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An analysis method of tokamak plasma equilibrium by a relaxation method with specified magnetic axis
and null points (two magnetic separatrix points) is developed. The six degrees of freedom due to designated
positions of the magnetic axis and null points is possible by using six poloidal field coil currents. Stable steady
state tokamak plasma equilibria are calculated along with the MHD (magnetohydrodynamic) potential energy.
Assuming an RF heating plasma, the plasma generates a plasma current which partially or fully cancels the mag-
netic field from the poloidal field coils. For low-temperature plasmas, the plasma current distribution is centrally
peaked; for high-temperature plasmas, the plasma current has a hole. A centrally peaked current distribution in
a low-temperature plasma is evolved into a current distribution with a hole by increasing the plasma pressure by
heating. These calculations show that, under sufficient heating, the pressure driven current in tokamak plasmas
form a current hole which minimizes the MHD potential energy.
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1. Introduction
A current driven in a torus plasma is necessary for sus-

tainment of a tokamak plasma to cancel charge separation.
In spherical tokamaks, a tokamak plasma formation with a
current drive can be achieved by RF heating alone [1–3].
Non-inductive tokamak plasma start-up and sustainment
methods, including RF heating, reduce the role of central
ohmic coils. The elimination of this central structure facil-
itates a fusion reactor design and provides possibilities of
many plasma applications.

Judging from a tokamak plasma formation by RF
heating alone, the tokamak formation is one of a transi-
tion to a minimum state of MHD potential energy. During
start-up, a current drive mechanism that depends on a heat-
ing method might be the dominant factor determining the
current distribution. After the start-up, it is presumed that
a steady state tokamak has a current distribution which sat-
isfies the condition of the minimum MHD potential energy
state.

In addition, in order to sustain the steady state high
performance tokamak plasma, the heat flux must be di-
rected onto divertor tiles. As a result, a condition of the
divertor field lines always restricts the equilibrium of the
complete steady state high-temperature tokamak plasma.
The shape and position of the divertor field line is closely
related to the position of two null points (two magnetic
separatrix points). For this reason, in this paper, we take
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the positions of the null points to be specified. The shape
of magnetic surfaces of the equilibrium tokamak are con-
trollable by poloidal field coil currents, and we also take
the position of the magnetic axis to be specified.

The functional form of the plasma pressure is assumed
to be the sum of arbitrary functions of a magnetic surface
function Ψ . The steady state coefficients for the linear
combination are selected, after repeated equilibrium cal-
culations, by the condition that they minimize the MHD
potential energy WM;

WM =

∫
dV

[
P
γ − 1

+
1

2μ0
B2

]
≡ WP +WB, (1)

where, γ = 5/3 is the ratio of specific heats, P is the plasma
pressure, B is the magnetic field, WP is the plasma stored
energy, WB is the magnetic energy, and μ0 is the vacuum
permeability.

The equilibrium calculation for establishment of a
new analytical method is performed with the parameters
of JT-60SA [4]. In this method, the magnetic axis and
two null points of the tokamak plasma are specified for
the computation. The six poloidal field coil currents (EF
coil currents of JT-60SA) can be determined uniquely by
the pressure profile P. The center solenoid coil currents
are useful for stabilization of the plasma. This can be ex-
pressed using the δWM < 0 equilibrium formation;

δWM ≡ WM −WM0

WM0
, WM0 =

∫
dV

B2
0

2μ0
, (2)

where B0 is magnetic field without the plasma current.
Plasma disruption can be avoided by heating, when δWM <
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0. The role of the center solenoid coils for the plasma sta-
bility is discussed in Sec. 3. Equilibrium is calculated for
specified magnetic axis and null point positions using the
Biot-Savart law to determine the magnetic field generated
by the plasma current. The plasma current in the equilib-
rium is calculated using the ideal MHD equations. Any
current drive mechanism, such as one originated from a
special structure of RF antennas is not included in the cal-
culation. The calculation method is presented in Sec. 2.

