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Abstract

Measurements in the LHD, L2-M, and TJ-II stellarators show that plasma density fluctuations have non-Gaussian
distributions with heavy tails and sharper vertices. Non-Gaussian probability densities of stochastic plasma processes
indicate non-Brownian character of the motion (diffusion) of particles. The role of rare events related to stochastic
plasma processes with larger spatial and temporal scale becomes important. It is shown that the first-order differences
of fluctuation samples are stochastic and their probability distribution is a mixture of Gaussians with different scales.
Subordinated Lèvy process can be used to describe the turbulent transport process.
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1. Introduction

Recently, low-frequency (LF) plasma turbulence in
closed magnetic confinement systems attracted considerable
interest of plasma physicists. The 2003 EPS conference
demonstrated that experimental research of this kind is now
being carried out in all of the existing tokamaks and
stellarators: T-10, LHD, TJ-II, DII-D, JET, etc. (see [1], report
nos. P-2.56, P-3.121, P-4.5, O-2.1A, and P-120). A reason
for the increase of interest in LF turbulence is that many
experimental facts directly indicate its influence on the
macroscopic plasma parameters in closed magnetic
confinement systems.

In many toroidal devices LF turbulence in core and edge
plasmas is strong structural [2,3]. The term “strong structural
turbulence” means that on the background of strong
turbulence due to the onset of plasma instabilities, there exists
an ensemble of the interacting stochastic plasma structures.
Various types of stochastic structures (such as solitons,
vortices and MHD structures) were observed experimentally
in the edge plasma [4-6]. It was found that the strong
structural turbulence existing in the edge plasma possesses
some general properties irrespective of the turbulence source
and the type of stochastic plasma structures. The turbulence
of this kind is characterized by slowly decreasing

autocorrelation functions with oscillating tails and wavelet-
spectra show distinct harmonics. At the same time, the
probability density function (PDF) of the time sample of
magnitudes differs from a Gaussian distribution [7,8].

According to the traditional viewpoint on what goes on
in plasma turbulence, the distributions of processes registered
in experiments in stellarators should be normal. However, the
statistical analysis of experimental data demonstrates that in
practice this is far from being so. The obtained empirical
distributions are usually far from being normal possessing
densities with tails heavier and vertices sharper than those
inherent in the normal law [7]. This means that the registered
processes are far from being successfully modeled by the
Brownian motion. Moreover, it was statistically made evident
that these processes possess a kind of memory exhibiting the
presence of long-range dependence of their values [8].

Recently, many alternative models were proposed for
these processes. First of all, it should be mentioned that,
following the ideology of Hurst and Mandelbrot [9], in many
papers the authors investigated the possibility of application
of the so-called fractional Brownian motion as an alternative
to pure Brownian motion. We should even say that the
fractional Brownian motion is a very popular model. Unlike
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pure Brownian motion, fractional Brownian motion has an
indisputable advantage, which consists in that this process can
successfully model the long-range dependence of the values
of registered data (time series). However, we dare say that
along with this advantage, fractional Brownian motion has a
no less indisputable drawback, which consists in that all its
finite-dimensional distributions remain Gaussian,
contradicting to what is observed in practice. Therefore,
alternative models have to be designed. Recently it was
proposed to model plasma turbulence by the so-called
subordinated Lèvy processes. Recall that a Lèvy process is a
stochastic process with stationary independent first-order
differences. A subordinated process is a stochastic process of
the form S (t) = X (M (t)), t ≥ 0, where X (t) and M (t) are
stochastic processes such that X (t) is measurable and the
trajectories of the subordinator M (t) start from the origin and
do not decrease. In this setting the process M (t) plays the
role of random time. The application of subordinated Lèvy
processes to the interpretation of the structural plasma
turbulence was proposed by V. Korolev and was justified in
the corresponding limit theorems, see [10, 11]. Here we only
mention two attractive properties of subordinated Lèvy
processes, namely, their self-similarity and the representability
of their finite-dimensional distributions as scale/location
mixtures of Gaussian laws.

In the problems under discussion the intensity of
processes substantially varies in time so that the notion of
subordination seems to be very adequate. Thus, the
amplitudes of plasma density fluctuations and their first-order
differences in the structural turbulence observed in the high-
temperature plasma of L-2M, TJ-II, and LHD [3] vary
substantially in time. Heavy tails in this case can arise as a
result of a certain influence function (with memory) or as a
result of a great number of events with abnormally large
amplitudes in first-order differences [11]. Samples of first-
order differences of such processes are usually independent
and homogeneous. The adequacy of the proposed models is
confirmed by the results of statistical analysis giving a good
fit of mixtures of normal distributions with real data. In our
analysis we apply a well-developed technique of statistical
separation of finite normal mixtures, in particular, the
Estimation Maximization (EM) algorithm.

In this paper we consider the statistical characteristics of
time samples of amplitudes and their first-order differences
of the core plasma density fluctuations in stellarators LHD,
L-2M and TJ-II and relation of these characteristics with the
non- Brownian particles motion.

2. Experimental results

The parameters of the L-2M, LHD and TJ-II devices are
described in detail in [3]. Density fluctuations in high-
temperature plasma at the middle radius in TJ-II were studied
by 2-mm scattering technique (k = 3 cm–1 and k = 6 cm–1).
Plasma density fluctuations in the heating region near the axis
of the plasma column in L-2M (k = 20 cm–1 and k = 40 cm–1)
and LHD (k ~ 30 cm–1) were measured from scattered

radiation of the heating gyrotron [12]. The correlation and
statistical characteristics of time samples of amplitudes of
density fluctuations and their first-order differences are
analyzed. The first-order difference of amplitudes of plasma
density fluctuations in a time sample is defined as ∆Xj = Xj (tj)
– Xj–1(tj–1) [7]. The first-order differences of the random value
∆Xj depend on the linear and nonlinear growth and decay
processes involved in the formation of plasma density
fluctuations under conditions of a particular experiment.

