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In non-inductive current drive steady state operation of tokamak reactor, it is desirable that the Q. value
determined by the plasma current balance is the same as the Q value determined by the plasma energy balance
[Progress in the ITER Physics Basis, Nucl. Fusion 47, S285 (2007)]. The more quantitative scaling laws of Q and
Q. are derived from the scaling laws of electron density, beta ratio, energy confinement time and current drive
efficiency. The reduced scaling laws of Q and Q.4 are examined by comparison with the data of the standard
scenario of inductive operation and the reference scenario of non-inductive operation of ITER. Sensitivities of Q
and Q.4 on the plasma parameters are studied and requirement is examined to satisfy Q.4 ~ Q.
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1. Introduction

In current drive steady state operation of tokamak re-
actors, the Q.4 value defined by the ratio of the fusion
output power divided by the necessary power to drive the
plasma current is desirable to be the same as the Q value
determined by the energy (pressure) balance[1]. In the
case of Qg < Q, the driven plasma current decreases and
it is necessary to add the inductive plasma current. In the
case of Qqq > O, some part of the additional heating power
must be replaced to the same heating power which does not
work to drive the plasma current in order to satisfy the cur-
rent balance. Or it is necessary to keep the plasma current
constant and to charge the magnetic flux of the inductive
coil in the case of Q.4 > O, to prepare to drive the induc-
tive plasma current in the case of Q.4 < Q. In any case the
condition of Q.4 ~ Q is desireable for non-inductive cur-
rent drive steady state tokamak reactor. In Sec. 2 and 3, the
more quantitative scaling laws of Q and Q. are derived
by use of scaling laws of electron density, beta ratio, en-
ergy confinement time, and current drive efficiency respec-
tively. They are examined by comparison with the data of
standard scenario of inductive operation and reference sce-
nario of non-inductive operation of ITER. In Sec.4, the
sensitivity of Q and Q.4 on plasma parameters is evaluated
and requirement is discussed to satisfy Qcq = Q.

2. The Q value for Plasma Energy
Balance

Although there are many parameters to specify a toka-
mak device, there are also many relations and constrains
between them. If the plasma radius a, the toroidal field B,
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and the aspect ratio A are specified, other parameters of
tokamak are determined by use of scaling laws of electron
density, beta, energy confinement time and burning condi-
tion, when the safety factor g, the elongation ratio «g, the
triangularity ¢ of plasma cross section, Greenwald fraction
Ng and the normalized beta Sy are given. The definition of

qi is

Ka B, 5K?%aB,

G= 0 = :
R B, Al

where 2rKa is the circumference of plasma boundary and
K is given approximately by K* ~ (1 + k)/2 and the aver-
age poloidal magnetic field is B, = uol,/2nKa. Therefore
the plasma current /,, is given by

I = SKzaBt
b Agr

The units of /,, B, a are MA, T, m respectively.
The safety factor gos at 95% magnetic flux surface is
given approximately by [2]

qos = qifsfa,
1231 +26% - 1.26%)
B 1+ Kf

_1.17-0.65/A
COATT A A

[

The volume average electron density (n);p in unit of
10*°m=3 is
I,(MA)

()20 = N6———
na

: ey

The beta ratio of thermal plasma is
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where units of ny9 and Tiey are 102°m™ and keV respec-
tively. yr in (2) is the ratio of the electron temperature to
the ion temperature under the assumption that the profiles
of T; and T, are the same:

yr = nTe)/(nTi) = (Te)/(Ti).

The sum Biotar Of B (thermal plasma) and s, of fast ion
and « particle components is given by

I,(MA)
ﬁtotal = O-OlﬁN B

aby

and

Bin
ﬂlotal

(X) is the volume average of X and fpr, fue, f; are ratios
of ion densities of D+T, He and impurities with atomic
number z to electron density respectively.

