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The radial diffusion of energetic ions is studied in the presence of high-m magnetic perturbation using DCOM
code. Diffusion coefficients, D, are evaluated varying ion energy and strength of magnetic perturbation. The
diffusion coefficient dependency of the magnetic perturbation strength is determined to be influenced by the ion
energy. In addition, the ion energy dependence of D shows that D ∝ E1/2 in lower energy (∼10 keV) and D ∝ E3/2

in higher energy (>10 keV) states.
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1. Introduction
A good confinement of energetic particles is required

in magnetic confinement fusion reactors. Because α-
particle energy is used to sustain high-temperature fusion
plasma, the loss of energetic α-particles may cause serious
damage to the first wall of a fusion reactor.

Recently confinement experiments of energetic ions at
ASDEX-U and DIII-D suggest the existence of anomalous
diffusion of off-axis injected beam particles [1,2], and the
measured beam current profile does not agree with that pre-
dicted from classical theory. It has been suggested that the
microscopic electromagnetic fluctuations caused by back-
ground plasma turbulence may cause anomalous particle
diffusion. However, it has long been considered that micro-
scopic electromagnetic fluctuations do not affect the diffu-
sion of energetic particles.

Hauff et al. [3] have investigated energetic particle
behavior in a turbulent electromagnetic field obtained by
a plasma micro turbulence code, GENE. Interestingly, it
have been shown that the energetic particle diffusion al-
ters near the turbulent field. In the simulation, the particle
energy dependence of the diffusion coefficient has been de-
termined, and the following results have been obtained. In
the case of electrostatic fluctuation, D ∝ E−1 (passive par-
ticle) and D ∝ E−3/2 (trapped particle), in the case of mag-
netic fluctuation, D ∝ E−1/2 (passive particle) and D of the
trapped particle is independent of E, where D is diffusion
coefficient and E is particle energy.

In this study, we use DCOM (Diffusion COefficient
evaluation by Monte-carlo method) code, which can cal-
culate radial diffusion of particles by the Monte Carlo
method, to study the effect of microscopic electromagnetic
fluctuations on radial diffusion of energetic particles. In
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a tokamak configuration, whereby the major radius R is
3.6 m, the minor radius a is 0.6 m and the magnetic field at
magnetic axis B is 3.0 T and the species of the test ions is
α particle, we follow the particle trajectory in the presence
of magnetic fluctuations and calculate the second cumu-
lant C2. In addition we estimate the diffusion coefficient D
from the obtained C2 and investigate the dependence of the
diffusion coefficient on the particle energy.

2. Simulation Model
We assume that the magnetic field has the following

form with equilibrium magnetic field B and magnetic per-
turbation δB

Bt = B + δB (1)

δB = ∇ × bB (2)

The drift motion equation of the guiding centers in the
above magnetic field had been derived as [4]
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γ = e(J + ι + ρc(JI′ − IJ′))

δ = μ +
e2B
m
ρ2
‖ ρc = ρ‖ + b

where ψ is magnetic surface function, θ is poloidal angle, ζ
is toroidal angle, ρ‖ = v‖(m/eB) is Larmor radius with v‖ as
parallel velocity along the magnetic field lines, I is poloidal
current, J is toroidal current, e is charge, m is mass of par-
ticle, Φ is electrostatic potential, ι is rotational transform,
and μ is magnetic moment.

We represent the magnetic perturbation b in Eq. (2)
using a Fourier series as

b(ψ, θ, ζ) =
∑
m,n

bmn(ψ) cos(mθ − nζ + ζmn) (7)

bmn(ψ)/a = smn exp
(
− (ψ − ψmn)2

Δψ2

)
(8)

where ζmn is phase, a is minor radius, smn is strength of
magnetic perturbation, ψmn is center of magnetic perturba-
tion, and Δψ is width of magnetic perturbation.

To quantitatively estimate particle spreading, we use
the second cumulant C2 defined as

C2 = 〈(r − 〈r〉)2〉 (9)

where r is the position of particles and 〈〉 is ensemble aver-
age. In a non-uniform magnetic field with magnetic fluctu-
ations, the time evolution of C2 is classified using correla-
tion time of the particle orbit Δt and characteristic time of
the system TL:

C2(t) ∝

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
t2 : t ≤ Δt

t1 : Δt ≤ t ≤ TL

t0 : TL ≤ t

(10)

The region in which C2 is proportional to t2 is known as the
ballistic phase, whereby particle orbits follow a dynamics
law where C2 is proportional to t1, particle spreading is
known as the diffusive phase. The diffusion coefficient D
is described as

D =
1
2

dC2

dt
(11)

The proportion of C2 to t0 indicates that particles have
reached a steady state.

