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A knock-on tail formation in deuteron velocity distribution function due to nuclear elastic scattering (NES)
by energetic protons and its observation method using γ-ray-generating 6Li(d,pγ)7Li reaction are examined for
proton-beam-injected deuterium plasmas. The proton velocity distribution function is obtained by means of the
ion trajectory analysis in a Tokamak magnetic configuration. The knock-on tail in two-dimensional (2D) deuteron
velocity distribution function due to NES by energetic protons is evaluated via Boltzmann collision integral and
2D Fokker-Planck simulation. From the 2D deuteron velocity distribution function obtained, enhancement of the
emission rate of 0.48-MeV γ-rays by 6Li(d,p)7Li*, 7Li*→7Li+γ reaction due to NES is evaluated. It is shown that
the γ-ray emission rate is significantly influenced by the magnitude of the knock-on tail, and the γ-ray-generating
reaction can be a useful tool for the knock-on tail observation.
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1. Introduction
It is well known that in a thermonuclear plasma en-

ergetic ions create knock-on tails [1, 2] in fuel-ion veloc-
ity distribution functions due to nuclear elastic scatter-
ing (NES) [3, 4]. In deuterium-tritium (DT) thermonuclear
plasmas, 3.52-MeV α-particles are continuously produced,
and use of beam injection with energy more than 1 MeV is
considered. In such a case, NES effects on slowing down
of energetic ions would not be negligible compared with
those due to Coulomb collisions. We have evaluated the
NES effects on burning plasma properties for several sit-
uations that energetic ions exist [5–7], on the basis of the
Boltzmann-Fokker-Planck (BFP) analysis model [5,8–10].
Many calculations have predicted that NES accelerates
slowing-down process of fast ions and enhances the frac-
tional energy deposition from fast to bulk ions [11–13]. Es-
pecially in D3He plasmas, it has been predicted that if NES
is neglected the fractional transferred energy from fusion-
produced protons to bulk ions is underestimated approx-
imately one third compared with the energy when NES
is considered [12, 13]. By considering the NES effect, the
confinement condition can also be significantly influenced
[13, 14]. Recently we have also shown that the magnitude
of the energetic component in proton slowing-down distri-
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bution in D3He plasmas is considerably overestimated if
NES is neglected [15]. When population of the energetic
ion component is modified, plasma heating properties may
also be modified. The contributions of NES can determine
the essential physics of thermonuclear fusion especially in
D3He plasmas, and it is important to experimentally ascer-
tain the knock-on tail formation to construct the database
for NES effect on the plasma burning properties.

So far we have considered the scenarios to exam-
ine the NES effect in a deuterium plasma [16–18]. In
this paper, we focus our attention on a verification sce-
nario of knock-on tail formation using 0.48-MeV γ-rays by
6Li(d,p)7Li*, 7Li*→7Li+γ reaction [19–22] in a deuterium
plasma. In Fig. 1 the cross section of the 6Li(d,pγ)7Li
reaction is shown as a function of the relative energy of
reactants. The cross section rapidly increases with in-
creasing relative energy. Owing to the existence of small
fraction of knock-on tail component, “velocity-averaged”
6Li(d,pγ)7Li reaction rate coefficient would be signifi-
cantly influenced. It is expected that by using the γ-ray-
generating reaction for various plasma conditions, we can
quantitatively estimate the magnitude of the knock-on tail.
We consider the knock-on tail in deuteron velocity dis-
tribution function by energetic protons in proton-beam-
injected deuterium plasmas. Previously we roughly eval-
uated the 6Li(d,pγ)7Li reaction rate coefficient assuming
a uniform plasma [16]. In this paper we develop more
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Fig. 1 6Li(d,pγ)7Li cross section as a function of relative energy
[19–22].

precise model heading on the future experiment and re-
evaluate the rate coefficient of the γ-ray-generating reac-
tion. We take into account behaviors of beam-injected pro-
tons in a magnetic confinement device by means of the ion
trajectory analysis. Using the obtained two-dimensional
(2D) velocity distribution function of beam-injected pro-
tons, velocity distribution of the deuteron knock-on source
due to NES by energetic protons is evaluated in 2D veloc-
ity space from Boltzmann collision integral at every po-
sition in a fusion plasma. From the 2D deuteron veloc-
ity distribution function, which is obtained by solving 2D
Fokker-Planck (FP) equation, enhancement of the 0.48-
MeV γ-rays emission rate due to NES is evaluated. We
first show the result when a point proton source in a plasma
due to NBI (which implies that all of the injected hydro-
gens are ionized at a spatial point in the plasma as a mono-
energetic beam) is assumed. By superposing the results of
the point source, the results when actual ionization profile
is considered are shown. The purpose of this study is to
show a possibility of the γ-ray-generation reaction to ver-
ify the knock-on tail formation due to NES on the basis of
a newly-developed more precise model.

