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Gyrokinetic Theory
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Abstract

The gyrokinetic theory is a basic framework for describing microinstabilities, turbulence, and resultant
anomalous transport in magnetically confined plasmas. This article reviews basic governing equations of the
gyrokinetic theory, namely, gyrokinetic equations for the gyrocenter distribution function, the electrostatic
potential, and the magnetic vector potential, based on Lagrangian and Hamiltonian formulation. In this for-
mulation, conservation laws for the magnetic moment, the phase space volume, and the total energy are rig-

orously treated.
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Fig. 1 Region of validity of gyrokinetic theory compared with that
of MHD in terms of the time scale t and the spatial scale
|. Here, L represents the equilibrium scale length, 0 (0 1e)
is the ion (electron) thermal gyroradius, 4p is the Debye
length, @, is the plasma frequency, £22i(£2¢)is the ion (elec-
tron) gyrofrequency, vri (Vre) is the ion (electron) thermal
velocity, va is the Alfvén velocity, and cis the light speed.
Thick curves represent the boundary of region of validity.
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Fig. 2 Transformation from particle variables (x, v) to guiding-
center variables Z = (X,U, #, &) in the absence of elec-
tromagnetic fluctuations. Here, the gyrophase ¢ is defined
such thatdé/d t=£2 = e B/(mc) > 0 for the positive charge
e > 0. Higher-order correction terms in €p are omitted.
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tions.

0000000 HamiltonianO OO ODOOOOOOO
0d0x0000000DO00O0DOOODODOODODODOOO
godddgyrocenterdd0gggoooooogng
00000000000oooo7;0000000000
Poisson0 000000000 MMO00O0O0MIMM O
DDDDDDDDDDDDDDgyrocenterDDZDDD
0o0ooooooooooo

Z=Z+{S,(Z,t),Z}+ O(e}) 0mo
0O00O0S,00()000000000000000
00000MOmMmOoOO00O0o0O0D0O0OPossonO O
{-+}Ogyrocenter0 000000 MDMONMM OO0
ood

O0000sep 000 0DOO0OODOOODOOOO
OOOgyrocenter0 D00 O0O0O0O0OQOOOOOO
OOGyrocenter0 00 0O0ODOODOOODODOOO La-
grangian0 00 00O00O0O0OO

szAﬂX+%§£>H Omo
oooo
A" :A()(Y)-i-%_lfb (Y) ama

0000000000000000000 A 0000
0000000000 b=ByB, 0 gyrocenter 10 X
0000000000000 00OHamiltonian H 00
oooooog

1

H==mU’+uBy(X)+e(4)

=3 gg

Hamiltonian H 000000 ¢ 00000000 OODO
O0¢0A OO0

¢ (Z )= X+7,6)—Lvy ()4, X+7,¢) OO0

gboooooooboobobo

o=0Z)=b X)xv,(Z)IQ(X)
vo(Z)=Ub (X)—[2By(X)/m]"
x[sin&€ e; (X )+cosé e, (X)] OmMO

000 RX)=eB,X)/me 00D MM ODOODO

<...>Eif‘...dg

00000000000 éQ0OOODODOODOOOOOD
000000000000000MOmMmOoo0ooon
OMm v, 0000000 vOvo=v+eA/(me) OO0
00000000004, #0000 v, #v 000000
00000000000 v 000000000 Oguiding
center 000000000 ed=e(¢—(¢) 000 Ham-
itonian0 00000000000 O00&ODDODODODO
O000000D0O0MMOD 0000 gyrocenter O O
T,0000S,0000

gmg

R
S.Zn= i i @ aleals

[240.¢

0000000000000000000000000
0DO0(S,)=00000000000000000000
O O0(elc)A* =(ele)Ag+mUb O O O (mcle)
00D000X0OO00 é00000000000D0O000
oo

OO Lagrangian 0 O O O O gyrocenter O 0 Z =



Journal of Plasma and Fusion Research Vol.79, No.2 February 2003

X, U,£&)0000000000 Poisson00{Z;,Z,)
000000000000 MO0000MmMmMmmon
OlLagrangianL O 00 00ep00000000O0OOO
000000000000 Poisson 100000000
0000000000000000000000000
00000000 @MMmMo00o0m

