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In this study, we perform full-particle simulation for field-reversed configuration plasma and observe fluc-
tuations in the toroidal component of the electron current density. To verify the validity of the simulation, we
examine the phase velocity of the vertical wave motion that exhibits several mesh sizes. Using spectrum analysis,
we confirm that the peak of the oscillation power spectrum is close to the theoretical value of the electron plasma
oscillation for an appropriate mesh size.
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1. Introduction
Field-reversed configuration (FRC) plasmas do not

exhibit any toroidal magnetic field, and confinement can
be achieved using a poloidal magnetic field that is gener-
ated by the plasma current in the toroidal direction [1]. The
volume-averaged beta is given by 〈β〉 = 1 − 0.5x2

s [2] with
xs ≡ rs/rc, where rc is the coil radius and rs denotes the
separatrix radius. FRC plasmas exhibit a high beta with
〈β〉 = 0.875 at xs = 0.5. Additionally, because the plasma
core region contains a field-null circle, the plasma size and
ion radius are comparable. As a result, the finite Larmor
radius effect contributes to the stability of FRC, and so
far the deviation between MHD prediction and experimen-
tal observation has been considered as the research sub-
ject [3–5]. Although FRC plasma is a promising candidate
that can be used as nuclear-fusion core plasma, the FRC
generated by field-reversed theta-pinch method depicts a
short lifetime of the order of 100 µs [1], and an improve-
ment of the transport characteristics is essential for future
applications. Given these considerations, in the C-2 exper-
iment, the two FRCs are translated to obtain heating and
remarkable improvement in the confinement [6]. Further-
more, as a result of the heating and current drive by Neutral
Beam Injection (NBI) and the suppression of rotational in-
stability due to the plasma gun, a dramatic improvement
has been achieved in terms of the plasma performance [7].
The improvement in transport properties can be attributed
to ions with large Larmor radius that is comparable with
the plasma size; such ions are known as betatron parti-
cles [8]. Further, an attempt to understand the transport
properties of the bulk plasma, excluding the beam compo-
nent, has led to further developments. The initial plasma
current can be almost completely attributed to the diamag-
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netic current of electrons, and it is inevitable that the con-
tribution of the electron fluid to the fluctuating component
of the confining magnetic field will become significant.
Although frequency values that are up to several tens of
MHz have been observed in various experiments, no exper-
iments have been conducted to investigate the relation be-
tween the high frequency fluctuations and the properties of
the electron fluid. Given the recent improvements in com-
puting, it has become feasible to develop research infras-
tructure to clarify the electronic behavior in the high-beta
plasmas. In this study, we construct a simulation model of
electromagnetic fluctuations based on the electron motion
in high-beta FRC plasma. We consider a case of highly
inhomogeneous magnetic field and discuss its numerical
characteristics. To summarize, the objective of our study
is to clarify the properties of the electronic-fluid fluctua-
tion field in FRC.

2. Simulation Model
2.1 Simulation region and equilibrium state

The simulation target is the Nihon University Com-
pact Torus Experiment (NUCTE)-III [9] device at Nihon
University. The coordinate system is a two-dimensional
cylindrical coordinate system assuming axisymmetry. Fig-
ure 1 depicts the simulation region and initial density. We
use half of the FRC cross-section to be the simulation re-
gion. The initial pressure and magnetic distributions are
chosen to be the solutions of the Grad–Shafranov equation.
The initial temperature distribution model is assumed to be
constant within the separatrix with electron temperature Te

= 50 [eV] and ion temperature Ti = 100 [eV]. The distri-
bution is assumed to be gradually decreasing outside the
separatrix. Figure 2 depicts the z component of the mag-
netic field and the plasma pressure at the midplane in the
equilibrium state. To reproduce the initial electron flow ve-
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Fig. 1 Simulation region.

Fig. 2 z component of the magnetic field and the plasma pres-
sure at the midplane in an equilibrium state.

locity, we assumed that only the toroidal velocity compo-
nent can be described by the shifted Maxwell distribution,
whereas the remaining two components can be given by
the conventional non-shifted Maxwellian. Further, the ini-
tial ion-flow velocity is assumed to be zero. Consequently,
the initial electric field is observed to be dependent on the
ion pressure gradient.

