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The dispersion characteristics and slow-wave instabilities of a sinusoidally corrugated waveguide with coax-
ial slow-wave structure (SWS) are analyzed. In SWS, a central cylindrical conductor is surrounded by an outer
cylindrical conductor. Sinusoidal corrugation is formed on either conductor or both conductors. The corrugation
parameters are those used for an X-band SWS. The relative phase between the sinusoidal corrugations on the
inner and outer conductors affects the dispersion characteristics. Instabilities due to beam interactions with the
slow -waves are examined by considering three-dimensional beam perturbations. The slow cyclotron instability
occurs in addition to the Cherenkov instability, since transverse as well as longitudinal perturbations are included.
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1. Introduction
A backward wave oscillator (BWO) is a high-power

microwave source that can be driven by an axially injected
electron beam. In such slow-wave devices, slow-wave
structures (SWSs) are used to reduce the phase velocity
of the electromagnetic wave to close to the beam velocity.
An SWS is typically a hollow circular waveguide with a
periodically corrugated wall. Electron beams are injected
into the SWS and interact with the slow-waves. Theoret-
ical studies of slow-wave interactions in such configura-
tions have been reported [1–3]. Another type of SWS is
a coaxial SWS [4–6] in which a central conductor is in-
stalled on the axis. It has been noted that the coaxial types
have potentially attractive features such as the ability to
maintain a wide frequency based on the transverse electro-
magnetic (TEM) mode, increasing the operation frequency
and improving the conversion efficiency.

A transverse electric (TE) and transverse magnetic
(TM) waveguide modes are available. The TE mode has no
axial electric field element, and the TM mode has no axial
magnetic field element. When waveguide modes are influ-
enced by magnetized beams, the result is a hybrid mode in
which the TE and TM modes coexist [7]. In coaxial waveg-
uides, the TEM mode occurs as a fundamental mode. The
TEM mode has neither an axial electric field nor an axial
magnetic field element, but it has a radial electric field el-
ement. However, in coaxial SWSs with corrugations, the
TEM mode has an electric field element in the axial direc-
tion and is called the “quasi-TEM” mode [4]. In this case,
beam interactions via the axial electric field of the quasi-
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TEM mode become possible.
In coaxial SWSs, a central cylindrical conductor is

surrounded by an outer cylindrical conductor. Sinusoidal
corrugations are formed on either conductor or both con-
ductors. In the latter, the phase lag of the inside corruga-
tion relative to the outside one can be changed. The relative
phase between the sinusoidal corrugations of the inner and
outer conductors affects the dispersion characteristics [5].

In this study, we develop a numerical code for a sinu-
soidally corrugated waveguide with coaxial SWS and ana-
lyze the dispersion characteristics and slow-wave instabil-
ities of coaxial SWSs. This paper is organized as follows.
In Section 2, we describe a numerical model for analyzing
coaxial SWSs. In Section 3, we examine the dispersion
characteristics of an X-band coaxial SWS and the slow-
wave instabilities of a coaxial SWS driven by an annular
beam. In Section 4, we resent our conclusions.

2. Numerical Methods
To analyze electromagnetic waves in a coaxial SWS,

we consider two types of coaxial SWS with sinusoidal cor-
rugation, as shown in Fig. 1. In Type 1, the outer waveg-
uide wall radius Rw(z) varies along the axial direction z as
Rout+h cos(k0z). Here, Rout, h, z0, and k0 = 2π/z0 are the av-
erage outer radius, corrugation amplitude pitch length and
corrugation wave number, respectively. The inner radius
Rin is constant in this case. In Type 2, in addition to the
outer corrugation Rw(z), the radius of the inner conductor
varies along the axial direction z as Rin + h cos(k0z). Here,
Rin is the average inner radius. A guiding magnetic field
B0 is applied uniformly in the axial direction. An annular
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electron beam of radius Rb propagates in the axial direction
between the outer and inner conductors.