2. Analysis Model
2.1 Evaluation of proton velocity distribu-

tion function
To estimate the proton distribution function in a Toka-

mak device, ion trajectory analysis is carried out. The
simulation is made by using ORBIT code [23]. We as-
sume ITER-like magnetic configuration as shown in Fig. 2.
The equilibrium flux surfaces are determined according to
the model developed by Yavorskij, et al. [24]. The pa-

Fig. 2 Magnetic flux surface assumed in the calculation [24].

Table 1 Calculation parameters for a ITER-like Tokamak
plasma.

rameters to describe the flux surfaces and plasma condi-
tions assumed throughout the calculations are shown in
Table 1. Radial profiles of temperature, ion and elec-
tron densities are assumed as T (r) = T (0) × (1 − (r/a)2)
and n j(r) = n j(0) × (1 − (r/a)2)0.05( j = d, e, 6Li) respec-
tively [25]. Radial profile of the safety factor assumed in
the simulations is referred from the work of Green [25],
which is obtained for ITER plasma (see Fig. 3). The calcu-
lation to simulate the proton behaviors in the proton beam-
injected deuterium plasma follows 24,000 proton orbits for
170,000∼840,000 toroidal transit time, i.e., 1.5∼3.3 sec,
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Fig. 3 Radial profile of the safety factor [25].

depending on beam-injection energy. By gathering the in-
formation of each proton velocity, the distribution func-
tion of proton is evaluated at each position in a Tokamak
plasma.

2.2 Evaluation of knock-on source for
deuterons

The bulk deuterons are knocked up by energetic pro-
tons due to NES and moved from thermal to higher en-
ergy range. We next evaluate the knocked up distribution
(knock-on source) for deuterons. For this purpose the fol-
lowing Boltzmann collision integral is carried out using the
previously obtained proton distribution function.

S NES
d (�vd) =�

fd(�vd
′) fp(�vp)P(�vd

′ → �vd|�vp)v′rσNES(v′r)d�vpd�vd
′,

(1)

where σNES is the cross section of NES. The data are
taken from the work by Perkins and Cullen [4]. Here
v′r =

∣∣∣�vp −�vd
′∣∣∣. P represents the probability that a deuteron

velocity is changed from �vd
′ to �vd as a result of a collision

with an energetic proton which has velocity �vp in the lab-
oratory system. The schematic view of the change of the
deuteron velocities before and after the collision is shown
in Fig. 4. Here �Vd

′ and �Vd represent the deuteron velocities
in the center-of-mass system before and after the collision
respectively, and�vc is the center-of-mass velocity. Because
the absolute value of �Vd

′ does not change during the colli-
sion, �Vd is always on the surface of the sphere which has

radius
∣∣∣∣�Vd
′
∣∣∣∣ with the center at the end of vector �vc. We have

determined the probability P(�vd
′ → �vd|�vp) by using the ran-

dom numbers for angle of scattering in the center-of-mass
system φ and angle ξ around the axis along with �vc. In this
study we assume isotropic scattering in the center-of-mass

Fig. 4 Schematic view of the change in the deuteron velocities
before and after NES.

system. The integration of Eq. (1) is made for all combina-
tions of�vd

′ and�vp, and the knocked up deuteron distribution
in the velocity space is obtained as a function of �vd. In this
process the deuteron distribution function is assumed to be
Maxwellian.

