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We discuss generation processes of two distinct structures, ordered arrays of high density clumps and single-
peaked macroscopic structures as observed in relaxation processes starting from non-equilibrium distributions of
strongly magnetized pure electron plasmas. The two-dimensional character of the guiding-center system shows
equivalence between the distributions of electron density and the vorticity in E×B flow. Observations reveal deci-
sive role of fluctuations in the ambient electrons in assisting the formation of ordered arrays and their destruction
that successively leads to next stage of ordered structures. The fluctuating parts extracted via wavelet analyses
show characteristic features of spectrum and k-space dynamics in ideal 2D turbulence. Such dynamics interpreted
as ideal 2D fluid actually reflect electromagnetic dynamism of charged particle subject to redistribution of po-
tential energy and angular momentum. One extra feature of 2D vortex dynamics of electrons is the contribution
of Landau-damping of collective particles’ motion which conveys externally applied electromagnetic field to the
bulk electrons via resonant electrons as a source of energy and momentum.
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1. Introduction
The macroscopic dynamics of the guiding-center par-

ticles of non-neutral plasmas (NNP’s) in the plane trans-
verse to homogeneous magnetic field B are isomorphic to
those of the two-dimensional (2D) Euler fluids. Within
this approximation, in pure electron plasmas, the distribu-
tions of electron density n(x, y) and the electrostatic po-
tential φ(x, y) are related to the vorticity ζ(x, y) and stream
function ψ(x, y) as �ζ(x, y) = ∇ × ( �E × �B/B2) = ẑ�φ/B =
en(x, y)ẑ/ε0B and ψ(x, y) = φ(x, y)/B, where ε0 is the di-
electric constant in vacuum [1].

Due to the absence of counter-charged particles, the
canonical angular momentum of the NNP system is en-
hanced over kinetic component by several orders of mag-
nitudes owing to the contribution of azimuthal E × B elec-
tromagnetic flux [2]. If the trap configurations are kept ax-
isymmetric, the particle number, electrostatic energy and
canonical angular momentum within the NNP system are
made highly conservational so that various paths of dy-
namics can proceed in practically loss-free isolated states.
In this paper we overview various processes involved in
instability, vortex dynamics, turbulence and formation of
ordered structures that progressively appear starting from
well-controlled initial conditions. The scope and frame-
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work of this paper is given in the next section. Main con-
cern here is on the 2D dynamics including vortex (clearly
observable distributions) and fine-scaled background dis-
tributions generating fluctuating electric fields that drive
incoherent E×B flows. After these description, a short ref-
erence will be given on the contribution of Landau damp-
ing to the structure formation of 2D vortex column as an
extra feature of plasmas in vortex dynamics.

2. Scope
Because this paper is written on the basis of ex-

perimental observations, fundamental procedures are de-
scribed briefly (Sec. 3) Then the discussion proceeds as
follows: first we discuss the formation process of ordered
arrays of string distributions of electrons (often referred to
as clumps) assisted by fluctuating background fields. Here
we focus to the case where the clumps’ distributions are
quite narrow compared to the external structures driving
the clumps so that the deformations of the clumps are not
essential (Sec. 4). Discussion shall be extended to the cases
where the background distribution is weakly unstable so
that competitions occur in the growing patterns between
the clumps’ array and unstable modes (Sec. 5).

The discussion is extended further to the cases with
many clumps immersed in different heights of background
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vorticity (density) distribution (BGVD) where the clumps
repeatedly form ordered arrays with successively decreas-
ing components under isolated relaxation (Sec. 6). Here
in the transition to the next generation of ordered array,
merging occurs among clumps. Therefore Sec. 7 is devoted
to a brief description of basic processes in vortex merger,
where internal deformations driven in the shear fields from
other vortex are essential as well as the self-generated mul-
tipole fields. Coalescence of the core distributions is asso-
ciated by the outward emissions of filamentary distribu-
tions so as to conserve the total energy and angular mo-
mentum. These topics suggest paths of structural evolution
of the vortex or plasma flow systems depend sensitively on
the initial configuration as well as incidental perturbations
externally imposed.

