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We have solved the two-dimensional time-dependent Schrödinger equation for a single particle in the pres-
ence of a non-uniform magnetic field for initial speed of 8 - 100 m/s, mass of the particle at 1 - 10 mp, where mp is
the mass of a proton. Magnetic field at the origin of 5 - 10 T, charge of 1 - 4 e, where e is the charge of the particle
and gradient scale length of 2.610 × 10−5 - 5.219 m. Previously, we found out that the variance, or the uncertainty,
in position can be expressed as dσ2

r /dt = 4.3�v0/qB0LB, where m is the mass of the particle, q is the charge, v0 is
the initial speed of the corresponding classical particle, B0 is the magnetic field at the origin and LB is the gradient
scale length of the magnetic field. In this research, it was numerically found that the variance, or the uncertainty,
in total momentum can be expressed as dσ2

P/dt = 0.57�qB0v0/LB. In this expression, we found out that mass, m
does not affect both our newly developed expression for uncertainty in position and total momentum.

c© 2013 The Japan Society of Plasma Science and Nuclear Fusion Research

Keywords: grad-B drift, magnetic length, Landau state, quantum mechanical scattering, plasma, diffusion, ex-
pansion time, expansion rate of variance

DOI: 10.1585/pfr.8.2401142

1. Introduction
In the case of a non-uniform field, we have developed

a code to solve the time-dependent Schrödinger equation
in the presence of a non-uniform magnetic field. In the
previous paper [1], we have shown that the quantum me-
chanical variance in position may reach the square of the
interparticle separation in a time interval of the order of
10−4 sec for typical magnetically confined fusion plasmas
with a number density of n ∼1020 m−3 and a temperature of
T∼10 keV. After this time the wavefunctions of neighbour-
ing particles would overlap, as a result the conventional
classical analysis may lose its validity.

Further on, in previous papers [2], we have investi-
gated the dependence of the variance σ2

r in position on
parameters such as m, q, v0, B0, and LB, where m is the
mass of the particle, q is the charge, v0 is the initial speed
of the corresponding classical particle, B0 is the magnetic
field at the origin and LB is the gradient scale length of
the magnetic field. We have shown that the variance, or
the uncertainty, in position can be expressed as dσ2

r /dt =
4.1�v0/qB0LB.

In this paper, as an extension of the paper [1] and [2],
we investigated the dependence of the variance in total mo-
mentumσ2

P on parameters such as m, q, v0, B0, and LB. Un-
certainty in total momentum has the same important role
as uncertainty in position, in quantum mechanics studies
of plasma fusion.

In section 2, we solve two dimensional Schrödinger
equation for a wavefunction ψ at position r and time t. In
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section 3, we show final results of the uncertainty, in po-
sition and total momentum after subtracting its numerical
error.

2. Schrödinger Equation
In this research we have solved the two-dimensional

Schrödinger equation for a wavefunction ψ at position r
and time t,

i�
∂ψ

∂t
=

[
1

2m
(−i�∇ − qA)2 + qϕ

]
ψ, (1)

where ϕ and A stand for the scalar and vector potentials,
m and q the mass and electric charge of the particle under
consideration, i ≡ √−1 the imaginary unit, and � = h/2π
the reduced Planck constant.

The initial condition for wavefunction at r = r0 with
r0 being the initial center of ψ, is given by

ψ(r, 0) =
1√
πσ0

exp

⎡⎢⎢⎢⎢⎣− (r − r0)2

2σ2
0

+ ik0 · r
⎤⎥⎥⎥⎥⎦ , (2)

where σ0 is the initial standard deviation, and k0 = mv0/�

is the initial wavenumber vector. Where m is the mass of
the particle under consideration, v0 is the initial velocity of
the corresponding classical particle.

By using the finite difference method in space with
Crank-Nicolson scheme for the time integration, Eqs. (1)
and (2) above become as(

I − Δt
2i�

H

)
{ψn+1} =

(
I +
Δt
2i�

H

)
{ψn}, (3)

where I is a unit matrix, H the numerical Hamiltonian ma-
trix, and {ψn} stands for the discretized set of the two di-
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mensional time-dependent wavefunction ψ(x, y, t) at a dis-
crete time tn = nΔt to be solved numerically.

We use successive over relaxation (SOR) scheme for
time integration in our numerical calculation. Calcula-
tion is done on a GPU (Nvidia GTX-580: 512cores/3GB
@1.54 GHz) [1–4].