2.3 Evaluation of deuteron velocity distribu-
tion function

The equilibrium deuteron distribution function fd(v, μ)
is obtained by solving the following 2D FP equation;

(
∂ fd
∂t

)Coulomb

+
1
v2

∂

∂v

(
v3

2τ∗C(v)

)
fd(v, μ)

+ S NES
d (v, μ) − fd(v, μ)

τ∗P(v)
= 0. (2)

Here μ is the direction cosine in the spherical coordi-
nate. The first term of Eq. (2) represents the influence
of the Coulomb collisions with background particles, i.e.
deuteron, 6Li and electron.

(
∂ f
∂t

)Coulomb

=
1
v2

∂

∂v

[
ϕ f +

ϕT j

mdv

∂ f
∂v

]

+
ψ

2v3

∂

∂μ

[
(1 − μ2)

∂ f
∂μ

]
. (3)

When background particles are assumed to be Maxwellian,

ϕ = Γd

∑
j

n j

(
Zj

Zd

)2 md

mj

[
Φ(Xj) − 2√

π
Xj exp(−X2

j )

]
,

(4)
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ψ = Γd

∑
j

n j

(
Zj

Zd

)2 1

X2
j

[
2√
π

Xj exp(−X2
j )

−(1 − 2X2
j )Φ(Xj)

]
, (5)

where subscript j represents the background charged par-
ticles, i.e., deuteron, 6Li and electron, Φ is the error func-
tion, Xj =

√
mj/2T v and Γd = e4 lnΛ/4πε2

0m2
d.

The second term in the left-hand side of Eq. (2) rep-
resents the diffusion in velocity space due to thermal con-
duction. In this paper unknown loss mechanism has been
incorporated into the analysis by using dimensionless pa-
rameter γ following Bittoni’s treatment [26], i.e., τ∗C(v) =
CCτC, τ∗P(v) = CPτP (when v < vth) and τ∗C(v) = CCτC

(v/vth)γ, τ∗P(v) = CPτP(v/vth)γ (when v ≥ vth). Here vth rep-
resents the thermal velocity of deuteron and the coefficient
CC(CP) is determined so that the velocity-integrated energy
(particle) loss rate becomes (3/2)ndT/τC (nd/τP). The high
exponent γ chosen ensures rapid increment of both energy
and particle confinement times in high energy range com-
pared with the ones in the thermal energy range. In this pa-
per throughout the calculations γ = 4 is assumed. As was
discussed in Ref. [5], for the present study the γ is not an
influential parameter. Considering both energy loss mech-
anisms due to thermal conduction and particles transport
loss from the plasma, the confinement time due to conduc-
tion loss τC is determined for each ion species using the
global energy confinement time τE so that the following
relation is satisfied for each species,

(3/2)ndT
τE

=
(3/2)ndT

τC
+

∫
(1/2)mdv

2

τ∗P(v)
fd(v, μ)d�v.

(6)

2.4 Evaluation of 6Li(d,pγ)7Li reaction rate
coefficient

The 0.48-MeV γ-ray emission rate is proportional
to the 6Li(d,pγ)7Li reaction rate coefficient. From
the obtained deuteron velocity distribution function, the
6Li(d,pγ)7Li reaction rate coefficient is evaluated as

〈σv〉6Li+d =

�
fd(�vd) f6Li(�v6Li)vrσ6Li+d(vr)d�v6Lid�vd.

(7)

Here vr =
∣∣∣�vd −�v6Li

∣∣∣. The 6Li distribution function
is assumed to be Maxwellain. The cross section of
6Li(d,pγ)7Li reaction shown in Fig. 1 is used for the calcu-
lation. Throughout the calculations, 6Li density is assumed
as n6Li(0) = 0.01nd(0).

3. Results and Discussion
A deuterium plasma with proton-beam injection is

considered. In Fig. 5 we first show the volume-averaged
proton distribution functions for (a) tangential and (b) ver-
tical beam injections as a function of both parallel and

Fig. 5 Volume-averaged proton velocity distribution function
for (a) tangential and (b) vertical beam injections
with 200 keV beam-injection energy. Deuteron density
nd(0) = 1019 m−3 and electron temperature Te(0) = 2 keV
are assumed.

vertical velocity components to the toroidal axis. The ve-
locity variable is normalized to the deuteron speed v0 =

(2T0/md)1/2. Here T0 is taken as 60 keV. The neutral hy-
drogen beam is assumed to be ionized on the toroidal axis
and energetic protons generate at the ionized place. In the
calculation, deuteron density nd(0) = 1019 m−3, electron
temperature Te(0) = 2 keV, energy and particle confine-
ment times τE = (1/2)τp = 1 sec, beam-injection energy
and power ENBI = 200 keV, PNBI = 33 MW are assumed.
In this study the absolute values of the proton distribution
function are determined by comparing the one dimensional
(1D) proton distribution function which is obtained by in-
tegrating fp(�vp) for angular coordinates with the analytical
solution of FP equation, i.e., so called “slowing-down dis-
tribution” [27].