The next topic, a core of this paper in Sec. 8 is the
structural analyses of nonlinear stage of shear-flow driven
diocotron (Kelvin-Helmholtz) instability. Here we extend
the wave-number (k) space dynamics of energy and enstro-
phy ( ∝ ζ2 ) to include both scales ( ∝ 1/k) and spatial
coordinates (x, y) by introducing multi-scale wavelet anal-
yses. With this approach we shall see that eminently ob-
servable coherent vortices (blobs), generated in the initial
nonlinear stage of the instability, successively decrease in
number associated with the emission of filamentary distri-
butions eventually absorbed into the turbulent background
consistently with the energy spectrum E(k) ∝ k−3 as pre-
dicted for idealized stationary 2D turbulence. As the last
topics, a brief comment will be given in Sec. 9 on the con-
tribution of resonant particles in connecting the energy and
momentum of high frequency waves to the 2D vortex dy-
namics.

3. Experimental Method
The vortex dynamics interacting with fluctuating

background fields are studied with pure electron plasmas
confined in traps consisting of a homogeneous magnetic
field (B = 0.048 T or 1-2 T) and square-well potential. Var-
ious combinations of electron strings are injected in pulses
through a lowered potential barrier and held in the trap un-
til being relaxed to a desired shape of smooth distribution.
If necessary, concave or hollow distributions are generated
by slightly decreasing the barrier to push out the near-axis
population by expulsive self-field. Desired arrays of elec-
tron clumps are then superposed onto the background pop-
ulation to complete the initial distribution [3].

After a pre-set time of holding, the potential barrier on
the other side is removed to let the electrons escape along
the magnetic field, accelerated by 5-7.5 kV and eventually
collected on a Al-coated phosphor screen. The axially
integrated electron distribution is recorded on a charge-
coupled-device (CCD) camera as a 2D numerical array of
luminosity that was experimentally confirmed to be pro-
portional to the electron number. The absolute value of the
total electron number is determined by time-integrating the

Fig. 1 Configurational relaxation of three point vortices with
(lower) and without (upper) background distribution.

measured current collected through the Aluminum film.
The time history of the relaxation process is traced by
repeating this destructive diagnostics after varied holding
time. More detailed description may be found in Ref. [3].

4. Formation of Ordered Array of
Clumps
A string distribution of electrons parallel to magnetic

field is referred to as a point vortex as long as the inter-
nal structures are not taken into consideration. Three point
vortices initially placed at the vertices of an equilateral tri-
angle are known both theoretically and experimentally to
keep this configuration [4, 5]. However, as shown in the
upper panels of Fig. 1, this initial configuration is not sus-
tained in the presence of other perturbing forces than their
mutual interaction such as contributions of image charges
induced on a surrounding wall [6]. On the other hand,
as shown in the lower panel, in the presence of the back-
ground population, linearly aligned point vortices form an
equilateral array and keep this configuration for 0.5 s until
atomic collisions take effects as dissipations [5].

Contributions in the formation and sustaining of the
ordered arrays of the clumps are to be attributed to the
fine structures and fluctuations, which are induced by the
clumps, in the surrounding background distribution. The
background’s effect was quantitatively confirmed as the
observation that the transient time required to reach the
equilateral array from the linear array decreases as the elec-
tron number in the background increases [5].

5. Interaction of Clumps and Unsta-
ble Background
In cases that clumps are placed orderly in weakly un-

stable background distribution, structural evolutions were
found to depend sensitively on relative strength of the two
parts [7]. Some examples are shown in Fig. 2. In the ab-
sence of the clumps (1st panels), the initial distribution of
the background in a hollow shape with a radial shear of az-
imuthal flow deforms spontaneously in m = 2 mode in a
characteristic time of 200µs.
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Fig. 2 Deformations in the clumps’ configuration and weakly
unstable background distribution in interaction.

The 2nd and 3rd panels show the cases where 3
clumps are superposed on the same background. While the
electron number in the clumps is not large (2nd panel), the
clumps are bunched into the m = 2 mode and accelerate
the growth of the background’s instability. On the other
hand, if the clumps’ densities are high, the BG is modu-
lated in (originally stable) m = 3 mode or deforms into 3
blobs. Then m = 2 modulation (2 blobs) appears faster
than the case of 1st panel. The same story is observed in
the cases with 6 clumps as shown in the last two panels.
These observations suggest that interactions among emi-
nent elements and inconspicuous components tend to ac-
celerate the appearance of either side of characteristics via
mutual deformations.

6. Successive Decay and Re-
Emergence of Vortex Crystals
in Background Distribution
The process shown in Fig. 1 is examined further so as

to include the merging of clumps and re-organization of
ordered array with decreased number as shown in Fig. 3.
The readers may notice the elongation of the time scale be-
tween each arrays of decreasing number of clumps. After
the formation of the first crystal configuration, it is quite
rare that unordered arrays are observed, but the number
of the constituent clumps shows statistical dispersion af-
ter a given time of relaxation. This observation indicates
that the turbulent period of clumps’ dynamics, in which
the clumps’ merger proceeds, is much shorter than the life
time of crystalized arrays.