Thermal energy of plasma Wy, is

ﬁ th = ﬁhﬂtmala ﬁh =

2

Was(MJ) = 2B oV = 05970, B2V, )
27 2p0
where Wy, is in unit of MJ and plasma volume V is in unit
of m~3. In divertor configuration, V = 27%a”Rk; is used to
define the elongation ratio «; in this paper.
We utilize the thermal energy confinement scaling of
IPB98y?2 [3]

TEZO. 144Hy210.93B?.15MO.19n(2)611a1.97A1.39K§).78P;0.69
=0.78 1Hyqu—1.34M0.19Kg.78(K2)1.34Ng.4IAO.OSBtl.49a2.49P}—10.69’

“)

where M(= 2.5) is average ion mass unit of D and T. Py
is the necessary heating power to compensate the transport
loss. The sum of the transport loss P}, and the radiation loss
Pr,q 1s the total heating power. Hy, is confinement enhance
factor.

The fusion output power Py is

_ Ofus

= =@V,

where Qg = 17.58 MeV. The fusion rate {ov), is a func-
tion of ion temperature 7;. Since the fusion rate ov near
T; =10keV is approximately given by

(ovy, = 1.1 X 1074 TE (m? /s),

the following @((T7)) is introduced:

(1))
1.0

0.0 | I T | I 1 |

Fig. 1 O is the function of the volume average ion temperature
(T;)(keV) in cases with the profiles of parameters (ay =
1.0,a, = 0.0), (a7 = 2.0,a, = 0.0), (ar = 1.0,a, = 0.5)
and (ar = 2.0, a, = 0.3).

(npp(orody)
1.1 X 10724(n2 T2 )
e Ty
L1 x 10 (nprTiev)? (np T7) .

O(Tev)) =

&)

Then the fusion reaction rate (nlz)T(O'v>U> is expressed by

(mh o)) = 11X 107 (pr Tiey Y2 OUT)) forofs (6)

where fpor is the profile parameter defined by
forot = iy T/ npr Ti).

O is a function of volume average ion temperature (7;) in
keV and depends on the profiles of density and tempera-
ture, and has a peak of around 1 near (T;) * 8§ ~ 10keV.
The curves of @ versus (Tj) is shown in Fig.1[4] in
cases of

n(p) = (my(1 = pH)™ (1 + @),
Ti(p) = (Ti)(1 = pP)" (1 + ar),

where p? = x2/a” +y?/(ksa)?. Then the function @ is given
by

1+ 2a, + 2ar
1.1 X 10721 + a7)X(T;)?

1
X f (1 = p>*™(av),2pdp,
0

O(T)) =

where the fitting functon of (o), is [5]

3731078 )

T ; exp(—ZOTle) m3/s,

(ov), =

T, 5.45
T)= -t .
M) = 5 S T+ (375

In this case, we have fyof = (@, +ar+1)*/Qa, +2ar +1).
The profile parameter is fyof = 4/3 in the case of flat den-
sity (@, = 0) and parabolic temperature (ay = 1) profiles
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Table 1 (a) Specified design parameters in the case of inductive operation of ITER.

a B, A ‘ q1 Ks Ng IBN ﬁh HyZ fi;)rof o ﬁ'ad fa Yr

20 53 3.1‘2.22 1.7 085 1.8 095 1.063 1.35 027 095 1.1

Jor = 0.82, fe = 0.04, fge = 0.02 are specified. fuor® = 1.35 and H,, = 1.063 are
specified in order to be O ~ 10 (Refer to (10)). g1 = 2.22 is specified to be I, = 15.0. The
triangularity ¢ is 0.33. @, = 0.1, ar = 1.0.