It is found that the non-Maxwellian components are
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Fig. 6 Volume-averaged distribution functions of knocked up
deuterons due to NES by energetic protons for (a) tangen-
tial and (b) vertical beam injections with 200 keV beam-
injection energy. Deuteron density nd(0) = 1019 m−3 and
electron temperature Te(0) = 2 keV are assumed.

formed owing to the energetic beam injection almost along
with the beam-injected direction, and the energetic protons
slow down toward thermal energy range. In order to ther-
malize the injected protons perfectly so that Maxwellian
component appears, it would be necessary much longer
simulation (CPU) time. The purpose of this study, how-
ever, is to examine the knock-on tail formation in deuteron
velocity distribution function. Because the NES cross sec-
tion of low energy proton, i.e., less than ∼100 keV, is con-
siderably small, the distribution function shown in Fig. 5
would be sufficient to examine the knock-on tail formation
in deuteron distribution function via NES.

During the slowing-down process, the energetic pro-
tons knock up thermal deuterons to higher energy range
via NES. The volume-averaged distribution functions of
the knocked up deuterons are shown in Fig. 6 for (a) tan-
gential and (b) vertical proton beam injections, i.e., the
calculations correspond to Figs. 5 (a) and (b) respectively.

Fig. 7 Volume-averaged deuteron velocity distribution func-
tions for (a) tangential and (b) vertical proton beam injec-
tions with 200 keV beam-injection energy. Deuteron den-
sity nd(0) = 1019 m−3 and electron temperature Te(0) =
2 keV are assumed.

The red circles indicate beam injection points on the ve-
locity space. In the elastic scattering process, the recoiled
ion energy tends to increase when ion is scattered to the
same direction as energetic beam. We can see the knocked
up component of deuteron distribution appears almost the
same direction as energetic protons.

Next the deuteron distribution function is evaluated by
solving 2D FP equation. The knocked up deuteron distri-
bution previously obtained (see Fig. 6) is used as a source
term for FP equation. The knocked up deuterons are pro-
duced and slow down via Coulomb collisions with back-
ground ions and electrons continuously. The equilibrium
distribution can be thus obtained by solving the FP equa-
tion. The equilibrium deuteron distribution functions are
shown in Fig. 7 corresponding to (a) tangential and (b)
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Table 2 6Li(d,pγ)7Li reaction rate coefficients and the degree
of the enhancement compared with the values of
Maxwellian plasmas for several beam injection ener-
gies.

vertical proton injections shown in Fig. 5. By using the
deuteron distribution function obtained, we can evaluate
the 6Li(d,pγ)7Li reaction rate coefficient from Eq. (7). For
the velocity distribution function shown in Fig. 7 (a) the
6Li(d,pγ)7Li reaction rate coefficient is 5.18× 10−31 m3/s,
while for Fig. 7 (b) 5.35×10−31 m3/s, we cannot see mean-
ingful discrepancy between tangential and vertical beam
injections. When Maxwellian is assumed for both deuteron
and 6Li velocity distribution functions, the reaction rate co-
efficient is evaluated as 3.93× 10−33 m3/s in this condition.
It is found that the reaction rate coefficient is enhanced ap-
proximately 2 orders of magnitude as a result of knock-on
tail formation. The similar simulations are made for var-
ious beam injection energies for tangential injection, and
the results are summarized in Table 2. Here the η repre-
sents the ratio of the 6Li(d,pγ)7Li reaction rate coefficients
compared with the values for Maxwellian plasmas, i.e.,
η ≡ 〈σv〉6Li+d / 〈σv〉Maxwellian

6Li+d . As the beam injection energy
increases, the cross section of NES increases and the en-
ergy range where the knock-on tail is created also shifts to
the high-energy range. This accelerates the enhancement
of the 6Li(d,pγ)7Li reaction rate coefficient. It is found that
if protons are injected to plasmas with 500 keV energy, the
0.48-MeV γ-ray generation rate increases approximately 4
orders compared with the value for Maxwellian plasma.