The number of clumps in observed crystals is plotted
in Fig. 4, starting from the same array of 14 clumps im-
mersed in different levels of almost flat background distri-
butions. The clumps’ arrays in Fig. 3 are taken from the
highest case of BGVD4. The horizontal arrows indicate
the number of clumps composing the first crystal arrays.
As the level of BGVD decreases, the appearance time of
the first crystal delays and the number of clumps decreases.

Fig. 3 Ordered arrays of clumps appearing during the relax-
ation from the initial distribution consisting of 14 clumps
superposed on a BGVD4 with hight about 1/40 of the
clumps [8].

Fig. 4 The number of clumps forming crystal arrays plotted
against the logarithm of time, starting from different lev-
els of BGVD drawn on the right [8].

With the best control of the initial conditions, the observed
processes remain stochastic in time.

The stochastic distributions of the observed data, how-
ever, are found to best fit to the log(t) vs. clumps num-
ber plot. In numerical simulations and laboratory exper-
iments of free-decaying turbulence mainly composed of
blobs with finite width, the number of blobs has been re-
ported to obey the power law in time as Nc ∝ t−ξ ( ξ =
1) [9]. The data in the first report of vortex crystals in a
pure electron plasma by Fine et al. [10] are also confirmed
to show the logarithmic dependence in the crystal stage [8].

This new finding suggests that high and compact den-
sity (vorticity) distributions tend to establish highly or-
dered configurations under the influence of ambient fluc-
tuating fields and, once formed, keep the configuration
until some conditions are violated. The slope of fitting
lines in Fig. 4, increasing with the BGVD height, suggests
that fluctuations exerted by the BGVD tend to broaden
the clumps width and make them vulnerable to the shear-
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Fig. 5 Time evolution of electron density distributions under
merging process [12].

driven deformation that eventually leads to merger of the fi-
nite clumps. The time required for the deformation /merg-
ing and reorganization process will be observed to be much
shorter than the life time of the quasi-equilibrium crystal-
ized states in the following examinations.

7. Merger of Discrete Vortices
Broadening of the density distribution causes the

merger of clumps. Figure 5 shows a structural evolution
of merging identical vortices that are initially separated
by 9.5 mm. The inter-vortex distance leading to merger
lies around twice the diameter at half maximum [11], and
our observations indicate that merger of two cores takes
in about twice of the mutual rotation period. The merging
process starts with deformation of the density distribution
that is caused by the E × B shear generated by the counter
part. The deformations generate an inward / outward E × B
flow as well as the azimuthal flow inhomogeneously. The
spiraling inward flow drives the merging of the two cores,
while the filamentary distribution are driven outward. The
two-way transports are essential to conserve the particle
number (circulation), the energy and the canonical angu-
lar momentum of this isolated system throughout the re-
distribution.

In the presence of a third distribution, the merger be-
comes available between far apart blobs. An addition of a
low ( even less than 1/10 ) density blob in between gen-
erates spiral filaments that cause deformations around the
core of the two blobs and trigger the merger. This process
may add another path to intermittent structural transitions
of a macro system composed of multi-scales of distribu-
tions.

Incompressibility of two-dimensional guiding-center
fluid is another interesting topic. Areas in the x-y plane
occupied by different height of electron density are exam-
ined as a function of relaxation time over 512× 512 pixels
on the CCD image . The total number of pixels represent-
ing the presence of electrons is confirmed to remain con-
stant. However, the areas belonging to the lower half of
the density contours are observed to mix while the subtotal
number is conserved. This re-distribution is eminent dur-

Fig. 6 Time evolution of electron density distribution starting
from hollow profile with strong shear flow [13].

ing the merger-dominated period where filamentary struc-
tures are produced and tightly wound, so that smoothing
effect of viscosity needs to be taken into consideration. On
the other hand, the areas occupied by the electrons belong-
ing to the upper half of the density contours are observed
to remain almost constant. This difference in the incom-
pressibility is reflected in the longevity (coherent structure)
of strong (high density) vortices and fluctuating unidenti-
fiable small scale-eddies. Reasonable separation is one of
the main topics in the next discussion on free-decaying 2D
turbulence.