2.2 Full-particle simulation equations
The following ((1) - (3)) formulas were used to per-

form the field calculation:

j = qniui − eneue, (1)
∂E
∂t
= c2(∇ × B) − j

ε0
, (2)

∂B
∂t
= −∇ × E, (3)

where j denotes the current density, q and e denote the ion
and elementary charges, ni and ne denote the ion and elec-
tron densities, ui and ue denote the ion and electron flow
velocities, E denotes the electric field, t denotes the time, c
denotes the light speed, ε0 denotes the permittivity of vac-
uum, and B denotes the magnetic field. The Euler method
is used to perform time differentiation in Eqs. (2) and (3).
The physical quantities ui, ue, ni, and ne are obtained by
tracking the trajectories of ions and electrons using calcu-
lations that employ the particle-in-cell (PIC) method.

The initial ions and electrons are uniformly loaded
into the cells across the calculation area as ‘super parti-

cles’ that exhibit statistical weights, which can be defined
by the Maxwell distribution as follows:

fMi,e = ni,e

(
mi,e

2πTi,e

)3/2

exp

⎛⎜⎜⎜⎜⎜⎝−mi,ev2
i,e

2Ti,e

⎞⎟⎟⎟⎟⎟⎠ , (4)

where vi,e =

√
v2

r + v2
θ + v2

z is the speed of ions or elec-
trons, mi,e is the ion or electron rest mass, and Ti,e is the ion
or electron temperature. The motion of particles is calcu-
lated using the relativistic equations of motion as follows:

d(γmi,evi,e)
dt

= qi,e(E + vi,e × B), (5)

γ =
1√

1 − (v2
i,e)/c2

, (6)

where qi,e is the ionic or electron charge (qe = −e where e
is the elementary charge) and γ is the Lorentz factor. Al-
though relativistic equations are used here for the sake of
caution, the Lorentz factor is almost 1 in the calculation
targeted in this study, and it can be handled classically.
Here, we adopt a collisionless model; further, because the
electron mass is assumed to be as it is, the ion-to-electron
mass ratio for deuterium ions is observed to be approxi-
mately 3,672.

3. Results and Discussion
To establish the validity of our simulations, we per-

formed the full-particle simulations in case of four patterns
of meshes, Nr × Nz = 33 × 65, 65 × 129, 129 × 257, and
257 × 512, where Nr and Nz denote the mesh sizes in both
r and z directions. In our calculations, the particle num-
ber changed according to the density of a mesh to secure a
sufficient number of super-particles within one cell.

For Nr × Nz = 129 × 257, the obtained radial profiles
are depicted in Figs. 3 - 5. No time change is observed in
the ion and electron densities or in the z component of the
magnetic field, as depicted in Figs. 3 and 4.

Figure 5 presents the radial profiles of the θ compo-
nent of the electron-flow velocity as well as its fluctuation
component. This result indicates that fluctuations in the
flow velocity occurred. A relatively large change is ob-
served in the electron-flow velocity in the vicinity of the
separatrix at 42.3 [ps]. The effects of ions can be ignored in
this simulation because the change in the ion-flow velocity
is observed to be approximately four orders of magnitude
smaller than that in the electron flow velocity.

For simulation validity check, we discuss the phase
velocity of the waves that were caused due to the fluctu-
ations generated near the separatrix by varying the mesh
size. Figure 6 depicts the time dependence of the fluctua-
tions at the midplane. The waves generated in the vicinity
of the separatrix are observed to gradually propagate to-
ward the inner region of the FRC plasma, which allows us
to estimate the phase velocity.

The result is depicted by orange points in Fig. 7. The
phase velocity converges toward the light velocity as the
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Fig. 3 Time evolution of the ion and electron densities at the
midplane.

Fig. 4 Time evolution of the z component of the magnetic field
at the midplane.

