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The ion trajectory in a hollow cathode discharge plasma to which a magnetic field combined a solenoid and
a Helmholtz coil is applied is analyzed, and the ion energy distribution at the cathode or the end of the device is
examined. It was shown that the ratio of particles lost at the end of the device and those lost during collision with
the cathode can be changed by varying the length of the cylindrical cathode.
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1. Introduction
An open-ended plasma can be applied to extract an

ion beam from its magnetic force line structure. Ion beams
have various uses, some of which have been studied for
application in energy production methods such as nuclear
fusion.

In recent years, research is being done for the applica-
tion of ion beams in medical treatment, e.g., in the devel-
opment of neutron sources for boron neutron capture ther-
apy [1], which is accomplished by utilizing the neutrons
generated as a product of nuclear fusion in a deuterium
beam. In this application, an ion source is installed facing
an electrostatic accelerator, the deuterium beam is confined
by a linear electrostatic trap, and the generation of neutrons
by the D-D reaction is proposed. In this proposal, the key is
the plasma source by cylindrical hollow cathode discharge
to which the magnetic field of the solenoid and Helmholtz
coil is applied. The hollow cathode can increase the ion-
ization efficiency of the neutral gas by the reciprocating
motion of the electrons trapped between the cathodes, so
that a relatively high plasma density can be obtained [2].
By incorporating a special magnetic field structure that is
generated by a solenoid and a Helmholtz coil, it is possi-
ble to control the secondary electron emission and obtain
plasma of a higher density. However, this method is yet to
be experimentally verified.

To obtain guidelines that need to be applied for future
experimental studies, we analyzed the trajectories of deu-
terium ions in a hollow cathode to which a magnetic field
was applied. We obtained the energy distribution of deu-
terium ions during collision with the cathode, when they
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reached the end of their axial movement. The aim of this
study is to analyze the influence that the properties of the
ion beam may have on the ion extraction and secondary
electron emission processes relevant for the research into
boron neutron capture therapy. In addition, it can be said
that it is also the first stage to develop this research, ad-
vance the development of Monte Carlo code, and enable
self-consistent analysis.

2. Calculation Model
We calculated the trajectory of charged particles in a

device that combines a hollow cathode, a solenoid coil,
and a Helmholtz coil, as presented in Fig. 1 and Table 1.
The cathode is set to the ground potential and a voltage
of 200 V is applied to the anode. The current flowing
through the Helmholtz coil is adjusted so that it cancels
with the central magnetic field generated by the solenoid

Fig. 1 Device structure.
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Table 1 Device parameters.

coil, shown at the point o in Fig. 1. Calculations were per-
formed by using a two-dimensional cylindrical coordinate
system and assuming axisymmetry.

The electric field generated by the electrode will be
described hereafter. Placing the anode and the cathode,
and using the Poisson’s equation

Δφ(R,Z) = − 1
ε0
ρ(R,Z), (1)

is solved by Jacobi method to obtain electrostatic potential.
Where, ε0 is the permittivity of vacuum. At the boundary
of the calculation region, we employ the Neumann condi-
tion, which sets the derivative of the electrostatic potential
in the direction normal to the boundary to zero. The elec-
tric field in the device is determined by a numerical dif-
ferentiation of the obtained electrostatic potential by using
the relation

E = −∇φ. (2)

The charge density, ρ is attained by numerically mod-
eling the electron and ion densities in the device. The
charge density distribution in the vicinity of the cathode
is changed by adjusting the peak and the value of the full
width at half maximum, as described in von Engel’s text-
book [3].

Our calculations were performed for cathodes of the
length of 0.06 m and 0.164 m, which allows for a detailed
study of the effect of the electromagnetic field on the ion
current and the process of secondary ion emission. The
peak electric potential obtained by solving Eq. (1) was set
to return the same value as the anode on the device axis, as
noted in [4]. The modeled distribution of ion and electron
densities on the midplane are shown in Fig. 2.