8. Free-Decaying 2D Turbulence Trig-
gered by Shear-Driven Instability
In a hollow density distribution of electrons as

schematically drawn at the top left of Fig. 6, strong radial
shear is generated in the azimuthal E × B drift flow, and
diocotron (Kelvin-Helmholtz) instability grows faster with
increasing azimuthal mode numbers in the density distri-
bution as the initial shell thickness decreases.

Within a few µs the deformation changes from linear
growth into a nonlinear stage to generate corresponding
number of strings. Because the strings are of finite width
and the space in between is filled with low density popula-
tion, merging processes set in concurrently as observed al-
ready in Fig. 5. Furthermore, since the average distribution
is still of hollow shape with increased thickness, this sys-
tem can be still linearly unstable to lower-mode instabil-
ity as expected from Fig. 2. Driven by these destabilizing
factors, the number of strings decreases successively in as-
sociation with merger at the most vulnerable location until
a single-peaked distribution forms in about 40 µs. During
this merging process filamentary distributions are emitted
radially and wound around the core part. The differential
E × B rotations stretch and tighten the spiral distributions
so as to generate further deformations into smaller scales
that can further drive local transports.

S2002-4



Plasma and Fusion Research: Review Articles Volume 5, S2002 (2010)

Fig. 7 Time evolution of the energy spectra in the vortex dynam-
ics shown in Fig. 6 [13].

The Fourier analyzed energy spectra are evaluated as

E(k) =
1
2

(
e

ε0B0

)2 ∫ 2π

0
kdϕ
|n(k)|2

k2 , (1)

and plotted in Fig. 7 for each stage of the evolution dis-
played in Fig. 6. Dips in the red curve representing the
initial distribution reflect the externally imposed clear-cut
structure and associated harmonics.

The spectral dynamics are often presented in terms of
transfer rates, ε(k) and η(k), of energy and enstrophy den-
sities, E(k) and Z(k) = k2E(k) in the wave-number space
defined as

ε(k) = −
∫ k

kmin

dk
∂E(k)
∂t

, (2)

where η(k) is defined in the same way. From the time-
dependent spectra given in Fig. 7, the transfer rates are ob-
tained as in Fig. 8. The positive value stands for upward
transfer in the k space.

As theoretically expected in 2D turbulence, the energy
cascades downward while the enstrophy exhibits upward
cascade. The energy source in k space exists around kin j

corresponding to the distribution of 5 strings in Fig. 6 that
grow within initial few µs. The downward cascade of en-
ergy corresponds to the merging process of the dominat-
ing finite strings toward a single peak, while the upward
transfer of the enstrophy reflects the creation of spiral fine
structures. The amplitudes of the transfer rates are mea-
sures of activity of the nonlinear mode couplings in the k
space enhanced during the merger period among vortices
in the (x, y) space. The clear correlation between ε(k) and
η(k) suggests that the two-way cascades take place simul-
taneously.

This is consistent with theoretically predicted charac-
teristics of 2D turbulence [9]. But we notice some discrep-
ancies from the idealized model. The transfer rate ε(k) is
observed to peak around 0.6 kin j and decreases at smaller
k. This profile suggests that an endless downward flow of
energy is blocked by the finite system size and in part by
the absence of dissipation sufficient to compensate the en-
ergy input from above. This leads to the accumulation of

Fig. 8 Transfer rates of energy (red) and enstrophy (blue) in the
wave-number space [13].

energy around k characterizing the single-peaked distribu-
tion as observed after 30 µs in Fig. 6. Though there should
remain some freedom in reshaping the merged distribution,
the NNP property of simultaneous conservation of electro-
magnetic canonical angular momentum may impose strong
restriction in a large-scale transport.

The almost flat profile of η(k) is consistent with the
2D turbulence model predicting that the source fluctua-
tions around kin j are transferred constantly up to dissipa-
tion scales. However observations in Fig. 7 indicate steeper
power index of α = 4−6 in the E(k) ∝ k−α fitting of the en-
ergy spectra. This steepness has been attributed to the pres-
ence of coherent vortices which remain distinguishable at
low k while small-scale fluctuating eddies lose their identi-
ties. This feature may be discussed in terms of generation
of characteristic structures interacting with ambient turbu-
lence.

Examinations along this direction are explored by em-
ploying multi-scale resolution analysis with wavelets that
provides scale-resolved structures as a function of coordi-
nates [14]. Scale-resolved distributions n(x, y, j) are de-
rived for each density distribution already shown in Fig. 6,
and plotted in Fig. 9 in squared form so as to be propor-
tional to the local enstrophy. Here the scale base is propor-
tional to 2− j. The increase in j = 5, 6 components reflects
the creation of filamentary structures during the mergers
among strong vortices.

