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In this contribution we present the study on potential formation near a floating collector in discharge plasma
with two ion populations and with a bi-Maxwellian electron distribution. It is performed analytically and comple-
mented by computer simulations. In the analytical study we use a fully kinetic plasma sheath model, originally
developed by Schwager and Birdsall [L. A. Schwager, C. K. Birdsall, Phys. Fluids B, 2, (1990) 1057] and later ex-
tended in order to include additional particle species like hot electrons [M. Čerček, T. Gyergyek, J. Phys. D: Appl.
Phys. 34, (2001) 330] and/or negative ions. The collisionless one-dimensional pre-sheath/sheath plasma region
is bounded by a planar plasma source on one side and by a floating collector on the other side. Two positive ion
populations are injected from the Maxwellian plasma source into the system with an accelerated half-Maxwellian
distribution, and the electron population is modeled with a truncated bi-Maxwellian distribution. The collector
floating potential and the pre-sheath potential are calculated as functions of positive ion density fraction. For the
simulations we use XPDP1 particle-in-cell simulation code for a bounded plasma system developed at Berkeley
University. The potential and particle density profiles are examined and resulting particle velocity distribution
functions along the system are calculated and displayed. Good agreement with analytical results is obtained.
Keywords: two-electron temperature plasma, double-ion plasma, double layer, plasma simulations, bounded

plasma

1. Introduction
In this research we continue the series of bounded

plasma research. In [5] effects of addition of energetic
electrons to one electron-ion plasma were investigated. It
was shown that presheath boundary potential and collec-
tor potential decrease with increasing hot to cold electron
density ratio for small values of this ratio (≤ 0.4). For
larger values of the ratio the values of presheath potential
decreases less rapidly, while collector potential settles to
more or less constant value. An important phenomenon
is the formation of a double layer at the value of the hot
to cold electron density ratio around 0.25. This time we
have added another species of ions and we are interested in
potential dependence on hot to cold electron density ratio
at three ion density ratios, and in double layer formation.
We approach the problem from two angles: first we mod-
ify the kinetic model of Schwager and Birdsall, [3] and
obtain the boundary conditions for numerical solution of
the Poisson equation which gives a theoretical prediction
for the presheath and the collector potentials. Second we
simulate our four particle plasma with the code XPDP1.
Results from both methods are in good agreement.

2. Analytical model
System consists of two planar electrodes and empty

space between. At the first electrode (source electrode)
at x = 0 particles are injected into the system. Sum of
injected ion particle currents is equal to sum of injected
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Fig. 1 Calculated values for collector potential for three differ-
ent α ratios as function of β
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electron particle currents. Second electrode (collector) at
x = L, where L is length of the system, is at floating
potential. Lighter and therefore faster electrons reach the
collector first and charge it negative. Potential barrier re-
pels nearly all electrons, which return towards the source.
There they are refluxed back into the system. Electrostatic
potential is assumed to monotonically decrease with dis-
tance from the source. Ions are attracted towards the col-
lector, they are accelerated and cooled. At the collector
they are all absorbed. Both ion species are thus described
with half-Maxwellian velocity distribution and both elec-
tron species with truncated full-Maxwellian distribution:

Fig. 2 Calculated values for plasma potential for three different
α ratios as function of β
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H(x) is a step function (it truncates the electron velocity
distributions and limits the ion velocity distributions to just
half-Maxwellian). The distribution functions (1)-(4) are
normalized to the cold electron density at the source. The
following variables were introduced:
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where T denotes temperature, m mass, φ electrostatic po-
tential, v velocity and no are densities of full Maxwellian
source. Index H denotes helium ions, A argon ions, e elec-
trons, c cold electrons and h hot electrons.
The zero moments of the distribution functions give the
particle densities, while the first moments give the particle
fluxes:

Nj =
� ∞
−∞ Fj du (6)

Jj =
� ∞
−∞ u Fj du (7)

For theoretical calculation of the presheath potential (Ψp)
and of the collector potential (Ψc) we integrate the Poisson
equation. It is of second order, so we need two bound-
ary conditions. By reflux any charge accumulation is pre-
vented and therefore zero electric field is enforced at the
source plane. Somewhere in the middle of the system an
inflection point is assumed where plasma is quasi-neutral
and the potential is constant (Ψ = ΨP ). Therefore electric
field is zero. Poisson equation is rearranged in terms of the
differentials of the potential:

d
�

dΨ
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�2
= −2(Ni − Ne) dΨ (8)

The space coordinate x has been normalized to the Debye
length λD in the following way:

z = x
λD

, λD =
�

ε0kTc

noce2
0
. (9)

We integrate equation (8) from potential at the source to the
one at the inflection point. Left hand side of the integrated
equation is zero at both boundaries, so the integral yields:

� Ψ=0

Ψp
(Ni − Ne) dΨ = 0 (10)

Besides Ψp and Ψc, α, β and γ are also unknown. α and β

are manually appointed, but for γ and also ΨP and ΨC we
need two more equations. At the inflection point we have
neutrality condition, where density of positive ions must
be equal to density of electrons:

aNi
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= Ne

���
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(11)

The last condition and equation we get from the floating
condition of the collector. Because it is not connected to
outer world, no net current is possible. Thus the current of
ions must be equal to the current of electrons:

aJi
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Ψ=Ψc

= Je

���
Ψ=Ψc

(12)

Equations (10), (11) and (12) form a system of equations,
from which we numerically calculate ΨP , ΨC and γ be-
longing to appropriate values of α and β. Result of calcu-
lations for α = 0.05, 0.50, 0.95 are plotted in Fig. 1 and
Fig. 2.