2.1 Exact wavefunction in a uniform mag-
netic field

The exact solution ψ(r, t) for the two-dimensional
Schrödinger Eq. (2) with a uniform magnetic field with a
Landau gauge [5], of Ax = −By, Ay = 0, Az = 0, is shown
below,

ψ(r, t) =
eikx√√
π�B

exp

⎛⎜⎜⎜⎜⎜⎝− 1

2�2
B

(
y − u(t)

ω

)2⎞⎟⎟⎟⎟⎟⎠

× exp

⎡⎢⎢⎢⎢⎣i
⎛⎜⎜⎜⎜⎝y

2
0 sin 2ωt

4�2
B

− yy0 sinωt

�2
B

− ωt
2

⎞⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎦ , (4)

where �B ≡
√
�/qB is the magnetic length [5], the ω ≡

qB/m is the cyclotron frequency, y0 = k�2
B, and u(t) is clas-

sical velocity of the particle in x-direction. By referring
to Eq. (4) above, we can conclude that the standard devia-
tion, variance, or uncertainty, in position remain constant
throughout the time. In the case of uniform magnetic field,
LB = ∞, σ2

r (t) = �2
B = const.

3. Numerical Results
Lengths are normalized by cyclotron radius of a pro-

ton with a speed of 10 m/s in a magnetic field of 10 T. The
cyclotron frequency in such a case is used for normaliza-
tion of the time. Throughout this paper, we use normaliza-
tion unit as shown in Ref. [2].

Throughout the calculation, we use normalized grid
size of Δx = Δy = 0.02 and normalized time step of Δt =
2π × 10−5. This normalized grid size is sufficiently small
to use as noted in Ref. [1].

Figure 1 shows the time evolution of the variance in
position and total momentum for v0 = 10 m/s in a uniform
magnetic field. The variance of position oscillates with
cyclotron period which half of the cyclotron period in total
momentum.

Figure 2 shows the time evolution of the variance in
total momentum for both uniform magnetic field and non-
uniform magnetic field, which are defined as

σ2
P =

∫
∑ ψ∗(−i�∇ − 〈P〉)2ψd2r, (5)

where 〈P〉 is the total momentum:

〈P〉 =
∫

∑ ψ∗(−i�∇)ψd2r. (6)

3.1 Numerical error
As for the numerical error in variance, our code is ca-

pable of accurately reproducing the time dependent vari-

Fig. 1 Normalized variance σ2
r in position, red plot, and σ2

P, in
total momentum, blue line, for uniform magnetic field
LB = ∞.

Fig. 2 Comparison of σ2
P, between uniform magnetic field LB =

∞, in red plot, and non-uniform magnetic field LB =

5.219 × 10−4 m, in blue line. With magnetic flux density
B = 10 T.

ance in position σ2
r (t) and total momentum σ2

P(t) in uni-
form magnetic field which an exact solution is available
[1]. For uniform magnetic field, LB = ∞, the variance
in position should remain constant: σ2

r (t) = �2
B as given

by Eq. (4) [2]. Heisenberg uncertainty principle states
that σr(t)σP(t) ≥ �/2, therefore, the variance in total mo-
mentum also remains constant for uniform magnetic field.
However, there is slight increment in variance as shown in
Fig. 2. The difference between numerical calculation and
theoretical value in this research is attributed to numerical
errors [2]. Both variance in position and variance in to-
tal momentum are assumed to consist of numerical error,
therefore, we perform numerical subtraction as in Ref. [2].
For non-uniform magnetic field, the peak variance grows
with time as results of diffusion. The variance grows faster
in higher magnetic flux density region as shown in Fig. 3.

In our numerical calculation, both non-uniform mag-
netic field variance and uniform magnetic field variances
behave non-linearly, as shown in Fig. 4. This is due to nu-
merical error accumulated throughout the calculation. In
this case, both non-uniform magnetic field and uniform
magnetic fields’ increments in variance are consisting of
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Fig. 3 Comparison of σ2
P, between uniform magnetic field LB =

∞, in red plot, and non-uniform magnetic field LB =

5.219 × 10−5 m, in blue line. With magnetic flux density
B = 50 T.

Fig. 4 Comparison of σ2
P, normalized peak variance in total mo-

mentum of uniform magnetic field LB = ∞, between nu-
merical calculation, in red and theoreticalσ2

P, in blue line.

the same numerical errors. Since this numerical error is
undesirable in our calculation, we subtract the increment
in variance for the non-uniform magnetic field from that
for the non-uniform magnetic field as shown in Fig. 5.

After subtraction of non-uniform magnetic field’s
peak variance with uniform magnetic field’s peak variance,
we obtain a linear relationship for the increment in vari-
ance of total momentum with time as shown in Fig. 6. By
considering particle gyration base time, we equalize each
result to the same cyclotron frequency. From Fig. 6, we ob-
tain a single data for our final expression, which after we
perform multiple sets of calculation, we reach to the final
results shown in Fig. 7.

