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The coexistence of the drift-tearing mode and the resistive drift-interchange mode is numerically
simulated using a reduced set of two-fluid equations, in order to investigate effects of micro-fluctuations
and the zonal flow on the magnetic island dynamics. It is found that the growth rate of the magnetic
island is nonlinearly accelerated by micro-fluctuations generated by the resistive drift-interchange mode.
The rotation frequency of the magnetic island in the nonlinear phase is dominated by the zonal flow
mainly generated by Reynolds stress and Maxwell stress associated with the magnetic island. Micro-
fluctuations indirectly affect the excitation of the zonal flow by modifying the radial structure of the
magnetic island perturbation, which changes contributions of these stresses.
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1. Introduction
The magnetic island is often observed in the mag-

netically confined fusion plasmas such as tokamak
plasmas and other laboratory plasmas. The excita-
tion of magnetic islands is associated with the recon-
nection of the magnetic field line, where the pertur-
bation perpendicular to the ambient magnetic field
grows to the large scale. The consequent change of
the topology of the magnetic field affects the confine-
ment and the stability of plasmas. Much works have
been done for the stability of magnetic islands, and
it has been pointed out that the small magnetic is-
land is stable from view point of the linear stability
analysis. Nowadays, the mechanism of the excitation
of magnetic islands is discussed, based on the nonlin-
ear instability associated with the bootstrap current.
However, the seeding process, which triggers the ex-
citation of magnetic islands, is still an unsolved prob-
lem, and many candidates have been suggested[1, 2].
Especially, the rotation of magnetic islands is an im-
portant factor for the sub-critical excitation of mag-
netic islands via the polarization current[3]. Simulta-
neously, the hierarchical interaction between the mag-
netic island and the background turbulence should be
clarified. In fact, the stochastic excitation of mag-
netic islands by the background turbulence has been
pointed out in both the analytical theory[4, 5] and the
numerical simulation[6].

The purpose of this study is to examine the ba-
sic mechanism of the influence of micro-fluctuations
and the zonal flow on the growth rate and the rota-
tion frequency of the magnetic island. To this aim,
we introduce a simple model including so-called the
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drift-tearing mode (DTM), which is the linearly unsta-
ble tearing mode combined with the electron density
and temperature[7]. Moreover, micro-fluctuations are
mainly generated by the resistive interchange mode in
our model, which is destabilized by the curvature of
the magnetic field line.

2. Model equation
In this study, large aspect ratio tokamak plasmas

(� = a/R0 � 1, where �, a and R0 are the inverse
aspect ratio, the minor and the major radii, respec-
tively) are considered. We introduce a reduced set
of two-fluid equations derived from Braginskii’s two-
fluid equations[8]. Renormalizing the curvature of the
magnetic field line, the simple cylindrical coordinate
(r, θ, z) is considered, where variables represent the
radial position, poloidal angle and toroidal position,
respectively. The model equations are

D

Dt
∇2

⊥φ = ∇�j� − [Ω, p] + μ∇4
⊥φ, (1)

∂

∂t
A = −∇� (φ− δp)− η�j� + αT δ∇�T,

(2)
D

Dt
n+ β

D

Dt
p = δβ∇�j� + β [Ω, φ− p] + η⊥β∇2

⊥p,

(3)
3
2
D

Dt
T − D

Dt
n = αT δβ∇�j� + �2χ�∇2

�T + χ⊥∇2
⊥T,

(4)

where j� = −∇2
⊥A, αT = 0.71, D/Dt = ∂/∂t+ [φ, ],

∇� = ∂/∂z − [A, ] , ∇⊥ = r̂∂/∂r + θ̂(1/r)∂/∂θ and
[f, h] = ẑ · ∇f × ∇h. {r̂, θ̂, ẑ} indicate unit vectors.
∇Ω is a curvature of the magnetic field line defined by
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∇Ω = −(b̂ · ∇)b̂, where b̂ is a unit vector along the
magnetic field line. We apply the concentric curvature
such that ∇Ω = gr̂, where g is assumed to be constant
for simplicity. For example, the term [Ω, p] in Eq.(1)
is given by

[Ω, p] = g
1
r

∂p

∂θ
.