Several calculations are presented in Sec. 3. In these
calculations, the coil currents are calculated as the plasma
temperature is raised from 5 eV to 20 keV, with the posi-
tions of the magnetic axis and null points assumed to be
fixed. This calculation is useful for determination of a
start-up scenario. This method can also be used in design
of new experimental devices.

2. Calculation Method
The calculation method assumes equilibrium in a

steady state tokamak with axisymmetric MHD equations
in cylindrical coordinates (r, φ, z). The force balance in the
direction of the magnetic field is derived from the MHD
equations and depends on the pressure P, which is a func-
tion of a magnetic surface function Ψ , as P = P(Ψ ). The
force balance in the direction of the current is represented
using the toroidal magnetic field Bφ, which depends on an
arbitrary current function I(Ψ ), as 2πrBφ = μ0I(Ψ ). From
a force balance perpendicular to the magnetic surface, the
toroidal current is expressed by gradient terms of the pres-
sure and the current function as follows.

0 = ∇Ψ · (−∇P + J × B)

⇒ Jφ = r
dP(Ψ )

dΨ
+
μ0I(Ψ )
4π2r

dI(Ψ )
dΨ
. (3)

Thus, the plasma current J is expressed as follows.

J = r
dP(Ψ )

dΨ
eφ +

1
2π

dI(Ψ )
dΨ

B. (4)

Here, eφ is unit vector in the toroidal direction. Equation
(4) indicates that the gradient of the current function I(Ψ )
drives the plasma current along the magnetic field as in-
dicated by the second term on the right-hand side (RHS).
In this paper, we analyze the case of the current function
being constant: I(Ψ ) = I0.

The magnetic surface function Ψ is calculated from
the Biot-Savart law. From the vector potential A(r, z) =
μ0/4π

∫
d3r′J(r′)/|r′ − r|, the magnetic surface function Ψ

of the equilibrium is determined by the following integral
equation;

Ψ (r, z) =
rμ0

4π

∫
r′dr′dφ′dz′

×

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

cos φ′
{

r′
dP(Ψ )

dΨ
+
μ0I(Ψ )
4π2r′

dI(Ψ )
dΨ

}∣∣∣∣∣∣
Ψ=Ψ (r′,z′)√

r′2 − 2rr′ cos φ′ + r2 + (z − z′)2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+Ψ ext(r, z), (5)

where, Ψ ext(r, z) is a contribution from the external
poloidal field coil currents.

We introduce a grid structure (i, j) in the rz-plane of
Eq. (5) and use a body current coil model for the plasma
current in each unit grid cell. As the result, Eq. (5) can be
integrated with (dr′, dz′) analytically, and is reduced to an
integral equation without a numerical divergence, as fol-
lows.

Ψ (r, z) =
rμ0

4π

∑
i, j

Jφi, j

∫ 2π

0
dφ′ cos φ′

×
{

(zi, j − z)

(
R
2
+ r cos φ′F1

)

− r2 sin 2φ′

2
F0 +

r2
i, j − r2 cos 2φ′

2
F2

⎫⎪⎪⎬⎪⎪⎭ ,
(6)

R =

√
r2

i, j − 2rri, j cos φ′ + r2 +
(
z − zi, j

)2
, (7)

F0 = tan−1

(
ri, j − r cos φ′

) (
zi, j − z

)
r sin φ′R

, (8)

F1 = sinh−1 ri, j − r cos φ′√
r2 sin φ′2 +

(
z − zi, j

)2 , (9)

F2 = sinh−1 zi, j − z√
r2

i, j − 2rri, j cos φ′ + r2
. (10)

Equation (6) can be solved by a relaxation method.
For the calculation in this paper, the positions of the

magnetic axis (rax, zax) and null points (r±sep, z
±
sep) are spec-

ified when solving for the tokamak equilibrium.

Br(r, z) = Bz(r, z) = 0,
{ r = rax, z = zax

r = r±sep, z = z±sep
, (11)

where the superscripts ± represent the upper and lower null
points.

A pressure profile is assumed as follows.