The equipotential line and the strength of the gener-
ated electric field are presented in Fig. 3. As the image
shows, a cathode sheath is formed in the vicinity of the
cylindrical cathode, whereas a weak electric field region is
formed in about the geometric axis in both, the long and
the short cathodes. For the long cathode, the volume of
the plasma increases, and the acceleration of the secondary
electron emission can be expected as an effect of the mag-
netic field in the device, which we describe as follows:

The vector potential generated by the circular current

Fig. 2 Ion charge density (red), electron charge density (blue),
and total charge density (green).

Fig. 3 Electric field structure for the hollow cathode. The color
in the graph indicates the strength of the electric field,
with the upper limit of |E| = 850 V/m. The electrode is
shown in gray.

I at a radius a is equal to

Aθ =
μ0I
4π

∫ 2π

0

a cos χ d χ√
Z2 + R2 + a2 − 2aR cos χ

, (3)

where μ0 is the vacuum permeability. The integral in (3)
cannot be solved analytically; hence, we employ numeri-
cal analysis to solve the integral. By applying (3) to the
magnetic coils, we are able to determine the vector poten-
tial produced by each of the coils used. The vector poten-
tial created by the solenoid coil and the Helmholtz coil is
reproduced by superimposing the obtained vector poten-
tials. To calculate the magnetic field in the device from the
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Fig. 4 Magnetic field structure for Is = 5.0 kA and Ih = 28.6 kA.
The color indicates the strength of the magnetic field,
with the upper limit of |B| = 157 mT.

reproduced vector potential, the relation

B = rot A, (4)

was used.
For the purpose of this study, the value of the current

flowing through the solenoid coil is varied from 0.1 kA to
10.0 kA, and the current of the Helmholtz coil is changed
accordingly. The generated magnetic field strength and the
iso-flux can be seen in Fig. 4, where the solenoid coil cur-
rent is equal to IS = 5.0 kA and the Helmholtz coil current
is equal to Ih = 28.6 kA.

A wide weak magnetic field region is formed in the
central part of the device due to the Helmholtz coil. In
contrast to the electric field structure shown in Fig. 3, the
magnetic force lines penetrate the cathode. As a result,
low energy ions are guided to the cathode, where they con-
tribute to the promotion of secondary electron emission,
while the ions that have a large momentum in the axial di-
rection can be expected to be drawn out of the magnetic
field.

We investigated the single particle trajectory in the
electrostatic and magnetic fields formed by a hollow cath-
ode, a solenoid and a Helmholtz coil. It was confirmed
that by changing the magnetic field by the solenoid coil,
the ratio of loss of deuterium ions and passage in the axial
direction in the device wall changes.

3. Trajectory Calculation
Deuterium ions within the electric field in the hollow

cathode and the magnetic field created by the external field
coil move according to the following relations:

dv
dt
=

q
m

(E + v × B), (5)

dx
dt
= v. (6)

The symbols x and v represent the position and the veloc-
ity of the deuterium ion, respectively, and the symbols q
and m represent the charge and the mass of the deuterium
ion, respectively. The solutions to the equations of motion
are calculated numerically, using the Runge-Kutta method.
We assumed the initial arrangement of deuterium ions to be

Fig. 5 Initial position of deuterium ions and color contour of the
electrostatic potential for the cathode length of (a) 0.06 m
and (b) 0.164 m.

generated as a consequence of ionization by electron colli-
sions, and we set it to correspond to the electron density by
the use of pseudorandom numbers. Deuterium gas is ther-
mally moving at room temperature and is four orders of
magnitude smaller than electrostatic energy, so the initial
velocity of all deuterium ions is assumed to be zero. The
obtained initial arrangement of deuterium ions for 10,000
particles is shown in Fig. 5.

The deuterium particles that reached Z = 0.15 m at
the end of the device were regarded as passing particles,
whereas the particles that reached the cathode were re-
garded as lost at the cathode. In addition, the particles that
reached R = 0.15 m were regarded as lost on the device
wall.

