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The energy dependence of the diffusion coefficients of α particles in rippled fields of tokamaks is numerically
investigated with an orbit-following Monte Carlo code. The diffusion coefficients are enhanced around the ripple
resonance energy while they are not so much enhanced in the neighborhood of it. Consequently, they have a local
minimum near the resonance energy, and hence they have an M-shaped energy dependence. Ripple resonance is
caused by a radial change of the toroidal precession of banana particles, and creates islands in (Nφ, ψ) phase space.
Since particles outside the separatrix are the main contributors to diffusion enhancement, the M-shaped energy
dependence is explained by the co-existence of open and closed orbits in the phase space. Ripple resonance
diffusion is dominant for fusion-produced α particles since the resonance energy width occupies a large portion
of the energy range in their slowing-down processes.
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1. Introduction
The confinement of fusion-produced α particles is im-

portant to maintain burning plasmas in tokamaks. Al-
though α particles are well confined in axisymmetric fields,
it has been shown that the loss of α particles due to mag-
netic field ripple caused by discrete toroidal field (TF)
coils is dominant in the diffusion process in actual toka-
maks, with orbit-following Monte Carlo (OFMC) simula-
tions [1, 2]. However, the understanding of the loss pro-
cesses in detail is inadequate.

Banana particles contribute significantly to the loss.
Since radial displacement by toroidal drift depends on the
toroidal phase Nφ of a banana tip between TF coils [3]; the
change in the phase due to both toroidal precession and
Coulomb collisions is important. In a low energy range
of τeff < τb, where τeff is the effective collision time in
which Nφ is changed by about π and τb is the bounce time
of banana motion, diffusion coefficients do not depend on
collision frequency (ripple plateau diffusion) [4].

In a high energy range, the Larmor radius is so large
that radial displacement due to ripples exceeds a certain
threshold; then collisionless orbits become ergodic and
particles are rapidly lost from the plasma [5]. Ripple
plateau diffusion is dominant after α particles are suffi-
ciently slowed, while the ergodic loss is dominant only
for high energy particles at the plasma edge where rip-
ples are large. Since α particles are mostly produced in
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the core of the plasma, ergodic loss is not so important.
The pitch-angle scattering of fusion-produced α particles
in one bounce motion is small enough to maintain banana
orbits. Thus, collisonless orbits are important for the dif-
fusion process. Since the radial displacement of a banana
orbit by ripples depends on the toroidal phase at the banana
tip [3], the cumulated radial displacement becomes reso-
nantly large when the difference in the toroidal angles of
successive banana tips is a multiple of the toroidal angle of
adjacent TF coils (ripple resonance). This toroidal distance
of successive banana tips is determined by toroidal preces-
sion. Yushmanov theoretically analyzed this ripple reso-
nance diffusion by means of the banana-drift kinetic equa-
tion without radial change in toroidal precession because it
is much less than that of the toroidal length of the banana
orbit [6]. Since the toroidal precession, however, strongly
depends on radial position in an actual tokamak, we inves-
tigated ripple resonance diffusion in a realistic system with
radial change in toroidal precession by numerical calcula-
tions based on an OFMC simulation.

In Sec. 2, the calculation model is briefly explained,
and the energy dependence of the diffusion coefficients is
shown in Sec. 3. Section 4 describes the collisionless orbit
of an α particle in rippled fields to explain the energy de-
pendence of the diffusion coefficients calculated in Sec. 3,
and the discussion is presented in Sec. 5. The conclusions
are given in Sec. 6.

c© 2009 The Japan Society of Plasma
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2. Calculation Model
In this paper, the orbit of an α particle is numerically

evaluated with the following guiding center equations,

m
dv‖
dt
= −μm

(B · ∇)B
B

, (1)

u⊥ =
μm + mv2

‖/B

eB2
(B × ∇B), (2)

in the same way as the OFMC code [1, 2], where B is
the magnetic field, μm is the magnetic moment, v‖ and v⊥
are the velocity parallel and perpendicular to the magnetic
field, B is the magnetic field strength, and m, e are the
mass and electric charge of α particles, respectively. In an
axisymmetric vacuum toroidal field, guiding center equa-
tions (1), (2) conserve the toroidal canonical momentum
Pφ = mRvφ + eψ, where R, vφ and ψ are the major radius,
the toroidal component of velocity and the poloidal mag-
netic flux, respectively. The velocities of α particles are
also changed by Coulomb collisions with a bulk plasma
in the directions parallel and perpendicular to the velocity,
dvL/dt, dvT/dt. Then the velocity of α particles changes
according to both the guiding center equations (1), (2) and
Coulomb collisions,
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=

dvL

dt

v‖
v
− dvT

dt
v⊥
v

sin ξ, (3)(
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v‖ +
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)2⎤⎥⎥⎥⎥⎥⎦ − v2
⊥.