[4

{X,X}Zmb (X)X| ama
- B’ (X)
XUj=2 %) omo
(x.0) mBH*(X)
(& m=-% 0mo

mc

0OMO00000000bd 0000000100000
00000000 ObdGx1000000000 a0 ay
0O0O000a-(bx1)ay=a;-(bxa,) 0000000
0000000000V =e6X000000
B"=VxA'O B”*EB*-b oo
go0obOoOOobODOOoODOOoO0OooooooooooDoo e
00DOO0gyrocenter 0 000000000 Lagran-
gianL O Hamiltonian HOO O O O 0 0O O Poisson 0 O O
0000000000000 éDO0DOONDOODOO
ggooooboooo
OOOgyrocenter U0 0 O0OO0DOO0ODOOODODOOO
0o af,?Ldt=0DIZI Euler-Lagrange 0 0 O

(%)
oZ
0000000000000 OHamiltonian H O Poisson
gooo0oooooooooooooooo

d

_oL _
df 0

= = gmg
/A

dz
it (Z,H} omo
00000 DMIDMODMOO00Mmmoog
00000000000 gyrocenter 10000000

gooogooo

dX _ 1 [({+, ¢ 3{¢)\p-
At B (0 )8

+cbx<§v30+v<¢>>] 0mo
iU B*

_m—BH*'

[ZVBy+eV{¢)] omao

RN

dz _
dt
dE _
dt

0 gtoa

+;—i%§> omao
dddddooooooooooooooooooon
00() 000000000 MDMmOooo0oooooon
O00¢0000000eO0O00O00O0O0OOOOOO
godoobooooooooouoooboooooooao
0o0(-H00000DMIOODmMmmoOOoooooooo
00 é000000000000000O0D0OOOO0
00000000 dwdt=00000 gyrocenter 000
dddddoooooooooomomoooooo
000000 E0O0O0O0O0O0O0O0O0OOOO0OO0O0ExB
000000 ~VBOUOUOOODOODOODMMOOOoooo
O0 E00O0O0OO0OO0O0DOOO0O0O0O0OOO0O00O0O0O0
00000o000oo0ooOoOoooooo¢ooooooon
0000000000000 00O00D0O00OOO0
aood

gooobbooobbooooboooboboog
guiding-center 0 O O gyrocenter 0 0 0 0 0 00 ¢; =
oX)ooOoOoOoOoOoOoOooooOoOooooooooo
000000000 A, =0000000000Z=
X UmE~Z=XUpE)000()~>0X)00D
0000000000 MOMO0MOM O4d0 guiding-
CenterDDDDDDDDDDDDDDB*DBH*EIDEID
00y I000000MmMM ep 0000 O(ep)
00 Taylor OO0 O OO OO OO Oguiding-center 0 O O
do000oO0O0oO0oO0oO0oO0oOoOoOoOoOoUyUOoOoOoOooooo
000 VBOOODExBODOOOOOODODOOODOOO
000000000 0DOO0ODbO0ObOO0OO0OODOGyrocenter
00000000000000000 ¢bxV{¢)/BOO
godoobooooooooouoooboooooooa
dddddoooooooooooooooooo
0l DOOO0O0D000O0 ViasovOdO

g ooooooooooobo
000 xv)0OOOO0OO0OO0O0O0¢t00000O0000
0000000 fxe,))DOODDODOODOOOO
dPxd>v 000000000000 f(v,t)d*xd®v 00
000000000000 0O0O0f(ut)=F(Z,t)0
Ub00o0oo0Db0O0Odgyrocenterd D000 OQOO
F(Z,t)oDOoDODODOdxdv=D (Z)dZ 0D0ODO
00000 gyrocenter 0 0 0 O Jacobian D (Z) O



Commentary

DZ)= omo

BH*(Z)
m
0000000000000000dZ 0000000
0000000000000D (Z)F(Z,H)dZo0ooo
00D0O0DbO0O00D0ODO VlasovO O M O gyrocen-

ter0000000OOOOODOOOODODOO

dF _ oF oF oF

i =g HEHY =5 HZH) o
0 . dX o .dU & ,dz 4 , dE 3
( +dtaX+dtﬂ7+maﬁ+ma§)