(b) Reduced parameters.
0 R I ‘ TE 120 (Tiy (Te) Wan  Prs Pext Prd  Prowl 495

9.8 6.2 15.0‘3.75 1.01 8.01 8.81 338 424 42 332 0.025 30

Py, Py, Pext, Prag in unit of MW, Wy, in unit of MJ. I, in unit of MA. n in unit of 10 m=3,

T in unit of keV.

and fpor = 9/5 in the case of more peaked profile of tem-
perature (@, = 0, a7 = 2).
The fusion output power Py is reduced to

fI%T 2 pd
77 ot OUT:))B: BV
Or + Jor + i+ f2 et @CTDB,
= 11941 forot @ Ti))B5, B 21 ksAa” ) (MW)
=235 % 107 fui forot O Tk fofR I B AG,  (T)

P = 4.

where I, = (5K 2/g1)(aB/A) and fy; is the dilution param-
eter of DT fuel due to He and impurities ions: that is,

2
5 Jor )
(yr + for + fue + 1)

_( 2 )2( (1= 2fue = 2f) )2
T+ 1) U= [fue + G- DL Gr + D)

fdilE(

(®)
The « particle fusion output power P, is
Py,
P, = 5‘“ :

When the absorbed external heating power is denoted
by P and the heating efficiency of a heating is f,, the
total heating power is f, P, + Pext. When the fraction of
radiation loss power to the total heating power is fiaq, the
heating power Py, to compensate transport loss is given by

Py=(1- frad)(farpa + Pexy).

When Q ratio is defined by the ratio of total fusion output
power Py = Py + Py, = 5P, (P, is neutron output power)
to absorbed external heating power Py, Q is

Q - ﬁfus.
ext

Then P, is reduced to

Po= (1~ frd) (fa . %)PQ.

Therefore the equation of power balance is

Wi by = (1= fu) (fa " E)PQ. ©)
TE 0}

From (3) (4) (7) and (9), we have

BO73 4042 51031
t
AO'26 (f(l/ + é)
1 0.31
=299
[(1 - frad)fdil(fprof@)]
a0 )™ w0
Hy2M0-19N8-41K1-92K2~09 :
and
I fa
1. fe

B 6.83
T (1= fad) fait(fpror©)
400 (funBn)*® ( A026 )]3.226 an

[HszO- 19N%41 (K2)0.96Kg.09 a042po.73

When parameters a, B, A are specified, then Q value
and other parameters can be evaluated and are shown in Ta-
ble 1 in the case of inductive operation of ITER. The result
of this simple analysis is relatively consistent with ITER
design parameters [6] given by Table 2 (inductive opera-
tion). (7;) in Table 1 is calculated by use of (1), (2) and (8)
as follows;

(T Ty Ty 1
Ty = S 12
W= e T @ (12)

rof

where (n) and (nT) are given by (1) and (2) respectively

and £, = (nT)/(nXT) ~ (1 + @,)(1 +ar)/(1 + a, +ar).

3. The Q.4 Value for Plasma Current
Balance

In the case of non-inductive steady state tokamak, we
need the necessary power for current drive. The plasma
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Table 2 Parameters of ITER [1, 6].

inductive operation

non-inductive operation

I,(MA)
B(T)

R/a(m)

A

Ks95/095
(ne)(10*m™)

Ng

(i) (Te)(keV)
‘/Vthermal/ Wfast(MJ )
Ti(s)

Hy2 _ Tg/TgB%yZ
Prys(MW)
Pex (MW)
Prad(MW)
Zeff

B(%)

By

JEN

q95

q1

i

Q

Jr

Jor/ fue(%)
fBe/fAr(%)

15

53
6.2/2.0
3.1
1.7/0.33
1.01
0.85
8.0/8.8
325/25
3.7

1.0
410

41

48
1.65
25
0.67
1.8
3.0
2.22
0.86
10
0.39
82/4.1
2/0.12

I

B

R/a

A

Ks95/095
ne(0)(10*m™%)
Ng/ng
T.(0)/T;(0)

Hy,

Png(MW)
Ppc(MW)

Biin(%)
ﬂp,th
B
q95

9

(5.17)
(6.35/1.84)
3.45
(1.84/0.41)
0.6

~ 0.62/0.85
37/34

1.5~1.7

34
20

~19
~12
~2
~6

current [, is the sum of the bootstrap current /s and the
driven current /4. Bootstrap current density is given by