3.2 Expansion rate of variance in position
and total momentum

In this paper, we use multiple set of parameters; ini-
tial speed of 8 - 100 m/s, mass of the particle at 1.6722 ×
10−27 - 1.6722 × 1026 kg, magnetic field at the origin of 5 -
10 T, gradient scale length of 2.610 × 10−5 - 5.219 m and
charge of 1.602 × 10−19 - 6.408 × 10−19 C. Total 38 sets of

Fig. 5 Comparison of normalized increment of peak variance
in total momentum, σ2

P, between uniform magnetic field
LB = ∞, in blue circle, compared with LB = 5.219 ×
10−4 m, in red square.

Fig. 6 Linear normalized increment of peak variance in total
momentum σ2

P, for non-uniform magnetic field LB =

5.219 × 10−4 m after subtraction of its numerical error.

Physical parameter, log10(�qB0v0/LB)

Fig. 7 Expansion rate of variance in total momentum with dif-
ferent sets of parameters of m, q, v0, B0 and LB.

data were used.
We perform calculation for uncertainty in total mo-

mentum using numerical results for these parameter sets,
we found a new relation between expansion rate of vari-
ance and the physical parameters. The final results are
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Physical parameter, log10(�v0/qB0LB)

Fig. 8 Expansion rate of variance in position with different sets
of parameters of m, q, v0, B0 and LB.

shown in Fig. 7 with logarithm of base 10 scale. Figure 7
is graph of physical parameter, log10(�qB0v0/LB) against
expansion rate of variance, log10(dσ2

P/dt).
Expansion rate increases linearly with different set of

parameters such as m, q, v0, B0 and LB. We found that
changes of mass, m, do not affect on our newly developed
expression for the expansion rate of variance.

Using numerical analysis method, we developed new
expression for expansion rate in total momentum as a func-
tion of m, q, v0, B0 and LB,

log10

⎛⎜⎜⎜⎜⎝dσ2
P

dt

⎞⎟⎟⎟⎟⎠ = log10

(
�qB0

v0

LB

)
− log 0.2432, (7)

which leads to

dσ2
P

dt
= 0.57�qB0

v0

LB
[kg2m2/s3]. (8)

We further improve our results in our previous pa-
per [2] for expansion rate of variance in position with as
shown in Fig. 8. Figure 8 is graph of physical parame-
ter, log10(�v0/qB0LB) against expansion rate of variance,
log10(dσ2

r/dt). Including additional new calculation data,
there are slight changes in our nondimensional numerical
factor, which our new result become;

dσ2
r

dt
= 4.3

�

qB0

v0

LB
[m2/s]. (9)

It is interesting to note that there is no mass, m, depen-
dence for the both expression above for variance in total
momentum and position. In plasmas, however, the mass
dependence, or the isotope effect, may appear through the
replacement of v0 ∼ vth =

√
2kBT/m where vth is the ther-

mal speed, kB is the Boltzmann constant and T is the tem-
perature.

4. Summary
Previously we had shown that conventional classi-

cal analysis may lose its validity as the wavefunctions of
neighbouring particles would overlap to each another [1].
As the extension of the paper [1], we have solved the two-
dimensional time-dependent Schrödinger equation for a
single particle in the presence of a non-uniform magnetic
field for different set of parameters such as m, q, v0, B0

and LB. It is shown that the expansion rate for position
increases linearly as dσ2

r/dt = 4.3�v0/qB0LB and the cor-
respond expansion rate for total momentum increases lin-
early as dσ2

P/dt = 0.57�qB0v0/LB. Both of these expres-
sions are derived using numerical calculation. We are also
interested in developing theoretical expansion rate of vari-
ance for both position and momentum. For these studies,
we left it for future work.

Acknowledgments
We would like to show our gratitude to Prof. M. Ita-

gaki and Prof. Y. Matsumoto for their fruitful discussions
on the subject. Part of the Successive Over-Relaxation cod-
ing with Graphics Processing Unit was done by Mr. R.
Ueda. This research was partially supported by a Grant-in-
Aid for Scientific Research (C), 21560061.

[1] S. Oikawa, T. Shimazaki and E. Okubo, Plasma Fusion
Res. 6, 2401058 (2011).

[2] P.K. Chan, S. Oikawa and E. Okubo, Plasma Fusion Res.
7, 2401034 (2012).

[3] S. Oikawa, E. Okubo and P.K. Chan, Plasma Fusion Res.
7, 2401106 (2012).

[4] http://www.nvidia.com
[5] L.D. Landau and E.M. Lifshitz, Quantum Mechanics: Non-

relativistic Theory, 3rd ed., translated from the Russian by
J.B. Sykes and J.S. Bell (Pergamon Press, Oxford, 1977).

2401142-4