{φ,A, n, T, p} indicate electrostatic potential, vec-
tor potential parallel to the ambient magnetic field,
electron density, electron temperature and electron
pressure defined by p = n + T , respectively.
{μ, η�, η⊥, χ�, χ⊥} are ion viscosity, parallel resistiv-
ity, perpendicular resistivity, parallel and perpendicu-
lar thermal conductivity, respectively. {δ, β} indicate
ion skin depth normalized by the minor radius and
the plasma beta value, respectively. The normaliza-
tion is {vAt/R0 → t, r/a → r, z/R0 → z}, where vA

is Alfvén velocity. The total energy defined by

E =
1
2

�
| ∇⊥φ |2 dV + 1

2

�
| ∇⊥A |2 dV

+
1
2β

�
|n|2 dV + 3

4β

�
|T |2 dV + 1

2

�
|p|2 dV ,

is conserved in the dissipationless limit, where
�
dV

indicates the volume integral. Each perturbed quan-
tity f(r, θ, z, t) is assumed to vary as

f0(r) +
�
m,n

f̃m,n(r, t) exp {i (mθ − nz)} ,

where m and n are the poloidal and toroidal mode
number. The perturbation f̃m,n(r) satisfies boundary
conditions: f̃m,n(0) = f̃m,n(1) = 0 for m,n �= 0 and
∂f̃0,0/∂r|r=0 = f̃0,0(1) = 0 (the center and edge of
plasma correspond to r = 0 and r = 1). The equilib-
rium quantities are chosen such that

q(r) = 1.5 + 0.5
�
r

rs

�3

,

n�
0 = −2β

�
r,

T �
0 = −2β

�
r,

where q(r) stands for the safety factor defined by
1/q(r) = −(1/r)A�

0, rs is the radial position of the
rational surface and the prime indicates the radial
derivative. The equilibrium current j0(r) is given by
the cylindrical magnetohydrodynamic (MHD) equi-
librium with the equilibrium pressure. We set rs =
0.6, � = 0.2, β = 0.01 and δ = 0.01, and g is set to
be 0 or 0.09. Transport coefficients are chosen as
μ = 10−5, η� = 10−5, η⊥ = 2 × 10−5, χ� = 1 and
χ⊥ = 10−5. Note that a ratio χ�/χ⊥ is crucial for
excitation of the neoclassical tearing mode, but not
for the drift-tearing mode[8]. For this reason, we use

a small value of χ� to save the simulation time. In
this study, we adopt a predictor-corrector scheme to
calculate time evolutions, and a spectral method to
evaluate nonlinear terms, where only modes, which
satisfy m/n = 2 (resonant modes on the q = 2 sur-
face), is considered, for simplicity. The radial grid
has 512 meshes, and the time step is 0.01. In the
following nonlinear simulation, sixteen harmonics and
the quasi-linear modification of equilibrium fields, i.e.
(m,n) = (2, 1), (4, 2), ..., (32, 16) and (0, 0) and their
complex conjugates, are included. The simulation
with a single harmonics, (m,n) = (2, 1) and (0, 0) is
also examined as the reference case (hereafter, we sim-
ply mention the case without higher harmonics).

The set of Eq.(1) and (2) with δ = g = 0 describes
the classical tearing mode. The finite δ combines the
tearing mode with the electron density and temper-
ature, in other words the effect of the electron dia-
magnetic drift. In addition, this instability is catego-
rized into the so-called collisional DTM in the present
parameter regime[7]. The resistive drift-interchange
mode (DIM) is driven by the finite curvature g[9].

