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Estimation of the Effective Collective Thomson Scattering Volume
Using a Gaussian Beam in the LHD ECRH System
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Collective Thomson scattering (CTS) is a promising candidate for direct measurement of the velocity dis-
tribution function of ions in fusion devices. The relevant frequency for a CTS probing beam source is in the
millimeter- to submillimeter-wave range. The scattering volume of CTS is an important parameter for determin-
ing the intensity of the scattered power and the spatial resolution of the measurement. The conventional method
of estimating the scattering volume is to simply calculate the geometrical volume of the probing and receiving
beams. This calculation is valid only when the beams are diffraction free. The effective scattering volume is
defined and applied to a CTS system using strongly focused beams and its validity is examined experimentally.
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1. Introduction
Measuring the ion velocity distribution is especially

important in reactor-relevant plasmas. Collective Thom-
son scattering (CTS) is one of the most promising methods
for evaluating the ion velocity distribution function. De-
spite its potential, this method has long suffered from a
lack of adequate power sources. Recent developments in
the high power, high frequency range of gyrotrons and in
transmission techniques for electron cyclotron resonance
heating (ECRH) have enabled the measurement of not only
the bulk but also the high-energy component of the ion ve-
locity distribution function [1–3].

A trial CTS measurement using the 1 MW, 77 GHz
gyrotron in the Large Helical Device (LHD) has begun.
Antenna sets that can generate two Gaussian beams are
installed in four LHD ports. One is used to inject the
probing beam and receive the scattered power. An eight
channel radiometer-type receiver is set upstream of one of
the transmission lines connected to the receiving antenna.
Promising scattering signals are observed, well separated
from electron cyclotron emission (ECE) background radi-
ation [4]. The receiver system has been upgraded to have
32 channels and to be more sensitive in each channel.

One of the main advantages of using an ECRH system
for CTS is the availability of well-defined Gaussian beams
for both probing and receiving. The effective scattering
cross section and its extent over the effective minor radius
are the keys to determining the intensity and spatial reso-
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lution of the scattering spectra. The steering capability of
the probing and receiving beams enables detailed compar-
ison between experiment and calculation for system cal-
ibration and optimization of the scattering configuration.
We describe the methods of estimating the effective scat-
tering cross section and compare the results with those of
beam steering experiments.

The methods of calculating the geometrical and effec-
tive scattering volume are described in Section 2, and the
two volumes are compared in Section 3, with the Gaussian
beams used for CTS in the LHD as an example. The con-
sistency of the effective scattering volume with the mea-
sured CTS intensity during a volume scaning experiment is
shown in Section 4. The conclusion is given in Section 5.

2. Scattering Volume
The scattering volume defined in scattering measure-

ments is generally the purely geometrical cross section of
the probing and receiving beams. Assuming uniformity of
the scattering characteristics, beam, and sensitivity profile
in a unit volume, the scattered power density Ps at the far
field R in a unit angle frequency in a unit steradian can be
expressed as

Ps(R, ωs)dΩdωs

=

∫
V

pi(r)
r2

0

2π

∣∣∣∣∣ŝ×ŝ×Êi
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2

ne(r) S (K, ω) dr. (1)

Êi and ŝ are the unit vectors in the oscillating electric field
direction of the probing beam and in the direction of the
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scattered wave vector ks, respectively. ki and K are the
wave vectors of the probing beam and the fluctuations that
causes scattering, respectively. ωi, ω, and ωs are the angu-
lar frequencies of the probing beam, fluctuation, and scat-
tered radiation, respectively. The relations ks = ki + K and
ωs = ωi +ω are satisfied. r0 is the classical electron radius.
pi(r) is the power density of the incident beam. ne(r) and
S (K, ω) are the local electron density and a form factor that
depends on local plasma parameters, respectively. This
equation should be integrated over all the space where scat-
tering can occur. When the plasma parameters ne, S (K, ω)
and |ŝ×ŝ×Ê|2 are constant over the volume, Eq. (1) can be
simplified to yield the conventional formula [5] for the to-
tal receiving power Pr with the antenna efficiency function
ηr(r) as

Pr =

∫
pi(r)ηr(r)

r2
0

2π
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2
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2π
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2
neS (K, ω), (2)

where ne and S (K, ω) are the average electron density and
the form factor of the scattering volume, respectively. V
and A are the scattering volume and the crosssection of the
probing beam, respectively. These values can be calculated
independently using the geometrical overlap between the
probing and receiving beams and the cross section of the
probing beam when the changes in the spot sizes of both
beams near the scattering center are negligible. The pre-
cise combined expression for A and V can be derived from
Eq. (2) as the integral