Figure 1 shows the autocorrelation functions (ACFs) of
amplitudes of plasma density fluctuations and their first-order

Fig. 1 Autocorrelation functions of amplitudes of density
fluctuations (a) and their first-order differences (b) in
LHD (the upper plot) and L-2M (the lower plot).

Fig. 2 Probability densities of amplitudes of fluctuations (the
upper plot) and their first-order differences (the lower
plot) in successive time intervals in LHD.
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differences in L-2M (k = 40 cm–1) and LHD (k ~ 30 cm–1). It
is well known that, for the structural plasma turbulence, the
time sample is not homogeneous and independent (the ACF
demonstrates the presence of a long-lived component). The
independence of the first-order differences in the structural
plasma turbulence is evidenced by the absence of long-term
correlations in their ACF.

The scale mixtures of Gaussian laws model experimental
probability density functions of the first-order differences. As
an illustration, we only present PDF figures of strong
structural turbulence in LHD, similar results were obtained
in other two devices.

In Fig. 2, one can see the PDFs of time samples of
fluctuation amplitudes measured in successive time intervals
during an LHD discharge. Note that a non-Gaussian PDF of
fluctuation amplitudes, which is typical in the structural
plasma turbulence, varies noticeably during the discharge (the
upper plot in Fig. 2). Unlike the PDF of the amplitudes, the
PDF of the first-order differences in the steady-state discharge
varies only slightly (the lower plot in Fig. 2). The
independence of the time samples of the first-order differences
and the stability of their PDF suggest that subordinated Lèvy
processes can model the structural plasma turbulence. Below,
it will be shown that mixtures of normal distributions give a
good fit to the PDF of the first-order differences of the
fluctuation amplitudes in the structural plasma turbulence.

The longest time samples of fluctuations up to 200 ms
were measured in TJ-II, where measurements were made at
the middle radius (far from the heating region and the plasma
boundary). The analysis of samples (histograms) of the first-
order differences of the plasma density fluctuations
demonstrated the dependence of the fitted distribution on the

sample size (the length of the corresponding time series). The
histograms for relatively short time samples (103 points,
which corresponds to the interval of 2 ms) are well described
by mixture of two Gaussian distributions

f x p
p x

p x

( ; , , , , ) exp
( )

exp
(

µ µ σ σ
πσ

µ
σ

πσ
µ

1 2 1 2

1

1
2

1
2

2

2 2

1

2

= − − +

− − − 22
2

2
22

)
,

σ

p, 1 – p are probabilities (weights), µ1, µ2 are drift rates and
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coincidence of the model with experimental data was tested
by Kolmogorov-Smirnov goodness-of-fit test and reached P
= 0.9 for equal intervals throughout discharge duration (P is
the test characteristic which means the probability to attain
worse coincidence in the next experiment as compared to the
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mixture of three Gaussian distributions
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(pk > 0, p1 + p2 + p3 = 1) provides good fit with
experimental data (P ≈ 0.8).

The length of stationary time samples of plasma density
fluctuations in the heating region of LHD did not exceed 5·103

points. Figure 3 shows the histogram of a time sample
consisting of 2,000 points. In the same figure one can see a
model normal distribution which fails to agree with

Fig. 3 Modeling of the PDF of a time sample of first-order difference of fluctuations in LHD by mixing three Gaussian distributions,
labeled by 1,2 and 3, respectively.
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experimental data: the Kolmogorov—Smirnov test for fitting
one normal distribution with parameters µ = –0.000148, σ =
0.029439 gives a significance value P = 0.0017. This time
sample is modeled by a mixture of three Gaussian processes
with weights p1 = 0.482032, (µ1 = –0.001758, σ1 = 0.036352);
p2 = 0.400771 (µ2 = –0.000051, σ2 = 0.015801); p3 =
0.117197 (µ3 = 0.006141, σ3 = 0.032432). The Kolmogorov—
Smirnov test proves that this model mixture fits process
adequately: P = 0.8176. The probability density function for
this mixture is also shown in the figure. The representation
of the PDF of first-order differences of fluctuation amplitudes
by scale mixtures of normal processes corresponds to the
Lèvy process, which allows one to estimate the relative
contribution from different turbulent diffusion mechanisms to
transport processes as well as diffusion coefficients
themselves.

3. Conclusions

From this analysis we make three definite conclusions:
(i) the normal model fails to fit the PDF of first-order
differences of fluctuations in the structural plasma turbulence
with a very high significance level; (ii) even two-component
normal mixtures demonstrate very good fit with very high P-
value for rather short samples of fluctuations; (iii) for longer
samples, a slight complication of the model (introduction of
the third component) practically solves the problem.

The main conclusion is that the registered process can
be successfully modeled by a combination of a finite number
of diffusive processes each of which corresponds to a certain
diffusive mechanism related to the structural turbulence in a
plasma transport process. This combination is a subordinated
Lèvy process (more precisely, a subordinated Wiener process)
with a subordinator having a discrete distribution. As this is
so, the characteristics of the combined process (the shares of
each diffusion component as well as their drift and diffusive
rates) can be estimated automatically, say, by the EM
algorithm.

This work was supported in part by the Russian
Foundation for Basic Research (project nos. 03-02-17269, 04-
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