,,)1/2 op 1

j(”)z—(l—2 E%’

in the case of circular cross section. The bootstrap current
is

“r\12dp 1
Iys = — (—) — 2nrdr
bs fo‘ R Or By(r)

_(a\'" (p) LAY s

__(R) Bp(a)ZHa.fo bpy(p)  Op prdp
Is _(a\'?  (p) ( f‘ L (p/{p)) 5 )
EC D R v/ Y dp).
I, (%) B3 (@)/2u0 o o) o TP

where B,(r) = pol,/2ra, by(p) = By(r)/By(a), p = r/a.
When the average poloidal beta is denoted by S, we have

Tos
- = c(@/R By,
p

where ¢}, is

Y1 o)) s
=-0.5 L hd
* fobp@ a ©

1
q1(p) d(p/{p))
=-0.5
foQI(l) dp

*3dp.

(q1(r) = (r/R)(Bt/ Bp(r)).
Since B; = 0.018x1p/(aBy), By/Bi = uolp/(2nKaBy) =
0.2K(Ip/aBy), Bp/B; = aK/Rqi, B is reduced to

By = 0.25K*Bx(aBy/1,) = 0.05ABnqn,

and
Is 05
— = CusA™"Bnar,
I
When the driven current and the driving power are denoted
by 1.4 and Pq, the current drive efficiency 7.4 is defined by

Ted
I = Ped.
d R d
The current drive efficiencies of LHCD [7, 8], ECCD [9])
and NBCD [10-12] are all proportional to the electron tem-

perature T,. Then the driven current I is

Cps = 0.05¢y,. 13)

(e /{Te))n)XTe)
ch = <l’l>2R Pcd
_ Mea/{T))M)Te) + (for + fue + FXT))
2R+ (for + fue + LUTO/T)
and
Iq(MA) ~

Ned19/{Tekev)

248 x 1072 5
Jorot[1 + (for + frie + )/ 7]
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Table 3 (a) Specified design parameters in a case of non-inductive operation of ITER.

a B, A ‘ q1 Ks Ng ﬂN ﬁh HyZ fprof@ ﬁ'ad fa

1.84 5.17 3.45‘3.35 1.84 0.63 2.15 095 1.702 1.20 0.3 0.95

for = 0.82, fue = 0.04, fg. = 0.02 and § = 0.41 are specified. fot@(T;)) = 1.2 is
specified in order to be Q ~ 5 (Refer to (10)). gr = 3.34 is specified to be I, * 9.0 MA.
a, =0.03, ar =2.0,yr = 1.08

(b) Reduced parameters.
0 R I ‘ TE 120 (Tiy (Te) Wan Prs Pet  Prad Prowl

501 6.35 9.02‘3.88 0.534 120 13.0 241 228 455 26.6 0.020

Py, Py, Pexy, Praa are in the unit of MW and Wy, is in the unit of MJ. I, is in the unit of
MA. The power of current drive P.q is assumed to be P.q = Pex. The approximate value
of qos = q1fs5fa is 4.69, which is different from that of Table 2. T(0) = (1 + arXT) = 3(T).
Refer to Table 2 (non-inductive operation).

JuBnlp(MA)B
S Py(MW),

Aa*(n);,
where 7).q19 is in the unit of 10"(A/Wm?) and (T, ev) is
the volume average electron temperature in unit of keV, so
that we have

I B
B poaw),
I, Aa*(n)s,
Te €
Cog = 248 x 1072 (11ca19/{Texev)) fin -
[1+ (for + fre + £/ 711 ror

(14)
Since
Ibs/lp + [cd/lp =1,

is the necessary condition for the steady state operation,
the required power of current derive P.q is

_ (1 - CbSAO‘SBNqI)aRngo
- Ceafin By .

