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1. Introduction and Overview of Oblique
Shock Waves

Ion acceleration by a shock wave has been shown

and studied by a number of particle simulations [1-5]
(and references therein). Strong electron acceleration in
particle simulations, however, has not been reported,

even though high-energy electrons have been observed

in laboratory and astrophysical plasmas [6-8]. In this
paper we will demonstrate by using a relativistic,
electromagnetic particle simulation code that a large-

amplitude, oblique shock wave can produce ultra-
relativistic electrons.

We consider a magnetosonic wave propagating in

the -r direction with speed v,6 in an external magnetic

field in the (x, z) plane. We assume that the field
quantities depend on -r only; 0/0y = dldz = 0. Then, the

-r component of the magnetic field is constant, B, = B,<:.

In the pulse region, B, as well as 8, can have finite
values.

In the wave frame where the time derivatives are

zero (dldt = 0), the electric field in the y direction is

constant, E, = Ero, and E is zero. Hence we have B =
(Bn, By, Br) and E = (E- Ep, 0). The electric field E s is
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related to the shock speed v.6 through

Efl= -v"nBrolc. (l)

We assume that v.6 > 0l and thus E s < 0.

The nonlinear wave theory tells us the wave
structure. A shock wave will have a positive electric
potential g(x). The quantities g, 8,, and plasma density

have similar profile [9,10]. On the other hand, E, and 8,,

(and thus the electric field along the magnetic field E11)

are proportional to the x derivatives of these quantities;

for instance, E, = -)Ql0x.

2. Physical Picture
We outline the mechanism why electrons can gain

great energies if reflection occurs. Figure I shows a
schematic diagram of the trajectory of electron guiding
center in the wave frame. Here it is assumed that the

reflection takes place at point D; the dotted line shows

the orbit of a passing electron. As an electron moves
from point A to C, it moves to the negative y direction
because of the E, x B. drift. It gains kinetic energy A-E1
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from the electric potential; A,E1 - eE@d - etp(xi Q 0).

At the same time, it loses energy AE2 because of the
electric field E o; LE, = -sBrr1 1rc - )n) (< 0). The net

change in the energy is therefore

A,E=LEr+LEz.

Even though the magnitudes of AE1 and LE2 are quite

large, they almost cancel when an electron moves with
drift approximation; in particular, in a perpendicular

pulse they have exactly the same magnitude and AE = 0

[1]. However, if an electron is reflected and moves

from D to E, then it would gain energies from both E,
and E s. As a result. the increase in energy is

LE=LEr+LEz,

where AE3 is defined &s AE3 = -eErn(ye - yJ (> 0).

3. Estimate of Energy Increase
We now obtain maximum energy of a reflected

electron. The equation of motion for a relativistic
electron is

Fig. 1 Schematic diagram of electron orbit in the {x, y)
plane.

e(F-Fo)+h016

Fig. 2 Schematic diagram of quantity lel,F- Fsl + h.ytl.

Equation (8) indicates that ft is positive if B.e/8,e is of
order unity. If B,olBn is much greater than unity, then ft

can be negative. In addition, Eq. (9) shows that, if the

initial value of ft is positive, ho> O, then /r is always
positive in the region where (F - Fs) is positive.

We show in Fig. 2 a schematic diagram of the

function le(F - Fi + hoTol.We suppose that F has a

maximum value at x = r^ and has a minimum value

right behind the main pulse. If the reflection occurs, it
would be in this dip; rr represents the reflection point.
This function could be negative in the dip. We here,

however, consider the case where it is always positive,

because it can be shown that the strons acceleration

takes place in this case.

We assume that an electron with positive fts is

reflected at x = h. After the reflection, parallel electron

velocity v11 increases and takes its maximum value at x =
x., where E and F are maximum. Then, Eq. (9)

indicates that ft has its minimum (positive) value at this

(2) {---

(3)

(4)

where 7is the Lorentz factor. For the stationary,

one-dimensional system being considered, this can be

integrated to give the energy conservation equation

m"Tc2 Dydt. (5)

We define quantity F as

It is noted that F has a profile similar to the quantities g
and 8,. Using F, we can rewrite Eq. (5) as

m"Tc2 - m"Toc2

= e(F - Fs) - m"c(Er186) (yv,- Tova). Q)

If we define quantity h as

h = m.c2 - m"v"yvrB6/Bix, (8)

then from Eq. (7) we have

^"9#=-,(".=")'

- m"Toc2 =e(Q- qo)- eErol

F=- 
J 

E,(B /40) dx. (6)

y= [e(F - Fs) + hsys]lh. (e)
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point; hence, Zhas its maximum value there.

