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Stability and force equilibrium of toroidal helical coil with circular cross section were investigated. In this
paper, we derived and calculated equations for equilibrium of toroidal helical coil based on an axisymmetric
surface current model. The helical coil, which is modulated in such a way that a magnetic surface coincides with
the coil surface, can reduce overturning force generated by electromagnetic forces. We analyzed the stability of
the toroidally modulated helical coil and confirmed that this modulated configuration is held in equilibrium while
it is unstable. This condition means the minimum inductance condition. Moreover, we formulated the relation-
ships between electromagnetic forces and stresses acting on toroidal helical coil with circular cross section, and
we compared the stress distributions calculated by the equations with those from finite element method (FEM)
analysis.
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1. Introduction
Stronger magnetic fields improve the performance of

magnetic confinement fusion devices. However, strong
magnetic field causes huge electromagnetic forces, and an
increase in cost becomes a problem. We investigated he-
lical coils that reduce stresses caused by electromagnetic
forces. The coils are based on the concept of balancing
the hoop force generated by central solenoid (CS) and the
centering force caused by toroidal field coils (TFCs) [1–7].
The coils were designed to be wound to make a magnetic
surface coincide with the coil surface, thus overturning
forces generated on the coils are minimized. The coils can
generate strong magnetic field even when the device size is
small. Superconducting magnetic energy storage (SMES)
by this coil concept was studied, under the condition that
coils were not fixed, the maximum operating current was
up to 86% of the critical current and the maximum mag-
netic field achieved was 6.1 T [8]. However, it was difficult
to raise further, and it was attributed to the movement of
coil conductors.

In this paper, we investigated the stability of toroidally
modulated helical coil with circular cross section based on
an axisymmetric surface current model. And we formu-
lated the relationships between electromagnetic forces and
stresses acting on toroidal helical coil with circular cross
section.
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Fig. 1 Illustrations of coil current distribution depicted by solid
line and magnetic surfaces indicated by dotted lines under
the condition that magnetic surfaces intersect coil surface
(a), and a magnetic surface coincides with the coil surface
(b).

2. Toroidally Modulated Helical Coil
When a helical coil is modulated in such a way that a

magnetic surface coincides with the coil surface, the over-
turning force generated by electromagnetic forces can be
reduced. This magnetic configuration was developed from
an axisymmetric surface current model. Poloidal magnetic
flux Ψ at x = (R, z) is given by

Ψ(x) =
∮

G(x, x′) jφ(x′)ds′, (1)

where the contour integral is done on the current surface,
and jφ is toroidal surface current density, and G is the
Green function expressed by using complete elliptic in-
tegral of first kind K(k) and complete elliptic integral of
second kind E(k) as follows,
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Fig. 2 Relationships between poloidal angle θ and toroidal an-
gle φ. Blue line shows the pitch of helical coil without
modulation and red one shows that of the modulated coil.

Fig. 3 Plan view of current paths without pitch modulation (a),
and with modulation (b). Red line indicates one current
path.
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μ0
√

rr′
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√
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On a magnetic surface, poloidal magnetic flux Ψ is con-
stant:

Ψ(x) = Ψ0 = const. (4)

The magnetic surface expressed by Eq. (4), in general, in-
tersects the coil surface as shown in Fig. 1 (a). The config-
uration that a magnetic surface coincides with the coil sur-
face can be achieved by distributed toroidal current density
jφ as shown in Fig. 1 (b). Toroidal magnetic field is also
generated by poloidal surface current density jθ,

jθ =
Iθ
2π

1
r
. (5)

The current path on the torus is determined by current den-
sity components, jφ and jθ. When jφ/ jθ is constant, the
path on the θ-φ plane is straight and the pitch angle is also
constant. The pitch angle is modulated for the distributed
jφ configuration whose current shell coincides with a mag-
netic surface as shown in Fig. 2. Figure 3 shows current
paths of toroidally helical coil without pitch modulation
(a) and with modulation (b). Although the current path of
a real helical coil system is non-axisymmetric as shown

in Fig. 3, we adapt an axisymmetric shell current model,
thus the shell current density and magnetic field are also
axisymmetric.

3. Stability of Modulated Helical Coil
In this section, we investigate the stability of

toroidally modulated helical coil with circular cross sec-
tion, and it is assumed that a magnetic surface coincides
with a torus shell and the coil current distributes on the
shell surface. Poloidal magnetic energy U is expressed by

U =
∮

1
2
Ψ jφds

=
1
2

∮
ds

∮
ds′ jφ(x)G(x, x′) jφ(x′), (6)

with poloidal magnetic flux Ψ. Since poloidal magnetic
flux Ψ generated by the modulated coil is expressed by
Eq. (4), the variation in the magnetic energy is written as
follows:

δU =
1
2

∮
ds

∮
ds′δ jφG jφ+

1
2

∮
ds

∮
ds′ jφGδ jφ

=
1
2
Ψ0

(∮
δ jφds +

∮
δ jφds′

)
. (7)

Here, we choose δ jφ satisfying∮
δ jφds = 0 (8)

with a constant current source. Since the right-hand side of
Eq. (7) is zero, the modulated coil is in equilibrium. Next,
δ2U is written as follows:

δ2U =
1
2

∮
ds

∮
ds′δ jφGδ jφ ≥ 0, (9)

since the Green function G is positive definite and symmet-
rical quadratic form. Consequently, when the modulation
changes under a current conservation condition, the induc-
tance of coil increases. The electromagnetic force F on
a coil system in constant-current operation is obtained as
follows [9]:

F = ∇U. (10)

Therefore the increment in δ2U expressed as Eq. (9) in-
dicates that the modulated coil is an unstable equilibrium
against any axisymmetric displacement on the torus shell
surface.