Pcd

Fusion power Py, is given by (7) as follows

Pius = CrusBN1; B Aa,
Crus = 2.36 X 107 fast (forot O)ks 5
so that Qg4 = Prys/Pcq 18 given by
1 - Cos A" Bngr)ns,aR
Ot Crus(BNBY*,(MA)?AaC.qfx By

- Cos A" BngDNG
ﬂchdCfus(ﬂNBta)3 .

5)

The increase of A!/?Byq; is favorable to increase the boot-
strap current and the increase of (BnBia)? /Né is favorable

to increase Q¢4 ratio, however increase of g; o« 1/I,, (de-
crease of I,) and decrease of n. degrade confinement time
and need the larger confinement enhance factor H,.

ITER reference scenario 4, type II in Ref. [1] of non-
inductive steady state operation of ITER is selected to ex-
amine. In this non-inductive steady state operation sce-
nario, the bootstrap current and driven current are 4.5 MA
and 4.5 MA respectively (refer to Table 2). The parameters
of R, a, By, ks/0 in non-inductive operation are referred
from Ref. [13]. Ng, By, Bp.m» Bn,m in non-inductive oper-
ation are estimated values of Greenwald parameter and the
thermal component of 8’s from Ref. [1] respectively. Spec-
ified values of parameters are shown in Table 3 (a) and the
reduced parameters are given in Table 3 (b). These values
are relatively consistent with the parameters of reference
scenario 4, type II. Refer to Table 2 (non-inductive opera-
tion).

The specified bootstrap current I,s = 4.5 MA. This
specification requires Cys = 0.0374 and then ¢, = 0.748.

In the full non-inductive current drive experiment in
JT60-U (a/R = 0.24, B, = 2.7, reversed shear), the esti-
mated value of ¢, is 0.6 [14]. The result of the simulation
Iy = 4.5MA of reference scenario 4, type II is proba-
bly due to the profile optimization of plasma pressure and
safety factor.

The specified externally driven current is Iq =
4.5 MA with Pog = Pexe = 41.4 MW. The necessary value
of Ceqis Ceqg = 0.329x 1072 and the necessary current drive
efficiency 74 is given by (14) as follows

f;f(ff[l + (for + fue + S/ yr]
Jin

Neaty = 0.133

ekeV
~ 0.259(Texev)-

(Nearo is in unit of 10 A/(Wm?)).
The experimental current drive efficiency by the neg-
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Table 4 Variables x; and their exponents «; in the equation (16).

Hyo M K> ¢ No By A a B 6(T)

323 0613 310 -3.10 132 -123 -0.839 135 236 1.0
Note that A(K?)/K?* = (k?/K*)(dks/ks). The exponent « of kg is 0.29.

Table 5 Variables y; and their coefficients y; in the equation (17).

q1 N B~

a B 6)

Ibs/lcd -2

ative ion based neutral beam with the beam energy of
360keV is
P T.(0)

~0.1T(O)ev=0.1—

nb19 <Te> <TekeV>~0-3<TekeV>,

in the range of 7.(0) = 1 ~ 13keV [15].
The experimental current drive efficiency by the elec-
tron cyclotron wave is

Tento = 0.03Tc(0)yev,

in the range of T.(0) = 6 ~ 21keV [16]. The optimiza-
tion for higher current drive efficiency has not been made
in JT-60U experiments. It is reported that the optimized
value is ng‘c"lig ~ 2.0 in the case of T.(0) = 20keV (nggfg ~
0.17:(0)xev) according to the code [16,17]. The theoretical
prediction of the electron cyclotron current drive efficiency
is nglel‘; ~ 0.1T(0)kev [18].

The result of the simulation I.4 = 4.5 MA is due to the
assumption of predicted theoretical current drive efficiency
of EC wave which is not demonstrated by experiments yet.

4. Sensitivity of Q and Q. on Plasma
Parameters

The Q value and Q4 are quite different quantities with
each other. Q.4 does not depend on the confinement en-
hance factor H,,, while Q does not depend on Cyps and Cegq.
Even if they are the same value initially, they may change
differently. Therefore the sensitivities of their variation 4Q
and 4Q.4 on their variables must be taken into account.
Since Q is given by (11) in the form of

1 f _ —(ll
é ? CH x
we have
A (3 A 1 (3 A @
Q =)@ ( —@x vl f (16)

where x; and the exponents «; are given in Table 4.