For discrimination of coherent components from the
mixed total distribution we introduce a cumulative sum
of squared wavelet coefficients, that generate the scale-
resolved distributions in Fig. 9, in the order of amplitudes
over all the scales as plotted in the middle of Fig. 10. Re-
quiring lager coefficients to represent the coherent part, we
examine the power index α in the energy spectra E(k) ∝
k−α of the coherent and incoherent (fluctuating) parts.

When the number of terms belonging to the coherent
part is increased, there appears an abrupt transition in α

from 8 to 5.5, while the power index of the incoherent
part decreases continuously. Because there is no other ref-
erence for the discrimination discovered, we take the 34
terms sharing 88% of the total enstrophy as composing the
coherent part. The energy spectra of thus separated com-
ponents are plotted at the right of Fig. 10. The incoherent
part is observed to be represented by α = 3, which charac-
terizes the idealized 2D turbulence in a stationary state.

The distributions reconstructed from the separated co-
efficients at 31 µs are shown in Fig. 11 exhibiting highly
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Fig. 9 Time and scale resolved enstrophy distribution [14].

Fig. 10 Procedure of separating coherent and fluctuating parts in
vortex dynamics to determine each energy spectrum [14].

Fig. 11 Spatial distribution at 31 µs separated into coherent and
incoherent parts [14].

filamentary structures within the incoherent or “turbulent”
part on the right. Note the fluctuating distribution consists
of both positive and negative parts.

9. NNP Properties beyond 2D Euler
Fluid
That NNPs consist of single-signed particles adds an-

other properties beyond the neutral Euler fluid. One is the
canonical angular momentum that is dominated by elec-
tromagnetic contribution associated with Poynting vector
(∝ E × B) over the mass-dependent kinetic momentum
by several orders of magnitude. The second is a charac-

teristic property of plasmas, the microscopic interaction
of resonant particles with collectively oscillating electric
fields, i.e. Landau damping. High-frequency (HF) oscil-
lations have been observed to be excited simultaneously
with generation of a hollow initial distribution as in Fig. 6
and persists for a long period of vortex relaxation in an
axisymmetric mode without observable effects on the vor-
tices [15]. These oscillations have been identified to be
m = 0 dominant Trivelpiece-Gould mode extending over
multiple vortex columns.

However, when HF electric fields are applied exter-
nally with non-zero azimuthal mode number 　 (m � 0)
onto multiple columns of electrons, as far as we have ob-
served, the electrons are driven out irregularly to the sur-
rounding wall. Orderly compression and expansion of
the density profile have been observed exceptionally, only
when the density distribution is prepared axi-symmetric
and HF fields have non-zero azimuthal mode number. This
has been known empirically for a while as rotating wall
technique to prevent radial losses due to dissipations or
inevitable irregularities in confining configurations or to
compress NNP to higher density for anti-matter experi-
ments [16].

Theoretical and experimental examinations have re-
vealed that essence of the NNP and HF-fields interaction
lies in the axial Landau-damping of the resonant particles
that accompanies net radial transport driven by oscillating
E × B drifts of resonant particles. The canonical angu-
lar momentum of the NNP is varied through the torque
resonantly applied from the rotating azimuthal HF elec-
tric field. Theoretical analyses predict that the Landau-
damped HF field energy is 100% converted to the axial
kinetic energy and the potential energy with a partition rate
of (ω−mωE ) : mωE , where ωE(r) is the azimuthal rotation
frequency of zero-th order [17]. This prediction has been
confirmed experimentally [18]. These examinations sug-
gest that Landau-damping may be playing significant roles
behind observable dynamics of macroscopic structures.

10. Conclusion
Physical processes toward generation of ordered

structures are discussed by taking the vortex and turbulent
dynamics of strongly magnetized pure electron plasmas as
a test bed. High density elements (clumps) are observed
to be driven by low-density background populations to-
ward the formation of ordered structures, for which fluc-
tuating fields generated in the mutual interactions of both
parts are observed to be essential as well as for destroy-
ing it to establish the next generation of ordered structure.
The dynamic system is also found to be separated into co-
herent components and turbulent parts of short life bearing
characteristic energy spectrum of 2D turbulence. It is also
pointed out that macroscopic structures within highly con-
servational systems can be externally controlled via Lan-
dau damping of high-frequency electric fields.
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