We introduce the analytical formula of the rota-
tion frequency of the magnetic island for the follow-
ing analysis. Using the (2, 1) component of Eq.(2),
and assuming that it is proportional to e−iωt, where
Im(ω) and Re(ω) are the growth rate and the rotation
frequency of magnetic island, we obtain

Re(ω) ≈ �ω∗ + ω̃∗�+ �ω̃E×B�+Re
�
Lη�

�
+Re

�
Lk�

�
,

(5)

where the bracket � � indicates the radial av-
erage inside magnetic islands at each time
step. Variables in Eq.(5) are defined by
ω∗ + ω̃∗ = −δkθ2,1

�
n�

0 + ñ�
0,0 + (1 + αT )(T �

0 + T̃ �
0,0)

�
,

ω̃E×B = kθ2,1 φ̃
�
0,0, Lη� = iη�∇2

⊥Ã2,1/Ã2,1 and Lk� =
k�2,1 [φ̃2,1 − δ{ñ2,1 + (1 + αT )T̃2,1}]/Ã2,1, respec-
tively, where kθm,n = m/r, k�m,n

= m(1/q + 1/q̃)− n

and 1/q̃ = −(1/r)Ã�
0,0. The first and the second terms

in Eq.(5) indicate contributions from the electron
diamagnetic drift and the zonal flow, respectively.
The third and the forth terms arise from the resistiv-
ity and the dynamics along the magnetic field line.
When we have the electromagnetic perturbation, the
zonal flow is generated by not only Reynolds stress
but also Maxwell stress. The analytical formula of
the zonal flow contribution �ω̃E×B� is derived from
the (0, 0) component of Eq.(1) such that

�ω̃E×B� =
�� t

Rdt�
�
+

�� t

Mdt�
�
+

�� t

V dt�
�
,

(6)

where the first, the second and the third terms
indicate contributions of Reynolds stress, Maxwell
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Fig. 1 The linear growth rate spectrum of the toroidal
mode number.

Fig. 2 The time evolution of the growth rate of the mag-
netic island.

stress and the ion viscosity, respectively. Variables
are defined by R = −(kθ2,1/r)

� r
dr r[φ̃,∇2

⊥φ̃]0,0,
M = (kθ2,1/r)

� r
dr r[Ã,∇2

⊥Ã]0,0, V = μkθ2,1 ×
(∂/∂r){(1/r)(∂/∂r)(rφ̃�

0,0)}, where [f, g]0,0 indicate
the summation of (0, 0) Fourier components by the
nonlinear coupling of modes. Note that the curvature
g does not included in Eq.(6) explicitly, i.e. the cur-
vature indirectly affects the zonal flow via the modifi-
cation of the mode structure of perturbations, which
modifies the characteristics of Reynolds stress and
Maxwell stress.

3. Analysis
Figure 1 shows the linear growth rate with the

toroidal mode number. Two cases are plotted: g = 0
and g = 0.09, where the linear growth rate of the
DTM corresponds to the lowest mode number. In the
case with g, the enhancement of the DTM and the
resistive DIM in the higher harmonics are observed.
The growth rate of the lowest mode number is larger
than those of the higher harmonics. We confirmed
that this situation is independent of values of g and δ
in the present parameter regime of interest.

Figure 2 shows the time evolution of the growth

Fig. 3 The time evolution of the rotation frequency of the
magnetic island.

rate of the magnetic island. For g = 0.09, two cases
are plotted: the case with higher harmonics (micro-
flucuations), i.e. (4, 2), ..., (32, 16), and the case with-
out them. Linear growth phases are observed in
0 ≤ t ≤ 3800 for the g = 0 case, 0 ≤ t ≤ 1800 for
the g = 0.09 case, respectively, where growth rates in
these phases are shown in Fig.1. Comparing g = 0.09
cases, it is found that the growth of the magnetic is-
land is nonlinearly accelerated by micro-fluctuations
in 2000 ≤ t ≤ 2500[10]. However, the saturation
width of the magnetic island is not strongly affected
by micro-fluctuation. This is because the saturation
level of the magnetic island is mainly determined by
the initial value of Δ�.