The temporal and spatial phase factor of all perturbed
quantities is assumed to be exp[i(kzz + mθ - ωt)]. Here,
m is the azimuthal mode number and kz is the axial wave
number. With this assumption, the dispersion relation can
be derived self-consistently considering three-dimensional
beam perturbations in accordance with the method in Refs.
[1, 8]. For the beam, relativistic effects are considered.

In a system with a magnetized beam such as that
shown in Fig. 1, the electromagnetic modes are hybrids of
the TM and TE modes because of the perturbed motion
perpendicular to the magnetic field. The letters EH and
HE are used, to designate the hybrid modes. In this paper,

Fig. 1 Model for analysis: (a) Type 1 and (b) Type 2 coaxial
SWS.

Fig. 2 Beam surface of infinitesimally thin annular beam.

TM is dominant in the EH mode, and TE is dominant in
the HE mode [7].

In our model, we assume an infinitesimally thin annu-
lar beam. The sheet electron beam’s surface is modulated
as the beam propagates as shown in Fig. 2. Because dis-
placement in the vertical direction cannot be treated as a
surface charge as in Refs. [1, 7], the perturbation of the
sheet beam is treated following the method of Ref. [8].
Boundary conditions at the corrugations are formulated us-
ing the methods in Ref. [1].

3. Numerical Results
First, we analyze a coaxial waveguide without an elec-

tron beam. Figure 3 shows the dispersion curves of a
Type 1 coaxial SWS without a beam for two values of
corrugation amplitude, h = 0.445 cm and 0.1 cm. For the
other geometrical parameters, we choose the X-band val-
ues of Refs. [4–6]: Rout = 1.445 cm, Rin = 0.5 cm, and
z0 = 1.67 cm. According to Floquet’s theorem, known
as Bloch’s theorem in solid-state physics, the dispersion
curves of spatially periodic SWSs are periodic in wave
number space (kz-space). For a spatially periodic SWS
with a period of z0, the corresponding period in kz-space
is k0 = 2π/z0. Since a one-period drawing has all the in-
formation on the dispersion characteristics, the dispersion
curves are depicted over one period of 0 < kz < k0. Other
regions in kz-space are reduced to the region of 0 < kz < k0.

In Fig. 3, the black and red curves are the dispersion
curves for h = 0.445 and 0.1 cm, respectively. The blue
curves are those of the TM01 mode in the limit of h →0,
which corresponds to a straight cylindrical coaxial waveg-
uide. It can be said that the higher-order mode represented
by the red line is composed of the TM and quasi-TEM
modes. This higher-frequency mode is called the A mode
in Refs. [4, 5] and has a frequency close to the cutoff fre-
quency of the TM mode of a straight cylindrical waveguide

Fig. 3 Dispersion curves of Type 1 coaxial SWS without an
electron beam for corrugation amplitude h = 0.445 cm
(black curve) and 0.1 cm (red curve), Rout = 1.445 cm,
Rin = 0.5 cm and z0 = 1.67 cm.
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Fig. 4 Dispersion curves of Type 2 coaxial SWS without an
electron beam. Relative phase θ is changed from zero
to π with a step of π/4. Dotted lines show the beam space
charge mode lines of 220 keV and 30 keV, with infinitesi-
mal current. The former energy corresponds to Fig. 5 and
the latter to Fig. 7.

at kz = 0. The A mode is influenced by the quasi-TEM
mode, and the frequency decreases as kz approaches the π
point, at which kzz0 = π, that is, kz = k0/2 = 1.88 cm−1. By
increasing h, the frequency of the higher-order A mode is
decreased, as shown by the black curve for h = 0.445 cm.