We can estimate the maximum value 7. in the
wave frame by substituting the maximum value of F in
Eq. (9).The maximum 7in the laboratory frame can be

obtained by the Lorentz transformation as

Tn= Tsn(l + v,vs,lc') T^= T"tT^. (10)

Now let us consider a case where ft becomes quite
small, ft = 0, at r = rm. There the electron speed would
be close to the speed of light c. Hence, roughly, we have

vr- cB,/8. The quantity ft can then be expressed as

(1 1)

where tan 0 = BuolBuo.Here we have used the
relations Bro = %rrBvo and B,s = Btro. Because B.
becomes quite large in the shock region, we may put as

BzlB - l. Equation (11) then suggests that the electron
energy can become extremely large when

716 (v,6/c) tan 0 = l. (r2)

4. Simulation
We use a one-dimensional (one space coordinate

and three velocity components), relativistic,
electromagnetic, particle simulation code with full ion

and electron dynamics to study the electron acceleration.

The total system length is L, = 4096Le, where A, is the

grid spacing. More detailed description about the
simulation code can be found in Ref. [2].

The simulation parameters are as follows. The
number of simulation particles is N, = 19" = 262,144.The
ion-to-electron mass ratio is rflilm" = 100. The ratio of
the cyclotron to plasma frequencies is {D"rla)r" = 3.0 in
the far upstream region. The electron and ion thermal
velocities a;re v7"lc = 0.38 and vvlc = 0.O1, respectively.
The Alfv6n speed is ralc = 0.3. The time step is
sufficiently small, oo"A/ = 0.02, so that At is much
smaller than the plasma and cyclotron periods even in
the shock region. The external magnetic field is in the

(r, z) plane, and waves propagate in the -r direction. The

propagation angle is 0 = 45o:' i.e., B"o = B&.

Figure 3 shows phase space plots of electrons in a
shock with propagation speed v,6 = 2.3 yr. Some

electrons are reflected near the end of the main pulse,

and ultra-relativistic electrons are found in the shock
region. The maximum value of their Lorentz factors is 1,

= 130. We also see that p, and p. have greater values
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Fig. 3 Phase space plots of electrons.

than py; it is because the parallel velocity is dominant in
the motion of high-energy electrons.

Next, we study trajectories of electrons; we will
confirm that it is the reflected electrons that gain great

energies. Figure 4 displays time variations of (.r - v.6r),

y, and 7of electrons in a shock with v.6 = 1.75 vt; (x -
v,5t) is the -r position in the wave frame. The lengths are

normalized to the electron skin depth c/rrro". (Here the

system size is a half of that in the previous run; the
other parameters such as N/^ are the same.) The thick
lines show an electron that was accelerated, and the thin
lines represent an electron that was not accelerated. In
all of the three panels, the low- and high-energy
electrons both have small-amplitude, cyclotron
oscillations with short periods, .opet S 20. At the same

time, the accelerated electron has a large-amplitude,
long-period oscillation with period ar"t = 170; it begins

when the particle enters the shock, alo"/ = 180, and

continues until the end of this simulation run. For
comparison with Fig. l, we show the times
corresponding to points B, C, D, and E. The top panel

indicates that some electrons are reflected and then

h=- m"c2(, - *, ? +1"" 
d) ,
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become high energy in the shock wave. On the other

hand, the quantity (x - v,r,t) of the low-energy electron

keeps decreasing, which means that this particle passes

through the shock region without strong interactions.

The second panel shows that the y position of the

accelerated electron also oscillates.
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Fig.4 Time variations of {x- v"6t), y, and yof passing
and trapped electrons.
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