(4)

The Larmor phase, ξ, is given by a uniform random num-
ber between zero and 2π, and the time evolution of vL and
vT are given by a Monte Carlo method satisfying the Gaus-
sian process,

d 〈vL〉
dt
= − v

τs
, (5)

d 〈vT〉
dt
= 0, (6)

d
〈
(vL − 〈vL〉)2

〉
dt

= − v2

4τε
, (7)

d
〈
(vT − 〈vT〉)2

〉
dt

= − v
2

τd
, (8)

where 〈〉 denotes emsemble average, τs is the slowing-
down time, τd is the deflection time, and τε is the energy-
exchange time [7, 8]. Diffusion coefficients are evaluated
by the rate of change in a variance of the toroidal canon-
ical momentum, which corresponds to the poloidal mag-
netic flux at a banana tip, Pφ = mRvφ + eψ = eψb,

D =
1
2

d
dt

〈
(Pφ −

〈
Pφ

〉
)2
〉/ (

e
dψ
dρ

)2

. (9)

3. Numerical Results of Ripple Diffu-
sion
The diffusion coefficients of α particles are calcu-

lated in rippled fields using the calculation model given

Table 1 Calculation parameters

major radius R0 = 6 m
minor radius a = 2 m
toroidal field B0 = 3.0 T
safety factor q(ρ = a) qa = 4.1
number of TF coils N = 18
ripple resonance energies 0.4, 1.5, 2.9, 4.4 MeV
plasma density nDT = 1020 m−3

(spatially uniform)
plasma temperature T = 3 keV

(spatially uniform)
characteristic times of
α particles at 1.5 MeV

bounce time τb ∼ 4.2 × 10−5 s
slowing down time τs ∼ 6.5 × 10−2 s
deflection time τd ∼ 3.0 s
energy-exchange time τε ∼ 7.7 s

in Sec. 2. The dependence of the diffusion coefficients on
energy, ripple strength, and other parameters is calculated
with test particles launched from the same banana tip po-
sition. The calculation parameters are summarized in Ta-
ble 1. For a qualitative understanding of ripple resonance,
we chose an equilibrium with a circular plasma cross sec-
tion with major radius R0 = 6 m and minor radius a = 2 m,
since diffusion phenomena in tokamak plasmas with circu-
lar cross sections are well understood. The toroidal mag-
netic field is given by Bφ = (B0R0/R)(1 + γ(R,Z) cos Nφ)
where N is the number of TF coils and the ripple strength
γ(R,Z) is a function of the poloidal coordinate (R,Z). The
safety factor, q(ρ), and the axisymmetric poloidal magnetic
flux, ψ(ρ), are given as functions of the minor radius of the
magnetic surfaces as shown in Fig. 1. The figure shows that
the ripple strength becomes large in the plasma periphery.
Thus we chose T = 3 keV as the plasma periphery temper-
ature in this work. All α particles with same initial kinetic
energy, W, and magnetic moment, μm, start from banana
tips on the same magnetic surface, while toroidal angles
are randomly given. Because the magnetic field is rippled,
the initial poloidal angle of each test particle is changed so
that the magnetic moment becomes the initial set value.

Figure 2 (red line) shows the energy dependence of
diffusion coefficients in rippled fields. The diffusion coeffi-
cients in the axisymmetric field (black dotted line), which
agree with neoclassical diffusion coefficients (∝ W−1/2),
are also shown. The radial displacement by the ripple de-
pends on the toroidal phase of the banana tip [3]. Gen-
erally, this radial displacement is canceled during sev-
eral bounces because the toroidal phase of every banana
tip varies. However, when the toroidal angle difference
between successive banana tips equals a multiple of the
toroidal angle between adjacent TF coils, it maintains the
same radial displacement at every banana tip and its cumu-
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Fig. 1 An equilibrium configuration and the distribution of rip-
ple amplitude and safety factor used in the calculation of
diffusion coefficients. All particles start from the same
banana tip position indicated in the figure.