3. Simulations
The purpose of the simulations was to verify the the-

oretical calculations of potentials. Three series were sim-
ulated: α = 0.95, α = 0.50 and α = 0.05. In each series
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Fig. 3 Potential and charge distributions of simulations for α = 0.95 for different β, at which double layer is formed.
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simulated potentials were obtained for β in range form 0
to 1. α ratio was set in the input file with injected ion cur-
rent ratio, while β ratio was established by pre-simulation.
First the system was completely empty, then we ran a sim-
ulation with injection of all 4 particle species. When the
number of cold electrons in the system reached predeter-
mined value the simulation was saved to a dump file. The
input file was edited so that the injection of the cold elec-
trons was set to zero and the influx of the hot electrons was
set equal to the sum of both ion influxes. Then simulation
continued from the dump file, but with the new input file.
Simulation was over when number of particles reached a
constant value. Length of the system was changed to get
a stable simulation. For α 0.95 and 0.05 length was from
0.01 m for small values of β to 0.08 m for larger β. For
α = 0.50 length interval was 0.05-0.4 m. In our analysis
we used electrons with 2 eV and 40 eV of temperature and
both ions had temperature 0.1 eV. Mass of ions was equal
to helium and argon ions.

As addition to previous simulations we made some
changes in parameters to simulate plasma similar to plasma
in our linear plasma machine. Discharge potential for ac-
celerating electrons into our plasma system is of the order
of 50 V, so we set lower and higher limit to electron veloc-
ity with cutoff velocity equal to 50 eV of kinetic energy.
Again we were interested in presheath and collector poten-
tial. In the end we changed temperature of hot electrons to
12 eV and made simulations with and without cutoff ve-
locity.

4. Results
Potentials ΨP and ΨC have similar behavior due to β

as in [5]. Both decrease, ΨP slowly at first, than faster and
towards large β (≥ 0.4) the decrease is more gentle again.
ΨC falls rapidly for small β and at around β = 0.4 set-
tles at almost constant value. For presheath potential Ψp

(Fig. 2) there is no difference in calculated values among
different α ratios, but in simulations there is. The calcu-
lated values of the Collector potential (Fig. 1) agree with
simulations. Differences are seen between α-series. Larger
values of α bring lower values of the collector potential
which is expected because of slower positively charged
particles.

Double layers are formed for all three α in intervals of
β around 0.23 as seen in Fig. 2, where at same β we had
two values of ΨP .

In Fig. 3 are shown potential profiles along the sys-
tem (left column) and inserts of charge density profiles
(right column). In first double layer is seen as sheath be-
tween two locally constant potentials and in later we see
the rise of positive charge followed by an excess of nega-
tive charge. It is seen how double layer travels down the
system with decreasing β and eventually gets assimilated
into collector plasma sheath.

Ions, which travel from the source to the collector, are

accelerated in the double layer area and at the same time
they are cooled down - velocity distribution is more nar-
row after double layer (Fig. 4). In collector sheath they
get accelerated once more to a final velocity with which
they hit the collector. Velocity distribution for hot elec-
trons before and after double layer does not change, while
there is no more cold electrons after double layer because
the collector potential is to strong and cold electrons get
repelled. Some hot electrons reach the collector and thus
they have truncated velocity distribution (lower right pic-
ture in Fig. 5). All the distributions were recorded in a few,
different number of simulation steps and are normalized
with highest value of individual distribution.

Fig. 4 Velocity distributions for all four particles. Position at
which we sampled distribution is between source and
double layer

Collector potential is primarily determined by fastest
of hot electrons which is seen in Fig. 6. Simulations with
different hot electron temperatures but same cutoff veloc-
ity have almost identical collector potential. Collector po-
tential determines whether the double layer is formed or
not. If hot electrons are not fast enough, the potential is
to high and barrier for cold electrons is to small and dou-
ble layer can not exist. Simulations with cutoff velocity or
with lower temperature of the hot electrons (6eV ) do not
have double layer as seen in Fig. 7.

5. Conclusion
We have shown that in collisionless double-ion plasma

it is also possible to obtain double plasma layer, if temper-
ature ratio of the electrons is sufficiently large. Double
layer is formed in the same β range, regardless of α ratio.
On the other hand the values of α do influence the collector
potential. At constant electron temperature higher α means
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Fig. 5 Velocity distributions for all particles after the double
layer, except for cold electrons. Lower left picture shows
how electron distribution. It is seen, that ions accel-
erate and cool down when flying through double layer.
Electron distributions changes only at low negative side,
where electrons closer to the collector are slower.

Fig. 6 Collector potential for simulations with hot electrons
temperature 40 eV and 6 eV, with and without cutoff ve-
locity at 50 eV

Fig. 7 Presheath potential for simulations with hot electrons
temperature 40 eV and 6 eV, with and without cutoff ve-
locity at 50 eV

lower ΨC . At constant α ratio, ΨC rises with decrease in
electron temperature. Thus heavy ion to hot electron parti-
cle current determines the ΨC .

Cutoff velocity has similar effect as lowering the tem-
perature of hot electrons. It can prevent double layer to
form. Because of that we do not expect double layer to
form in plasma in an experiment in a real machine.
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