This study investigates the behavior of energetic ions,
therefore we neglect the influence of the electron poten-
tial Φ the effects of which would be negligible. In ad-
dition we ignore the Coulomb collision effect because its
time scale would be very long compared with that for ra-
dial diffusion by magnetic turbulence. The species of the
test ions is α particle. To show statistical accuracy, the
dependence of D on the number of test ions, N, is investi-
gated. We estimate D when N is varied from N = 2.0×103

Fig. 1 Plot of the test particle number, N, dependency of the
estimated diffusion coefficient.

to N = 1.2 × 104 (Fig. 1). Figure 1 shows that D con-
verges in the range from N = 2.0 × 103 to N = 1.2 × 104.
Thus, in the following simulations, N = 1.0 × 104. In this
range, the relative error of D to N = 1.0 × 104 reaches
about 1%. Test ions are distributed at the radial position
r/a = 0.72 at t = 0, where a is minor radius. We as-
sume a tokamak magnetic configuration: Major radius R
is 3.6 m, minor radius a is 0.6 m, and magnetic field at
magnetic axis B is 3.0 T. We assume that the magnetic per-
turbation has 30 high-m Fourier modes, whereby poloidal
mode m = 200 and toroidal mode n = -118 ∼ -147. In
addition Δψ/ψa = 0.30, and ψmn/ψa = 0.52; ψa is the out-
ermost magnetic surface. In this condition, the center of
magnetic perturbation almost corresponds to the radial ini-
tial position of the particles. Each ζmn of Fourier modes
is chosen randomly. The strength of magnetic perturba-
tion smn of all Fourier modes are same: smn = s. In the
DCOM [5–7], Eq. (3)–(6) are integrated by the sixth-order
Runge-Kutta method. For example, in the case of larger s
(s = 1.0× 10−4) and E = 3keV, the relative error of energy
is about 3.0 × 10−8% at the end of the calculation.

3. Simulation Results
Figure 2 shows the time evolution of the second cu-

mulant C2 in which the magnetic perturbation strength s is
varied from 0 to 1.0 × 10−4. Particle energy, E, is assumed
to be E = 3 keV. The magnetic field structure shows clearly
nested magnetic surfaces in the case of s = 0. When the
magnetic perturbation increase to s = 5.0 × 10−7, such
magnetic surfaces start to break around the center of the
magnetic perturbations, and a stochastic region can be seen
from r/a ∼ 0.6 to r/a ∼ 0.8. The relation between s and
the radial width of the stochastic region, W, is shown in
Table 1. It is evident that the magnetic surfaces are bro-
ken throughout the region with further increase in s from
5.0 × 10−6.
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Fig. 2 Time evolutions of second cumulant C2 of particles for
various strengths of magnetic perturbation s is from 0 to
1.0 × 10−4.

Fig. 3 Diffusion coefficients in the presence of magnetic pertur-
bation D at particle energy E = 3 keV and E = 10 keV is
proportional to s2. On the contrary, D at E = 100 keV is
proportional to s1.

In the case of s = 0, C2 increases in proportion to
t2 and then becomes constant. The ballistic phase ap-
pears first, followed by the steady state. In the case of
0 < s ≤ 1.0 × 10−5, the region where C2 is proportional
to t1 appears, we can confirm that particles diffuse in a ra-
dial direction due to magnetic turbulence during the diffu-
sion phase. In the case of larger s (s = 1.0 × 10−4), the
diffusive phase does not appear. Figure 3 shows the vari-
ant of diffusion coefficient D calculated by Eq. (11) due
to s. We can see that D is proportional to s2 when parti-
cle energy is 3 keV and 10 keV, and is proportional to s1

Fig. 4 Time evolutions for second cumulant C2 of particles for
various energy of particles. E is from 30 keV to 3 MeV.

Fig. 5 Diffusion coefficient versus energy of particles. D is pro-
portional to E1/2(∼10 keV) and to E3/2(10 keV∼).

when particle energy increases to 100 keV. These results
indicate that the s dependency is influenced by the parti-
cle energy and that s dependency is weak in the energetic
particle. We next consider the relation between the satu-
rated value of C2 and the magnetic perturbation strength.
Table 1 shows the change in C2 as s increases. The relation
C2 ∼ W2/12 is observed in Ref. [7]; therefore we evalu-
ate the value

√
C2/W through the change in s. Although

we obtain about twice the difference among them, a clear
relation is not evident due to differences in the modes of
perturbation magnetic fields. The mode number is much
higher in this paper than that of Ref. [7].