4. Results and Discussion
An example of trajectory calculation result for Is =

5.0 kA and Ih = 28.6 kA is shown in Fig. 6.
As can be seen by comparing with the magnetic lines

of force in Fig. 4, it can be seen that the magnetic lines ex-
ist to wind around the Helmholtz coil. Those particles that
collide with the cathode correspond to particles that gyrate
around those magnetic force lines. We have also confirmed
that the particles near the axis of the device travel straight
in the axial direction. Figures 7 and 8 show the histograms
of the final energy at the device edge of the passing par-
ticles and the energy at the loss in the particles lost at the
cathode.

As a result of investigating the passing particles, it was
impossible to confirm particles having energy of 200 eV
from Figs. 5 and 6. As can be seen from the potential
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Fig. 6 Typical particle trajectories. (Gray part indicates the elec-
trode.)

Fig. 7 Energy distribution of passing particles for a cathode
length of (a) 0.06 m and (b) 0.164 m.

distribution in Figs. 5 and 6, this shows that the potential
difference between the ion generation region and the de-
vice end has not reached 200 V. Moreover, it is consid-
ered that most particles having energy of 200 eV collide
with the cathode and are lost. In addition, it was found
that the maximum value of energy of passing particles is
decreased by increasing the solenoid coil current. This is
due to the potential distribution that decreases in the ra-
dial direction from the axis at the device end and the ra-
dial dispersion of the ions decreases as the magnetic field
becomes stronger. In order to accelerate the particles to
200 eV, it would be necessary to spread them radially at
the end of the device in order to obtain a potential differ-
ence. We have found that the particles lost at the cathode
have energy between 100 eV to 200 eV, with many reach-
ing values close to 200 eV. We conclude that the deuterium
ions are sufficiently accelerated in the cathode sheath.

As Fig. 8 confirms, the fraction of the particles lost at
the cathode increases. It is thought that this is because the

Fig. 8 Energy distribution of particles lost on the cathode with a
length of (a) 0.06 m and (b) 0.164 m.

Fig. 9 Distribution of particle types. The solid and dashed lines
indicate cathode lengths of 0.06 m and 0.164 m, respec-
tively.

magnetic force lines in the radial direction formed by the
Helmholtz coil are more likely to penetrate the cathode and
the particles moving along the magnetic force lines in the
radial direction collide with the cathode.

The effects of variation of the solenoid coil current on
the ratio of the passing particles, particles lost at the cath-
ode, and those lost at the device is shown in Fig. 9. We have
found that, when the length of the cathode is 0.06 m, by
increasing the solenoid coil current from 0.1 kA to 10 kA,
the fraction of the passing particles will increase by 10.1%.
Furthermore, it was found that the fraction of passing par-
ticles increases by 3.40% when the length of the cathode
is 0.164 m. Also, when the length of the cathode is 0.06 m,
increasing the solenoid coil current from 0.1 kA to 10 kA
increases the fraction of particles lost at the cathode by
6.90%. And for the length of the cathode to 0.164 m, the
increment was found to be 11.1%.

When the solenoid coil current is set to 2.0 kA, the
fraction of the particles lost at the wall of the device is 0.2%
for the cathode length of 0.06 m and 0.4% for 0.164 m,
which is a small value. When the solenoid coil current
is larger than 2.0 kA, the particles lost at the wall of the de-
vice cannot be observed. Thus, it is possible to suppress the
loss of particles on the device wall by using a solenoid coil
current of no less than 2.0 kA, and it is possible to increase
the number of particles both colliding with the cathode and
passing through the device. We predict that the frequency
of occurrence of the secondary electron emission can be
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increased by increasing the number of particles colliding
with the cathode.

5. Summary
We investigated the single particle trajectory in the

electrostatic and magnetic fields formed by a hollow cath-
ode, a solenoid and a Helmholtz coil. It was confirmed
that by changing the magnetic field by the solenoid coil,

the ratio of loss of deuterium ions and passage in the axial
direction in the device wall changes.
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