Pi

A
V =
�

pi(r)ηr(r′) × δ(r′ −←→T · r)drdr′. (3)

The power density distribution function pi(r) is

pi(r) =
2Pi

πwx(z)wy(z)
exp
[
−2
( x2

w2
x(z)
+

y2

w2
y(z)

)]
, (4)

and the antenna efficiency function, ηr(r′) is

ηr(r′) =
wx′ (z′c)wy′ (z′c)
wx′(z′)wy′ (z′)

exp
[
−2
( x′2

w2
x′ (z′)

+
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w2
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)]
.

(5)

Two elliptic Gaussian beams are defined by their e-folding
waist sizes of the oscillating electric field, w0,σ, w

′
0,σ′ , and

waist positions z0,σ, z
′
0,σ′ , expressed in the coordinate sys-

tem (x, y, z) for the probing beam and (x′, y′, z′) for the re-
ceiving beam as

w2
σ(z) ≡ w2

0,σ +
λ2(z − z0,σ)2

π2w2
0,σ

, σ = x or y,

w2
σ′ (z

′) ≡ w2
0,σ′ +

λ2(z′ − z′0,σ′ )
2

π2w′20,σ′
, σ′ = x′ or y′. (6)

λ is the wavelength of the radiation under consideration,
and z

′
c is the z′ value of the scattering center in the (x′, y′, z′)

coordinate system. The matrix
←→
T is the transformation

matrix between the coordinate systems of the probing and
receiving beams, (x, y, z) and (x′, y′, z′).

The geometrical scattering volume Vgeom and the
probing beam crosssection A can be defined geometrically
as

Vgeom =

�
exp
[
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× exp
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2
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These values of Vgeom and A can be used for the scattering
volume V and A in Eq. (2) only if the changes in spot size
along the beam axis are negligible over the beam overlap
region. The effective scattering volume Veff can now be
defined using Eqs. (3) and (8) as

Veff =

�
wx(zc)wy(zc)
wx(z)wy(z)

exp
[
−2
( x2

w2
x(z)
+

y2

w2
y(z)

)]

×ηr(r′)δ(r′ −←→T · r)drdr′. (9)

Note that the formulas derived above are not applicable
when the refraction effect is so large that the beam cannot
propagate as a Gaussian beam.

3. Comparison of the Geometrical
and Effective Scattering Volumes
In the LHD’s CTS system, the probing and receiving

beams are defined by the ECRH antenna system, which
uses strongly focused Gaussian optics. The designed beam
profiles are shown in Figs. 1 (a) and (b). Both beams are
depicted as tubes representing elliptical spot sizes along
the beam axes. An advantage of using the ECRH antenna
system as a CTS system is that the probing and receiving
beams are well documented [6]. When strongly focused
beams are used, as in the LHD scattering configuration,
the power density and antenna efficiency change along the
optical axis. In such cases, the deviation of Veff from Vgeom

becomes large. Figure 1 shows two cases in which the
probing and receiving beams cross (a) at the midplane of
LHD and (b) at 0.5 m above the midplane. The beams cross
near the waist points of each beam in (a), but farther from
the waist points in (b). To see in greater detail the differ-
ence between Vgeom as defined in Eq. (7) and Veff as defined
in Eq. (9), a three-dimensional plot of the calculated points
is shown in Figs. 1 (c)-(f). Points are plotted three dimen-
sionally with different shapes and colors representing sev-
eral levels of the integrands of Eqs. (7) and (9) for the con-
ditions in Figs. 1 (a) and (b). Figs. 1 (c) and (e) are plots of
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Fig. 1 Configuration of the probing and receiving beams in the
LHD when the scattering center is located on (a) the mid-
plane (z = 0 m) and (b) z = 0.5 m. Profiles of the inte-
grand of Veff as defined in Eq. (9) are also plotted. De-
tailed profiles of the integrand are shown in (c)-(f). (c)
and (d) show profiles of the integrands of Vgeom as de-
fined in Eq. (7). (e) and (f) show those of Veff as defined
in Eq. (9). In (c) and (e) the scattering center is at z = 0 m,
and in (d) and (f) at z = 0.5 m. All calculated points be-
longing to the levels 0-0.1, 0.2-0.3, 0.4-0.5, 0.6-0.7, and
0.8-0.9 are plotted with red pluses, green crosses, blue
stars, magenta squares and cyan closed squares, respec-
tively.