Figure 3 shows the time evolution of the rota-
tion frequency of the magnetic island. The positive
and the negative signs indicate those of the electron
diamagnetic drift and the ion diamagnetic drift direc-
tions, respectively. Three plots are obtained by the
same nonlinear simulations in Fig.2. The rotation fre-
quency in the linear phase is affected by the value of
g, furthermore, the direction of the rotation frequency
is reversed in the nonlinear regime.

In order to clarify the mechanism to change the
direction of the rotation frequency by the curvature
observed in Fig.3, the analytical formula of the rota-
tion frequency Eq.(5) is used to decompose the rota-
tion frequency into each pieces. Figure 4 shows time
evolutions of each component of Eq.(5). We confirmed
that the summation of these components successfully
reproduces the result in Fig.3, except the high non-
linearity regime 2000 ≤ t ≤ 2500. Note that verti-
cal scales in these figures are not the same. Re�Lη��
in the nonlinear phase is negligible in each case. In
comparison to Fig.4(a) and (c), the saturation value
of �ω∗ + ω̃∗� in Fig.4(b) is reduced, i.e., the pressure
gradient is strongly flattened. This is caused by the
enhancement of the transport by micro-fluctuations.
The different behavior of Re�Lk�� implies the modifi-
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Fig. 4 The time evolution of components of the rotation
frequency of the magnetic island: (a) the case with
g = 0, (b) the case with g = 0.09 including micro-
flucuations.

cation of the radial structure of the eigenfunction of
the magnetic island. It is found that the reversal of
the rotation frequency is mainly caused by the contri-
bution of the zonal flow �ω̃E×B�. The change of the
contribution of the zonal flow implies that the radial
pattern of the zonal flow velocity inside the magnetic
island is modified by the curvature.

Finally, the generation mechanism of zonal flow is
analyzed. We introduce a ratio of Reynolds stress to
Maxwell stress, �� t

Rdt�� : �� t
Mdt��. These ratios at

t = 10000 in each simulation normalized by the initial
diamagnetic drift frequency (�ω∗�t=0 = 5.4×10−3) are
given by (I) −5.8 : 5.9 for the case g = 0, (II) −5.9 :
−1.2 for the case g = 0.09 with micro-fluctuations
and (III) −0.38 : −6.1 for the case g = 0.09 with-

out micro-fluctuations, respectively. Note that signs
in these ratios match with original directions of rota-
tion frequency. In the DTM (g = 0), these stresses
approximately cancel out each other, and the zonal
flow is not strongly excited. In the present study,
the curvature plays an important role to introduce
the incomplete cancelation between Reynolds stress
and Maxwell stress. Comparing (I) (g = 0) with (III)
(g = 0.09 without micro-fluctuations), it is found that
the finite curvature changes the direction of the contri-
bution of stresses, which triggers the excitation of the
zonal flow. This implies that the curvature affects the
mode structure of the DTM. While, the direct contri-
bution of micro-fluctuations is not strong in the gener-
ation of the zonal flow, in other words, the zonal flow
is mainly generated by the quasi-linear effect of the
DTM. However, comparing (II) and (III) (g = 0.09),
it is confirmed that micro-fluctuations also affect these
stresses indirectly, by modifying the structure of the
perturbation associated with the magnetic island. In
spite of the similarity of contributions of zonal flow
in Fig.4(b) and (c), the generation mechanism of the
zonal flow is different.

In conclusion, effects of micro-fluctuations and
zonal flow on the evolution of the magnetic island are
investigated. The micro-fluctuation nonlinearly accel-
erates the growth rate of magnetic island. The zonal
flow generated by quasi-linear effects dominates the
rotation frequency of magnetic island. The curvature
and micro-fluctuations affect the generation of zonal
flow, due to the unbalance between Reynolds stress
and Maxwell stress. The effect of the strong unstable
micro-fluctuations should be examined in the future
work.
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