18)

Following the suggestion of Dirac, the radiation reaction is
inserted in Eq. (17) by the potential replacement in which

Alaser �→ Alaser − Aradiaton. (19)

And then, from the linearity of the tensor,

−e
[
∂μ (−Aradiation

ν) − ∂ν (−Aradiation
μ)
]
wν

= m0τ0
d2wμ

dτ2
+

m0τ0

c2
gρσ

dwρ

dτ
dwσ

dτ
wμ, (20)

the radiation reaction force is derived.

3. Quantum Description
The formula of the radiation reaction in the classi-

cal regime is derived as Eq. (20) with the replacement of
Eq. (19). In this section, we suggest a formula of quan-
tum dynamics with the radiation damping. In the classical
theory, the equation of the electron’s motion is

m0
d
dτ
wμ = −eFμν (Alaser − Aradiatoin)wν (21)

with the notation of Eq. (18). In analogy with this, the
equation in quantum dynamics is described as[

i�γμ∂μ + egμνγ
μ (Alaser

ν−Aradiatoin
ν) − mc I

]
ψ = 0.

(22)

The radiation field is defined by Eq. (11), this equation is
derived from Maxwell’s equations, Eq. (7). The source
term in Eq. (7) is represented by the quantum current,

j ν = −ecψ̄γνψ. (23)

Where, ψ̄ is defined as ψ̄ = ψ†γ0 =
[
ψ1, ψ2, ψ3, ψ4

]
γ0, the

dual-like spinor of ψ. Therefore, when Eq. (11) is calcu-
lated, it requires us to get the information from the far past
to the far future. But this is difficult because of causality.
We need to explore a way to calculate Eq. (11). Hence, ne-
glecting the time dependence, we express the integrand in
Eq. (11) by the Fourier series.

j ν
(
x0 − ∣∣∣x − x′

∣∣∣ , x′
)
− j ν

(
x0 +

∣∣∣x − x′
∣∣∣ , x′

)

=

∫ ∞

−∞
dk0

2π
ĵ ν

(
k0, x′

)
eik0 x0

(−i) sin k0

∣∣∣x − x′
∣∣∣

=

∫ ∞

−∞
dk0

2πi
ĵ ν

(
k0, x′

)
eik0 x0

∞∑
n=1

(−1)n−1

(2n − 1)!

(
k0

∣∣∣x − x′
∣∣∣)2n−1

(24)

The Taylor series expansion of sin k0 |x − x′| can be used
in all |x − x′|, since the radius of convergence is infinite. It
is substituted into Eq. (11),

Aradiation
ν (x)

= − μ0

4π

∫
R3

d3x′
∞∑

n=1

|x − x′|2n−2

(2n − 1)!
∂0

2n−1 j ν
(
x0, x′

)
.

(25)

Here, from the formula of the inverse-Fourier transforma-
tion,

∂0
α j ν

(
x0, x′

)
=

∫ ∞

−∞
dk0

2π
(ik0)α ĵ ν

(
k0, x′

)
eik0 x0

.

(26)

In the final description, the information of the physics from
the infinite past to the infinite future appears as high order
derivatives. The full equation which we searching for is,
using Eq. (22), Eq. (23) and Eq. (25), as follows.[

i�γμ∂μ + egμνγ
μAlaser

ν − mc I
]
ψ

=
e2cμ0

4π

∞∑
n=1

1
(2n − 1)!

∫
R3

d3x′
∣∣∣x − x′

∣∣∣2n−2
ψ

+∂0
2n−1

[
gμνγ

μψ̄γνψ
] (

x0, x′
)
ψ (27)
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This Eq. (27) is difficult to solve. So we should use the
method of perturbation.

4. Method of Perturbation
In this section, we discuss how to calculate Eq. (27).

Here, we use the method of the Green’s functions. The
Green’s function of the Dirac equation S (x, x′) is defined
by, [

i�γμ∂μ − mc I
]

S
(
x, x′

)
= Iδ

(
x − x′

)
. (28)

and the solution of Eq. (22) is

ψ (x) = ψfree (x) − e
∫

d4x′S
(
x, x′

)
× gμνγ

μ [
Alaser

ν (x′) − Aradiatoin
ν (x′)]ψ (

x′
)
. (29)

Here, ψfree is satisfied by the free electron equation,(
i�γμ∂μ − mc I

)
ψfree = 0. (30)

After this, the method is like a QED perturbation. How-
ever, there is a significant difference. In QED, every field
is (second) quantized. Any number of particles can be
treated by the creation-annihilation operators defined on
the full Fock space, in QED. This is complete as a quan-
tum system, however, it can only calculate a given process
(scattering). In other words, we need to consider many
Feynman diagrams (How many photons and patterns of in-
teractions are there? etc...). Our method is free from these
discussions. In this paper, the second term in Eq. (29) is
named the “interaction term”. The scenario of solving it is
as follows: (1) The interaction term is described by ψfree.
Then the solution of Eq. (22) is noted as ψ(1). (2) Next,
the interaction term is described by ψ(1). We repeat these
loops.

ψ(1) (x) = ψfree (x) − e
∫

d4x′S
(
x, x′

)
× gμνγ

μ [
Alaser

ν (x′) − Aradiatoin
ν (x′)]free ψfree

(
x′
)

(31)

and after repeated n loops,

ψ(n) (x) = ψfree (x) − e
∫

d4x′S
(
x, x′

)
× gμνγ

μ[Alaser
ν(x′)−Aradiatoin

ν(x′)](n−1) ψ(n−1)
(
x′
)
.

(32)

The subscripts next to the square brackets mean that the
electromagnetic field depends on the wave function (see
Eq. (25)). However, Eq. (25) is still difficult to calculate.
Now, we define that

A(m)
radiation

ν
(x) = −

m∑
l=1

μ0

4π (2l − 1)!

×
∫

R3
d3x′

∣∣∣x − x′
∣∣∣2l−2

∂0
2l−1 j ν

(
x0, x′

)
. (33)

In the classical method, the main effective terms are the
lowest few orders. Relativistic-covariance is broken, but it
can be calculated. The loop of ψ(n) should be given the
calculation precision of the LHS of Eq. (22). Radiation

reaction is described in the quantum system without field
quantization.

5. Summary
Radiation reaction is becoming more important, since

it is predicted by theories in the ultra-relativistic laser elec-
tron interaction with the laser intensity of over 1022 W/cm2.
The method of Dirac with the advanced potential is very
novel, considering the reversed-causality of Maxwell’s
electromagnetic theory. However, this method has a sig-
nificant problem. The run-away characteristic has diffi-
culties in mathematics and classical theory. In this paper,
Dirac’s model has been applied to quantum theory. Nor-
mally, the radiation is treated as a quantum field. But, the
QED method by Feynman diagrams requires us to give the
initial and final states. Moreover, there are many patterns
of diagrams (interactions) which we need to consider, since
a laser is a gathering of photons. If there isn’t annihilation
and creation of particles, we need to consider only rela-
tivistic quantum dynamics. Therefore, the Dirac equation
is the basic equation if the radiation reaction is taken as
in (Eq. (22)). The solution of the Dirac equation is the
method of perturbation. In a realistic computational cal-
culation, the radiation field of Eq. (33) may be considered
by a few loops m = 3 ∼ 5, since the lower order terms are
more effective in classical dynamics.
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