P(Ψ ) = 2T0

[
n1 exp

{
1
σ1

(
Ψ − Ψax

Ψax − Ψsep

)}

+n2 exp

⎧⎪⎪⎨⎪⎪⎩−
1
σ2

(
Ψ − Ψax

Ψax − Ψsep

)2⎫⎪⎪⎬⎪⎪⎭
+n3 exp

⎧⎪⎪⎨⎪⎪⎩
1
σ3

(
Ψ − Ψax

Ψax − Ψsep

)3⎫⎪⎪⎬⎪⎪⎭
⎤⎥⎥⎥⎥⎥⎦ . (12)

Where, Ψax and Ψsep are the flux function Ψ at magnetic
axis and separatrix (Ψsep ≤ Ψ ≤ Ψax: inside the plasma).
T0 is a plasma temperature. σ1, σ2 and σ3 are set to 0.28,
(0.48)2 and (0.619)3, respectively. As the result, it is en-
sured that the plasma pressure on the separatrix (Ψ = Ψsep)
is less than 3 percent of the center one. The total plasma
density on the magnet axis n1 + n2 + n3 is assumed to be
1020 m−3, in this paper. In the RHS of Eq. (12), the first
term gives a centrally peaked current profile, and the sec-
ond and third terms give a current profile with a current
hole. After the equilibrium calculation is converged, the
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Fig. 1 Magnetic flux surface with T0 = 5 eV. The specified mag-
netic axis and null points are marked by crosses. The
center solenoid coils CS have no current.

Fig. 2 Magnetic flux surface with T0 = 10 keV. Compared to
Fig. 1, plasma current Ip, coil currents and stored energy
Wp are increased significantly. But shapes of the mag-
netic flux surface with the elongation κ look nearly iden-
tical. The center solenoid coils have no current.

MHD potential energy Eq. (1) is calculated and examined
for plasma stability.

3. Calculation Results
Tokamak equilibria has been calculated based on the

parameters of JT-60SA [4]. The plasma current outside the
last closed flux surface is taken to be zero in the calcula-
tion. The device has six poloidal field coils from EF1 to
EF6 and four center solenoid coils CS. Constant currents
are driven in the center solenoid coils, but they are not used
for the inductive current drive.

First, we consider equilibria without center solenoid
coils. Figures 1 and 2 show the magnetic flux surfaces
for the case of T0 = 5 eV and 10 keV respectively, with a
plasma density on the magnetic axis n1 = 1 × 1020 m−3,
with n2 = n3 = 0. Observe that, even though the pressures
are very different, nearly identical magnetic flux surfaces

Fig. 3 Magnetic flux surface at T0 = 20 keV with finite currents
of four center solenoid coils. The plasma density is n3 =

1×1020 m−3 and n1 = n2 = 0. A current hole is formed as
shown in Fig. 4. A constant current is driven in the four
center solenoid coils.

Fig. 4 Radial profiles of the plasma pressure P and toroidal cur-
rent density Jp at the mid-plane. JdB is the poloidal dia-
magnetic current. Bv is a vertical magnetic field. The
profile of the magnetic flux surface is shown in Fig. 3.

are obtained by adjusting the current in the poloidal field
coils. Though the stored energy is increased, due to fix-
ing the magnetic axis and null point positions, the tokamak
plasma can keep its shape. In this case, the current direc-
tion in the EF3-5 coils are co-directional with the plasma
current.

Next, we consider an equilibrium with the center
solenoid coils. Figure 3 shows the magnetic flux surface
of a high energy tokamak plasma (T0 = 20 keV) in which
a current hole is formed. Radial profiles are shown in
Fig. 4. Because the magnetic field generated by the center
solenoid coils is partially canceled by the magnetic field
due to the plasma current, the plasma is stabilized and the
MHD potential energy is reduced;

δWM = −2.6015 × 10−2. (13)

Steady state current and pressure profiles in a 10 eV
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Fig. 5 Equilibrium profiles of a plasma pressure P and toroidal
current density Jp at T0 = 10 eV. The vertical magnetic
field B is reversed on the magnetic axis and inside of the
center solenoid coil.