Figure 4 shows the time evolution of C2 when particle
energy E varies from 30 eV to 3 MeV with a fixed value
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Table 1 Magnetic perturbation and width of stochastic region.

s W C2(t = 10−3)
√

C2/W
5.0 × 10−7 0.2a 0.1041 × 10−3 8.502 × 10−2

1.0 × 10−6 0.4a 0.2629 × 10−3 6.756 × 10−2

5.0 × 10−6 a 0.6291 × 10−3 4.180 × 10−2

1.0 × 10−5 a 0.7732 × 10−3 4.634 × 10−2

1.0 × 10−4 a 0.2810 × 10−2 8.835 × 10−2

s = 1.0 × 10−6. In the lower energy case (∼30 keV), the
ballistic and diffusive phases are clear. However, in the
intermediate energy case (60 keV∼200 keV), the duration
of the diffusive phase is short and the ions reach steady
state rapidly. In the higher energy case (200 keV∼3 MeV),
the diffusive phase disappears. Figure 5 shows the variant
of D due to particle energy E. D is proportional to E1/2 in
the lower case (∼10 keV): D is constantly proportional to
E3/2 in the higher region (>10 keV).

4. Discussion
In [8], the diffusion coefficient D for the lower energy

particle,

D ≡ (Δr)2

2Δt
(12)

is estimated where Δt is the time at which particle orbit
loses the dynamic correlation, and Δr is the radial displace-
ment of particles at Δt conditions. In collisionless plasma,
the approximate Δt is τc, where τc is the transit time of the
passing particle given as τc ∼ Lc/v‖ where L‖ is connec-
tion length (∼ πqR). Δr is estimated as Δr ∼ (δB/B)L‖
where L‖ is the correlation length of magnetic perturba-
tion in the direction of equilibrium magnetic field and is
approximately Lc. Because δB/B ∼ ampols/r Δr becomes
Δr ∼ (ampols)/rL‖ where mpol is the poloidal mode num-
ber. Finally Eq. (12) can be represented as

D ∼ (Δr)2

2τc
∼ v‖

2Lc

(ampol

r
L‖

)2
s2. (13)

Substituting v‖ ∼ v = √2E/m in Eq. (13), the dependence
on s and E of D can be obtained as

D ∝ s2, D ∝ E1/2. (14)

The results of the lower energy cases agree with this de-
pendence, while those of the higher energy cases do not.
Such discrepancy is related to the orbit size of energetic

particle.
The banana width of higher energy particles is much

larger than that of lower energy particles. The banana
width Δb is given as

Δb ∼
(R

r

)1/2 (
2π
ι

)
ρΩ, ρΩ =

mv⊥
qB

. (15)

In the case of E = 3 keV and 100 keV, for example,
normalized Δb/a by minor radius a is 1.8 × 10−2 and
1.0 × 10−1 respectively. thus the particle affected by dif-
ferent magnetic field perturbations during one bounce mo-
tion, which may change the diffusion process in the case of
E = 100 keV. Further study is necessary to understand the
alteration of parameter dependencies in the high-energy
particles.

5. Conclusion
To study the anomalous transport mechanism of ener-

getic particles, we have investigated the diffusion of ener-
getic particles in the presence of high-m magnetic pertur-
bations using DCOM. We have investigated the time evo-
lution of the second cumulunt C2 with specific magnetic
perturbation strength s and estimated the diffusion coeffi-
cient D. We have determined that D is proportional to s2

for the lower energy particle and to s1 for the higher energy
particle. Moreover, we have investigated the dependence
of diffusion coefficient D on particle energy E: D ∝ E1/2

in lower energy (∼10 keV) and D ∝ E3/2 in higher en-
ergy (10 keV∼). The obtained results for the higher en-
ergy particle do not agree with the previous results [8], and
the energy dependence as reported in [3] could not be ob-
tained. In 200 keV ∼ 3 MeV, the spreading of particles did
not reach the diffusive phase; therefore we could not cal-
culate the diffusion coefficient. Thus further study is nec-
essary for the energetic ion diffusion by a new approach
which can measure the non-diffusive process.
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