3+ Ibs/]cd

05hs/l.a 3 3 1

The Q value is sensitive to H,p, ks, g1 and B, respectively.
Similarly, 4Qq is given by

AQC 4 i
L=y (17)

ch Yi

where y; and y; are given in Table 5. Q4 is sensitive to
Ng, BN, B; and a respectively. Note that oy = —3.097,
ang = +1.326 and gy = —1.26 in the Q value, while
Ya = Ivs/Ied, Yng = =2 and ygy = +4 in the Qcp value.
O((T;)) is the function of the volume average ion temper-
ature (T;) and (T;) o« BnBia/Ng (refer to (12)). Therefore
we have
40 (6@/6(T1>) ATy
o OKTy) | (T
3 (6@/6<Ti))(@ N da  ANg ABt
o/Ty )\ B a No Bt
The value of By is near the stability limit, while the
values of ¢; and Ng have the margin to the stability limits in
the steady state operation scenario. Therefore we choose g
and Ng as the control parameters. Let us consider the two
different steady state operations with the same parameters
except (g1, Ng) and (g + 4qy, Ng + ANg). Then we have

40 _(,, fo
0 ( Q)
q 86 /(T;)\ ANg
310228 4 (132 - 2V ) 26
30m+(3 wm” ]
AQca _ Ios Aq1 _(2+ 6@/6T)%
Ou I @1 O/T | Ng

In the case of steady state operation reference scenario 4,
type II in Ref.[5], the ion temperature is high (73(0) =
34keV) with peaked profile, so that 00/0T ~ —0.0483 is
negative (refer to Fig. 1) and the fusion reaction rate de-
creases as the average ion temperature increases. Then
we have (00/(T;))/(O/{T})) = —0.76 and A(log Q) =
—6.05(41og g)) + 4.06(41og Ng), A(log Qcq) = A(log q;) —
1.244(log Ng).

The dependences of Q and Q.4 on Ng and g; are
shown in Fig. 2.
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6 L
5+

-
4 L L 1 ! 1 ]
0.5 0.6 0.7 Ng
[

Q ch

5 -
4 1 i 1.
2.5 3 3.5 qr

Fig. 2 The dependences of Q and Q.4 on Ng are shown in the
upper figure and the dependences of Q and Q.4 on g, are
shown in the lower figure in the case of the ITER refer-
ence scenario 4, type Il in Ref. [1]. The vertical axis and
the horizontal axis are in log scale.

6 -
r Q(:d
5 k-
Q
4 1 1 | 1 \ L
0.5 0.6 0.7 Ne

Fig. 3 The dependence of Q.4 on Ng under the constraint of
40 = 0, that is, 4q;/q; = 0.6714Ng/Ng. The vertical
axis and the horizontal axis are in log scale.

Under the constraint of 4Q = 0, that is, 4q;/q; =
0.671ANO/N(;, we have Ach/ch = —0569(ANO/NG)
and the dependence of Q.4 on Ng is shown in Fig. 3. Re-
duction of Ng is more effective to increase of Q.4 than the
effect that the decrease of ¢g; (increase of I,) reduces Qcq
under the constraint of 4Q = 0.

5. Conclusion

More quantitative scaling laws of Q and Q.4 are de-
rived and examined by comparison with the data of stan-
dard scenario of inductive operation and reference scenario
of non-inductive operation of ITER. It is cofirmed that the
results of scaling laws of Q and Qy are consistent with the
data of both standard scenario of inductive operation and
reference scenario of non-inductive operation of ITER.

The dependence of Q and Q. on plasma parameters
are studied and it is found that the control of safety factor g
and Greenwald fraction Ng is effective to satisfy Q.4 = Q.
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