We next look at the radial profile of the 0.48-MeV γ-
ray generation rate. The similar analyses described in the
previous paragraph are carried out for every radial position
in a Tokamak plasma. We consider the situations that pro-
tons are born at 30 cm from the magnetic axis toward tan-
gential and vertical directions, and 15 cm toward vertical
direction with 200 keV beam-injection energy (see Fig. 8).
Radial profiles of normalized proton density are shown in
Fig. 9. The proton density peaks at the position where pro-
tons generate, and broadened to both sides in the radial
direction. The proton distribution functions at 25, 30, 35
and 40 cm from the magnetic axis when proton beam is
injected toward vertical direction with 200 keV energy at
30 cm from the magnetic axis are shown in Fig. 10. For

Fig. 8 Schematic view of the proton generation points in Toka-
mak device.

Fig. 9 Radial profiles of normalized proton density for sev-
eral calculation conditions. Deuteron density nd(0) =
1019 m−3, electron temperature Te(0) = 2 keV and beam-
injection energy ENBI = 200 keV are assumed.

every position the similar calculations shown previously
are made. We can see that the non-Maxwell component
is largest at the point where protons generate, i.e., 30 cm.
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Fig. 10 Proton velocity distribution functions at (a) 25, (b) 30, (c) 35 and (d) 40 cm positions from the magnetic axis when protons
generate at 30 cm point with 200-keV beam-injection energy toward vertical direction. Deuteron density nd(0) = 1019 m−3 and
electron temperature Te(0) = 2 keV are assumed.

The 6Li(d,pγ)7Li reaction rate coefficients are 5.3, 34.1,
13.0 and 0.79 × 10−30 m3/s at 25, 30, 35 and 40 cm po-
sitions respectively. The radial profiles of the 0.48-MeV
γ-ray emission rate are shown in Fig. 11 as a function of
the minor radius from the magnetic axis when protons are
born at 30 cm toward tangential and vertical directions, and
at 15 cm toward vertical direction. The radial profiles of
the γ-ray emission rate are almost the same shape with the
radial profile of the proton density. The total 0.48-MeV γ-
ray emission rate from the plasma is summarized as almost
3.7 × 108 for all cases shown in Fig. 11, which is consis-
tent the result obtained by using volume-averaged proton
distribution function.

So far we have assumed a point source of the protons
in the plasma, which implies that all of the injected hydro-
gens are ionized at a spatial point in the plasma as a mono-
energetic beam. Actually the neutral hydrogens, however,
are ionized with a spatial profile along with the beam injec-
tion line. The effect can be considered by superposing the
results of the point source which is discussed in the previ-
ous paragraphs. Here as an example, the radial profile of
the reaction rate coefficient of the 6Li(d,pγ)7Li reaction is
examined and the results are shown in Fig. 12 considering
ionization profile. In the calculation 200-keV proton beam
injected with tangential direction to the toroidal axis on
the horizontal plane is considered. The white bars repre-

Fig. 11 Radial profiles of 0.48-MeV γ-ray emission rate for
several beam-injection conditions. Deuteron density
nd(0) = 1019 m−3, 6Li density n6Li(0) = 1017 m−3, elec-
tron temperature Te(0) = 2 keV and beam-injection en-
ergy ENBI = 200 keV are assumed.
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Fig. 12 Radial profiles of reaction rate coefficient of 0.48-MeV
γ-ray generation (6Li(d,pγ)7Li) reaction when consider-
ing neutral hydrogen ionization profile. Deuteron den-
sity nd(0) = 1019 m−3, electron temperature Te(0) =
2 keV and beam-injection energy ENBI = 200 keV are
assumed.

sent the rate coefficient when knock-on tail is considered,
while the shading bars denote the ones when Maxwellian
plasma is assumed. An attenuation of the neutral hydrogen
beam is simulated considering ionization reactions with
background deuterons and electrons, and charge exchange
reaction with deuterons. In this case the most of the hy-
drogens are ionized near the center region in the poloidal
plane. This is because the traveling length of the hydrogen
beam in the plasma is longer in the center region. Thus
the knock-on tail in the deuteron distribution function also
grows large near the center region. We can see that the
rate coefficient rapidly increases at the center region. On
the other hands since the background deuteron density de-
creases and most of the ionized protons are easily lost from
the plasma at outer plasma region, the rate coefficient be-
comes small in the region. In addition, the temperature
also rapidly decreases at the outside region, and especially
when Maxwellian plasma is assumed, the rate coefficient
is significantly reduced at the outer region.