Figure 4 shows the dispersion curves of a Type 2
coaxial SWS without a beam, in which the relative phase
θ between the inner and outer sinusoidal corrugations is
changed with a step of π/4. The quasi-TEM mode be-
comes a surface wave mode of the inner corrugation and
is referred to as the inner surface wave (ISW) mode. The
upper cutoff frequency of the ISW mode decreases as θ in-
creases from zero to π. In contrast, the frequency of A the
mode increases as θ increases from zero to π. The curve of
the A mode is fairly flat. It is depressed near the π point
with θ = 0 and rises with increasing θ. The group velocity
at the crossing point of the A mode and the light line is
positive at θ = 0. This group velocity becomes negative as
θ approaches π.

Next, we analyze the slow-wave instability of a coax-
ial SWS with sinusoidal corrugation driven by an annular
beam. Figure 5 shows the dispersion curves with a beam
energy of 220 keV, current of 100 A, beam radius Rb =

0.8 cm, magnetic field B = 0.3 T, and relative phase θ =
π. The SWS parameters are the same as in Fig. 4.

The waveguide mode becomes a hybrid of the TE
and TM modes because of the influence of the magnetized
beams, even in the axisymmetric case. For example, the
TM01 mode becomes the EH01 mode because of the exis-
tence of the magnetized electron beam [7]. Figure 5 shows
the axisymmetric case, and the A mode corresponds to the
EH01 mode in a hollow waveguide. With the magnetized
beam, there are space charge modes, the slow cyclotron
mode, and the fast cyclotron mode. The slow space charge
and slow cyclotron modes couple to the A mode, leading
to the Cherenkov and slow cyclotron instabilities, respec-
tively. Note that the periodic dispersion curves are depicted

Fig. 5 Dispersion curves of Type 2 coaxial SWS with a beam
energy of 220 keV, current of 100 A, beam radius Rb =

0.8 cm, magnetic field B = 0.3 T, and relative phase θ =
π. Instability L is the slow cyclotron instability of the
ISW mode.

Fig. 6 Cherenkov and slow cyclotron instabilities of the A mode
versus the relative phase between the inner and outer con-
ductors.

in one period region of 0 < kz < k0. Hence, the slow cy-
clotron instability in the region from k0 to 3k0/2 is seen in
the region from 0 to k0/2. The temporal growth rates of
these instabilities are shown in the lower frame of Fig. 5.
Instability L is the slow cyclotron instability of the ISW
mode. The Cherenkov instability of the ISW mode does
not exist, since the beam energy is too high for the space
charge mode to interact with the ISW mode. In Fig. 6, the
peak values of the instability of the A mode are plotted as
a function of θ. The Cherenkov instability strengthens as θ
increases, whereas the slow cyclotron instability decreases
slightly with increasing θ.
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Fig. 7 Dispersion curves of Type 2 coaxial SWS. Beam energy
is 30 keV. Other parameters are the same as in Fig. 5.

Fig. 8 Cherenkov and slow cyclotron instabilities of the ISW
mode versus the relative phase between the inner and
outer conductors.

The Cherenkov instability of the ISW mode will ap-
pear if the beam energy decreases. In Fig. 7, dispersion
curves of the ISW mode are calculated at a beam energy
of 30 keV. The other parameters are the same as in Fig. 5.
In Fig. 7, both the Cherenkov instability and the slow cy-
clotron instability of the ISW mode appear. Figure 8 shows
the dependence of the ISW instabilities on θ. As θ in-
creases, the Cherenkov instability decreases and the slow
cyclotron instability increases. This dependence is in con-
trast to that of the A mode in Fig. 6.

4. Conclusion
We developed a numerical code for a sinusoidally

corrugated waveguide with a coaxial SWS driven by
a infinitesimally thin annular beam considering three-
dimensional beam perturbations. Because of the inner con-
ductor, the quasi-TEM mode is the fundamental mode, the
next higher-frequency mode consists of the TEM and TM
modes and is designated as the A mode. The A modes are
greatly influenced by the phase lag of the inner corruga-
tion relative to the outer one. The Cherenkov instability of
the A mode increases as the phase lag shifts from zero to
π. In contrast, the Cherenkov instability of the ISW mode
decreases as the phase lag increases from zero to π.
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