Fig. 6 Evolution of the equilibrium as a function of a density
ratio n1 and n2. The MHD potential energy variation δWM

is minimized at n2/(n1 + n2) = 0.6 indicated by chained
line B. δWp is the relative deviation of the stored plasma
energy from the the minimum WM state. In this case, n3 =

0.

tokamak plasma were calculated by minimizing the MHD
potential energy; the results are shown in Figs. 5 and 6. The
current profile is nearly centrally peaked. In this calcula-
tion, the four center solenoid coils carry the current (-0.31,
-0.26, -0.29, and -0.32) kA. The MHD potential energy is
calculated while varying the density ratio of the centrally
peaked current profile and the the current hole profile, as
shown in Fig. 6. The relative deviation of the stored en-
ergy from the minimum WM state profile is also plotted.
δWM becomes minimum at the appropriate density ratio in-
dicated by chained line B. Therefore, to the left side of line
B, the variation of δWM means that the tokamak plasma
becomes more stable by shifting the current profile from
the centrally peaked to hollow.

4. Summary and Discussion
A code utilizing a numerical integral equation based

on the Biot-Savart law has been developed to analyze
steady state tokamak equilibria by RF heating alone. In
this calculation method, positions of the magnetic axis and
two null points are specified. The six degrees of freedom
of the three positions can be adjusted by controlling the
currents in the six poloidal field coils; in order to apply
this code, the target device must have at least six inde-
pendently controllable poloidal field coils, like JT-60SA.
Calculations have been performed using the poloidal field
coil parameters for JT-60SA. Comparing 5 eV (Fig. 1) and
10 keV (Fig. 2) plasmas, the magnetic flux surfaces are al-
most identical when properly adjusting the coil currents.

In this calculation method, it is assumed that the
plasma current is driven by the plasma pressure alone,
without any other current drive mechanisms. A centrally
peaked current distribution in a low-temperature stable
plasma, as shown in Fig. 5, evolves into a current distri-
bution with a hole, as shown in Fig. 4, by increasing the
plasma energy. The stored energy WP is increased by heat-
ing, that is one of the MHD instability factor. In order
to stabilize the plasma, the magnetic potential energy WB

must be reduced by cancelling out the magnetic field of the
external coil currents and plasma current (reduction of the
magnetic energy WB), δWM = δ(WP + WB) < 0. Figure
6 shows that the magnetic potential energy is decreased
by enhancing the hollow current profile component. An
example of the high temperature MHD stable plasma is
shown in Figs. 3 and 4 with δWM < 0 and current hole
profile. This calculation method shows that the pressure
driven current in tokamak plasmas forms a current distri-
bution which reduces the MHD potential energy. The sta-
ble steady state tokamak should have a reconstructed cur-
rent distribution which satisfies the condition of the mini-
mum MHD potential energy. Under sufficient heating, the
tokamak plasmas form a current hole which minimizes the
MHD potential energy.

The Minimum MHD potential energy with the toka-
mak plasma shown in Fig. 6 is lower than that of the vac-
uum. The tokamak plasma with δWM < 0 should be re-
sistant to disruptions due to any perturbation. Therefore,
in order to stabilize the tokamak equilibrium, the tokamak
plasma must be heated until it reaches this stored plasma
energy, which satisfies δWM < 0. The steady state ratio
(n1, n2, n3) of the plasma density distribution is determined
by the condition of the minimum δWM.

The third, n3 term in Eq. (12) is necessary for obtain-
ing the current hole profile. M.S. Chu and P.B. Parks have
studied the minimum of the MHD potential energy of the
current hole and have found that it acts as if the current
hole region were a vacuum region [5].

This calculation method can be utilized for experi-
ment planning and a new tokamak design. The total cur-
rent of EF coils for the 20 keV plasma calculation shown
in Fig. 3 is smaller than that for the 10 keV plasma calcula-
tion shown in Fig. 2. In order to utilize the magnetic energy
of EF coils efficiently, the center solenoid coils should be
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used. This may be relevant to an RF start-up experiment,
by using a steady state center solenoid coil current.
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