In Fig. 13 we next show the radial profiles of the 0.48-
MeV γ-ray generation rate when knock-on tail is consid-
ered and not considered (Maxwellian). The calculation
conditions are the same as those in Fig. 12. We can see
a peak at the 20 - 40 cm layer. This is because the plasma
volume of each region becomes smaller with decreasing
minor radius. The total 0.48-MeV γ-ray generation rate
over whole plasma region is estimated as 2.5 × 108 s−1.
The value is almost 30% smaller compared with the point
source simulation (Fig. 11). This is because in the point
source simulation, penetration loss of the neutral hydro-

Fig. 13 Radial profiles of 0.48-MeV γ-ray emission rate
when considering neutral hydrogen ionization pro-
file. Deuteron density nd(0) = 1019 m−3, 6Li density
n6Li(0) = 1017 m−3, electron temperature Te(0) = 2 keV
and beam-injection energy ENBI = 200 keV are as-
sumed.

gens is not considered in the estimation. In addition, since
protons exist inner region of the plasma, the decrement of
the temperature and densities, and the proton loss at the
outer region of the plasma are not included. In the simu-
lation shown in Figs. 12 and 13, almost 30% of hydrogens
are lost from the plasma.

Throughout the calculations the energy confinement
time has been assumed as τE = 1 sec. With decreasing en-
ergy confinement time, relative intensity of the energetic
to thermal component increases. This is because the en-
ergy loss due to thermal conduction is mainly carried out
by bulk component. Thus for small confinement time the
reaction rate coefficient (0.48-MeV γ-ray generation rate)
tends to be enhanced further significantly. On the other
hands if the confinement time increases, the enhancement
of the rate coefficient would be reduced.

4. Concluding Remarks
The enhancement of the 0.48-MeV γ-ray emission

rate via 6Li(d,pγ)7Li reactions due to NES by energetic
protons is examined using the newly-developed analysis
model considering ion behavior in Tokamak magnetic con-
figuration. It is shown that the 0.48-MeV γ-ray emission
rate considerably changed according to the magnitude of
the knock-on tail in deuteron distribution function, and it
can be a useful tool to examine the knock-on tail formation
for various plasma conditions.

The results obtained by the present model, i.e., total
0.48-MeV γ-ray emission rate from the plasma, are almost
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the same as those by previous 1-D BFP model. By using
the present model, however, radial profile of the emission
rate for several plasma condition can be evaluated in addi-
tion to the total emission rate, i.e., more detailed compar-
ison can be possible in the future experiment using deu-
terium plasmas. In the present model, the proton distribu-
tion is evaluated by the ion trajectory analysis, however,
the distribution function once obtained is fixed in the sub-
sequent knock-on tail simulation process. As a result of
the energy transfer process from energetic protons to bulk
deuterons via NES, i.e., knock-on tail formation, the pro-
ton distribution itself is also expected to slow down. The
current treatment tends to a little bit overestimate the mag-
nitude of the knock-on tail.

In this paper we only show the possibility for the use
of the γ-ray generating 6Li(d,pγ)7Li reaction to examine
the knock-on tail formation due to NES. To compare the
simulations with experimental data, much plenty of sim-
ulations for various plasma conditions would be required.
The radial profile of NBI energy deposition and penetration
should be well discussed and an optimal experimental con-
ditions should be determined. With reference to the rele-
vant information, a scenario to grasp the NES effect should
be clarified. There may be other endoergic reactions which
can be used for the observation of the knock-on tail in ad-
dition to the 6Li(d,pγ)7Li reaction. The subsequent investi-
gation for the other useful reactions and a possible scenario
for the future experiment are our next issues.
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