Vgeom and Veff , respectively, for beams crossing at the mid-
plane [corresponding to Fig. 1 (a)]. Figs. 1 (d) and (f) are
those for the beams crossing at 0.5 m above the midplane
[Fig. 1 (b)]. The beam expansion effects are clear in both
the probing beam intensity and the receiving efficiency es-
pecially when the beams cross away from the waist posi-
tion.

Figure 2 shows the dependence of the calculated Vgeom

and Veff on the radial position of the scattering center. In
this case, Vgeom and Veff coincide within 20%, since the
waist position of the probing and receiving beams stay near
the scattering center within the antenna’s steerable range
(3.4-3.8 m). An advantage to calculating the scattering vol-
ume using the integral form, as in Eq. (7) or (9), is that the
spatial resolution of the scattering measurement can be de-
fined as the standard deviations of the plasma parameters
away from the scattering center. Figures 3 (a) and (b) show
the dependence of the average minor radius ρ and magnetic

Fig. 2 Dependence of Vgeom and Veff on radial direction.

Fig. 3 Dependence of the (a) ρ and (b) B and their standard devi-
ations on Vgeom and Veff during a radial scan of the volume
center.

Fig. 4 Variation in Vgeom and Veff during a vertical scan of the
volume center.

field strength with their standard deviations on the scatter-
ing volume. These results show that a radial scan of the
scattering center give a good measure of the radial distri-
bution of the ion velocity distribution function within the
resolution of δρ ≈ 0.1.

In contrast, vertical scans of the scattering center are
severely affected by the expansion of the probing and re-
ceiving beams. Figure 4 shows the depenence of Vgeom and
Veff on the vertical position of the scattering center. The de-
viation of Vgeom from Veff becomes large as the scattering
center moves away from the waist positions of the probing
and receiving beams. The spatial resolution and extent of
the magnetic field also widen (see Fig. 5).
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Fig. 5 Dependence of the (a) ρ and (b) B with their standard de-
viation on the geometrical and effective scattering volume
during the vertical scan of the volume center.

Fig. 6 Scattered power spectrum from NBI-heated plasma with
ne = 1 × 1019 m−3, and Te,0 = 2.2 keV.

4. Comparison with Experimental Data
A scattering volume scan experiment was performed

using a 32-channel receiver system. The scattered power
spectra for a scattering center scan in the vertical direction
are shown in Fig. 6. The target plasmas were reproducible
and were sustained by NBI with an electron density ne =

1 × 1019 m−3 and electron temperature at the center, Te,0 =

2.2 keV. The density profile is broad and is almost the same
at z = 0, ± 0.5 m. A ray tracing calculation under this ex-
perimental condition indicates that the beam propagates as
a Gaussian beam and the deviation from that in the vac-
uum is negligible. The ion temperature estimated from the
Doppler broadening of the Ar line was about 1 keV. The
relative sensitivity of each channel was calibrated using
the difference between the black-body radiation intensity
of liquid N2 and room temperature. The background ECE
intensities were at the level of 20 eV in these cases. Af-
ter subtracting the background, the spectral intensity ratio
for the bottom, center, and top cases were 2.9:1.0:1.8. As
Eq. (2) showed, the scattered spectral intensity is propor-
tional to the volume V and inversely proportional to the
probing beam cross section A. The relative spectral inten-
sity, except for the plasma parameters, scales to the effec-
tive length, V/A. Figure 7 shows the calculated V/A with
the measured intensity normalized at the center. The good
agreement between the relative intensity of the scattered
spectra and the effective length V/A using Veff indicates
that the observed spectra reflect the local ion velocity dis-

Fig. 7 Vgeom/A and Veff/A, during a vertical scan of the volume
center. Open circles indicate the relative intensity of the
scattered spectra normalized by that at the center.

tribution function defined by the designed Gaussian beam
optics.

5. Conclusion
A method of calculating the scattering volume for an

elliptical Gaussian beam is established. The difference be-
tween the geometrical and effective scattering volumes be-
comes large for a strongly focused system, since the effect
of beam expansion is not negligible. Comparing the exper-
imental data during a vertical scattering center scan with
the scattered spectrum intensity confirms the effectiveness
of the scattering length defined by V/A and the adequacy
of the LHD’s scattering system.
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