4. Electromagnetic Force on Helical
Coil

4.1 Formulation of force-balanced system
In this section, we include intersected magnetic fields

and extended the equilibrium equation [10] of torus shell
with a circular cross section under the condition that a
magnetic surface coincides with coil surface. In this paper,
uniform stiffness of the torus shell is assumed. Choosing
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Fig. 4 Semi-toroidal coordinate system (ρ, φ, θ).

semi-toroidal coordinate system (ρ, φ, θ) shown in Fig. 4,
equilibrium equations for the helical coil are obtained as
follows:

− 1
ar

{
rσθθ + (r − R)σφφ

}
= fρ, (11)

1
ar

d
dθ

(
rσθφ

)
= ar fφ, (12)

sin θ
r

{
σφφ − d

dr
(rσθθ)

}
= fθ. (13)

Here σφφ and σθθ are normal stresses in the θ and φ direc-
tions, respectively, σθφ is shearing stress, fθ, fφ and fρ are
electromagnetic forces per unit volume in the θ, φ and ρ di-
rections, respectively. Denoting major and minor radii by
R and a, respectively, r is given by r = R+ a cos θ. The so-
lutions to this simultaneous differential equations are given
as follows:

σθθ =
u

r(r − R)
, (14)

σφφ =
fρar

r − R
− u

(r − R)2 , (15)

using u obtained by

u(r) =
∫ r

R

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩a fρ(r′)r′ − fθ(r′)r′ (r′ − R)√
1 − (r′−R)2

a2

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ dr′. (16)

Shearing stress σθφ becomes zero at θ = π/2 where the
moment of the electromagnetic overturning force vanishes,
and given by

σθφ =
1
r

∫ θ

π/2
ra fφdθ. (17)

When a magnetic surface generated by the helical coil in-
tersects its coil surface, fφ acts on the coil and the coil is
subjected to a shearing stress σθφ as expressed by Eq (17).
Moreover, in such a case, fθ also acts on the coil, and fθ
contributes to normal stresses σθθ and σφφ as expressed by
Eqs. (14)-(16).

Fig. 5 Distribution of normalized stresses of torus shell without
modulation by FEM. Red, blue and green lines show σ̃θθ,
σ̃φφ and σ̃θφ, respectively.

Fig. 6 Distribution of normalized stresses of torus shell without
modulation by numerical integration from Eqs. (14), (15)
and (17). Red, blue and green lines show σ̃θθ, σ̃φφ and
σ̃θφ, respectively.

4.2 Stress distribution
In order to evaluate Eq. (16), we have to numerically

calculate electromagnetic forces per unit volume fθ, fφ and
fρ. In this paper, we calculated electromagnetic forces by
FEM analysis, and compared the results from Eqs. (14),
(15) and (17) with those of FEM stress analysis.

Analysis models are axisymmetric helical coil as
shown in Fig. 4, and major radius R is 2.9 m, minor ra-
dius a is 1.0 m and the thickness of the shell is 0.1 m.
We calculate the stress distributions of the coil with and
without modulation. The magnetic fields and electromag-
netic forces are calculated from the current density, and
stress distributions are given by obtained forces as load-
ing condition by using genetic finite element method code
“COMSOL Multiphysics”. Stresses were evaluated as nor-
malized stresses defined by

σ̃ ≡ VΩ
UM
σ, (18)
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Fig. 7 Distribution of normalized stresses of torus shell with
modulation by FEM. Red, blue and green lines show σ̃θθ,
σ̃φφ and σ̃θφ, respectively.

Fig. 8 Distribution of normalized stresses of torus shell with
modulation by numerical integration from Eqs. (14), (15)
and (17). Red, blue and green lines show σ̃θθ, σ̃φφ and
σ̃θφ, respectively.

where VΩ is the volume of torus shell and UM is the mag-
netic energy. Figures 5-8 show σ̃φφ, σ̃θθ and σ̃θφ. Figures 5
and 7 indicate the results calculated by FEM, while Figs. 6
and 8 show those from Eqs. (14), (15) and (17). Figures 5
and 6 are the stress distributions of the coil without modu-
lation, and Figs. 7 and 8 are those of the modulated coil.

FEM results include the stresses caused by local elec-
tromagnet forces as pinch forces, and pinch forces cause
compression stress. If the structure is subjected to a com-
pression stress, according to the virial theorem tensile
stress becomes larger. Thus, FEM results are a little larger
than numerically integrated results. Each dependence on
the poloidal angle is almost the same.

5. Discussion and Conclusions
We evaluated the stability of toroidally modulated

helical coil with circular cross section based on an ax-
isymmetric shell current model. The configuration of the
coil modulated to make a magnetic surface coincide with
the coil surface is at a unstable equilibrium condition ex-
pressed by Eq. (9). Consequently, if a coil moves a little,
an electromagnetic force enhances the displacement. Coils
have finite length and rigidity in practice, and current dis-
tributions do not disarrange up to infinity. However, in the
case of a superconducting wire, vibrations and the move-
ments of the coil might be connected with quench. There-
fore, it is important for this modulated coil to keep its or-
bit, the coil support at its original position will improve the
performance.

We also derived the expressions of Eqs. (14), (15) and
(17) from equilibrium equations. Stress distributions of the
coil with torus shell configuration were calculated by inte-
grating these equations numerically. Compared with the
results of numerical integral values, FEM results are a lit-
tle larger. This is presumably because the local electro-
magnetic force compress the coil, and thus tensile stresses
become larger. When a magnetic surface generated by the
helical coil intersects its coil surface, fφ acts on the coil and
is supported by shearing stress σθφ working on the coil.

The studies on stability and force equilibrium of non-
axisymmetric helical coils is left for future work.
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