0000dedt=000000 MOODMOD 0 MM
00000000000 é0D000D0O00DOODOO0
0000000000000 00FO0O00000000
000000 (FAD0O0000D0O F=F—(F)DO0OD
OOd{F)/dt=0000 dF/dt=00000000000
0000000000000 000000000000n
0000000000000 00000000000n
0000000dF/dt~Q0F/ee 0000 F=00000
0000000000000 000DO F=00000
00000000 F=00000O00MMOMOOD
000000000000000 F=FXUzxt)0¢&
0000000000000 00000D000D0On
000000000 VlesovOODOOODOOOD

( o X 8 AT &

i ox T 8U>F(X Uwt)=0 0000

0o0oo0ooodX/d: g dU/d: 00 00 MOO0mem
00000000 0oO0OdoDOd ViasovO O M
(x,v) 000000 VilesovO O M OMOOOOoOO
00D00é00D000D0O0DO0O0DOOZ000000
goboooooooooebobboOoobboOobDOn
0000000000000 ooooUoUooUooooo
VlesovO O MMM OO0DODODOODOOOOOCODOO
ooooooOooOoooUooooooooooooo
0000000ooU0O0ooooooooouooog gyro-
centerU000000O0O0O0O0OOOODOOODOODODODO
gdbobooobooboobbOoobdgyrocenter OO
000000 guidingcenter0 00000000 DOOO
000000000 oMM oooo
OgyrocenterU 00 0ddooogobooooogng
goboo0o0o0O0oooooboDbbOd gyrocenter 00O 0O

Gyrokinetic Theory

H. Sugama

guidingcenter 0 00000000 OO0OODOOOOMM
HamiltonanO OO OODODODO0OO0OO0O0O0OOOOOOO

000D000000D LiowileOODODOODOODODOO

djdddooooooooooooooo

o (pdZ\_ o (pdX), 8 (,dT
ﬁ'(DW>‘aX (D dt) <D dt> 0

OMONMOOoDO0o0ooO0O00D0CocO0O0o0oDogd Viasov
gboboooooooouooobobo

d (DF) KR
ot X

dU
dt

(or )

at +f<DF ) 0. OMg

0 00000000 Poisson-Ampeére O
gooboo0oooboooooooobooooono
ViasovO OO OOOOOOooOOoOoooooooooog
dddddooooooooooooooooooon
dddddooooooooooooooooooon
00000000000oOooDoOoon Poissond O OO
Ampare 00000 00DDMDIMOODMmMOOO0O
gyrocenter 00 Z =T (Z) OO gyrocenter D 0 00O
00000 F(Z,t) 00 guiding-center 0 000000
000000 F(Tg(Z),t)=F (Z,t)+{S,,Fl+ O(ed)
0000000 DOO0oo0D0@oDmomMmomoooao
ooooOo0doO«000t00D0O0O0DOO0O0DOO0OODOO
0000000 7 (x,t)=/dZD (Z)8*[X+0a(Z)—x]
F(Tg(Z),t) 000 I (x,t)=/d°2D (Z)5°[X+0.(Z)
—x]F (To(Z),t)[vo(Z)—(elme)A, (x,t)] 00O 0O
000000 00/SdZ=f,d®X [S.dU J°de [§7 dée
dddddoooooooooooooooooob
0000000000 0O0oO0o0os, 0000000000

00 Poisson 0 0O

V2¢1(x,t):—471'2Ea/dGZDa(Z)é\S[X—Fpa(Z)—x]
x[Fa(Z,1)+{S 1 (Z, 1), Fy (Z))] DO

0000000000000 A 0000000000
00 Ampeéere 0O

VAL (3, 6) = = [ (e, ) —jo (x,0)] 0o
oo oobobobb
dooooodoboboapbOUooobbooobooboooa
J():*(C/47T)V2A0|:JDDDDDDDDDDDDDDD



Journal of Plasma and Fusion Research Vol.79, No.2 February 2003

(a)

~\—’
Q A\ Ap
N

(b)

Fig. 4 (a) Gyrokinetic polarization and (b) gyrokinetic magnetization and parallel-flow correction. In (a), the number of particles in the vol-
ume V is changed by the displacement 4o of the particle position due to the electromagnetic fluctuations. In (b), the paricle flux
crossing the surface S is changed by the displacement 40 and the variation 4v = (4vj) b + 4v of the particle velocity due to

the electromagnetic fluctuations.
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