Fig. 5 Time evolution of ueθ at the midplane.

Fig. 6 Time change of fluctuation.

mesh becomes denser. To investigate the effect of the mesh
size on the phase velocity, we discuss the dispersion re-
lation using a virtual wavenumber that should be consid-
ered due to the limited spatial resolution. Because this

Fig. 7 Relation between the phase velocity and the mesh size.

wave propagates perpendicularly to the magnetic field, we
should consider the dispersion relation of the transverse
wave. However, because FRC is described by a weak mag-
netic field and high density, the frequency of plasma oscil-
lations is observed to exceed that of the cyclotron oscilla-
tion. The electron cyclotron frequency and plasma oscil-
lation frequency at the midplane and separatrix are ωce =

3.79 × 1010 [Hz] and ωpe = 3.27 × 1012 [Hz], respectively.
The plasma oscillation is two orders of magnitude larger
than the cyclotron oscillation. Therefore, we consider that
the cyclotron oscillation can be neglected. Therefore, the
discussion below assumes a regime with no dc magnetic
field [10]. Therefore, the dispersion relation can be ap-
proximated as

ω2 = ω2
p + c2k2, (7)

and the corresponding phase velocity can be given as

vφ =
ω

k
=

√
ω2

p

k2
+ c2. (8)

This approaches the speed of light as the artificial
wavenumber, k, increases. Because the wavenumber de-
pends on the mesh density, we set k = AM, where A is the
proportionality constant and M is the size of the mesh. In
this case, we used A as the reciprocal of the distance be-
tween the field-null and separatrix. We observe that there
is a good agreement with the simulation results, as illus-
trated by the blue line in Fig. 7, suggesting that the full
particle simulation of FRC is appropriately performed in
the calculation where the mesh is larger than Nr×Nz = 129
× 257.

In this manner, we present the results that were ob-
tained using a mesh of size Nr × Nz = 129 × 257. We
present the oscillatory time dependence of the electron
flow velocity, ueθ, at the separatrix and field-null on the
midplane in Fig. 8. During the early stage of simulation,
the amplitude of ueθ at the separatrix is observed to be
larger than the value at the field-null. The amplitude at
the separatrix decreases after approximately 20 [ps] and
increases again from approximately 40 [ps]. However, at
the field-null, the electron velocity begins to increase at
20 [ps] and experiences further increase at approximately
30 [ps]. The increase in amplitude may be caused due to

3403055-3



Plasma and Fusion Research: Regular Articles Volume 13, 3403055 (2018)

Fig. 8 Time evolution of ueθ at the field-null and separatrix.

Fig. 9 The result of Fourier analysis of the electron flow velocity
at the field-null.

electromagnetic fluctuations and particle interactions. The
detailed analysis of this behavior is remaining, and this can
be performed in a future study.

We have performed the Fourier transform of ueθ to ob-
tain the power spectrum of the oscillations. The results are
presented in Fig. 9. The Fourier transformation was per-
formed after cutting off the direct current component of
the electron flow velocity, ueθ.

We note that the peak value of the spectrum in Fig. 9 is
close to the theoretical value of plasma oscillations, which
indicates that the oscillations that have been observed in
our simulations are electron plasma oscillations. In the
model that has been considered in our study, the ion flow

velocity is negligibly small as compared to the electron
flow velocity. Therefore, the current density is determined
using the electron flow velocity. However, the electromag-
netic field changes with current density as a source. There-
fore, the electromagnetic field is also observed to oscillate
at the same frequency as that of the electron plasma oscil-
lations.

4. Summary
We performed a full particle simulation of FRC and

calculated the electronic fluid fluctuation field. The simu-
lation time was 48 [ps], and we were able to observe the
electron plasma oscillations. During the initial stage of the
calculation, the fluctuations were observed to be large near
the separatrix. They propagated toward the inner region of
FRC plasma with the phase velocity of the speed of light.

The future work is to clarify the relation between the
electron fluid fluctuation field and particle transport by fur-
ther long time calculation.
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