Fig. 2 Energy dependence of the diffusion coefficient in rippled
fields. In the magnetic configuration shown in Fig. 1, the
ripple resonance energies without ripples are 0.4, 1.5, 2.9,
and 4.4 MeV, indicated by open circles on the abscissa.
Particles start from the same banana tip at any energy.

lative radial displacement becomes large because of reso-
nance (ripple resonance). This ripple resonance condition
depends on the energy of an α particle. In the magnetic
configuration used in this paper, ripple resonance energies
are 0.4, 1.5, 2.9, and 4.4 MeV.

In previous research [6], the diffusion coefficients in
rippled fields have maxima at the resonance energies be-

Fig. 3 The energy dependence of diffusion coefficients changes
with the ripple strength. The open circles on the abscissa
indicate ripple resonance energies without ripples.

cause α particles resonate with ripples. In our calculation,
however, the diffusion coefficients have an M-shaped en-
ergy dependence; local maxima on both sides of the reso-
nance enery and a local minimum near the resonance en-
ergy.

The blue dashed lines in Fig. 2 are the diffusion coef-
ficients without slowing from collisions. Figure 2 shows
that the difference in diffusion coefficients with and with-
out the effect of the slowing down is very small, and
hence the diffusion was found to be caused mainly by
pitch angle scatterings. Concerning the symmetry of the
M-shape, the diffusion coefficients with the slowing-down
effect have larger values on the higher-energy side. This
implies that resonant particles are partly provided from the
higher-energy side through slowing-down processes. The
diffusion coefficient also changes with the ripple strength
and plasma density. The value of the coefficients is pro-
portional to the ripple strength, while the energy range
where diffusion is enhanced by the ripple widen with in-
creasing ripple strength as shown in Fig. 3. Diffusion co-
efficients are roughly proportional to the plasma density
(proportional to the collision frequency) in a resonance
range (1.5 MeV) and in a non-resonance range (1.0 MeV),
as shown in Fig. 4. The results in Figs. 3 and 4 demonstrate
that the characteristic time of the diffusion process is pro-
portional to the collision frequency and the characteristic
step size depends on the ripple strength.

Since the diffusion coefficients are large around res-
onance energies, resonant particles enhance the diffusion.
Moreover, the diffusion coefficients do not peak at the res-
onance energy but show an M-shaped dependence around
the resonance energy. Also, the ripple strength not only
enhances the diffusion coefficients but also changes the en-
ergy dependence near the resonance point. Because the
ripple resonance of fast ions is a collisionless phenomenon,
collisionless orbits play an important role in the diffusion
process in this energy range. In the next section we inves-
tigate collisionless orbits in rippled fields to understand the
M-shaped dependence of diffusion coefficients.
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Fig. 4 The dependence of diffusion coefficients on the plasma
density, which is roughly proportional to the collision
frequency, at resonance (1.5 MeV) and nonresonance
(1.0 MeV) energies.

4. Collisionless Orbits of Ripple Reso-
nance Particles
In this section, we describe the behavior of banana

particles without collisions in rippled fields. The toroidal
canonical momentum,

Pφ = mv‖
I
B
+ eψ = eψb, (10)

where v‖ is the velocity parallel to the magnetic field and
I = RBφ, is conserved in axisymmetric fields and corre-
sponds to the poloidal magnetic flux at the banana tip, ψb.
However it is not conserved in rippled fields and has dis-
placements located mainly near banana tips [3, 5, 9, 10],

Δψ = Δb sin(Nφ ∓ π/4), (11)

Δb = IγρL

√∣∣∣∣∣ πNq
(∂B(ρ, θ, φ)/∂θ)/B

∣∣∣∣∣, (12)

where ρL is the Larmor radius, ∓ corresponds to the upper
and lower banana tip, and each parameter is evaluated at
the banana tip. Since this displacement mainly occurs only
near banana tips, the banana motion is described approxi-
mately by a mapping method that follows only the banana
tips. During one half-bounce, the change in the toroidal
phase at the banana tip in axisymmetric fields is given by

Δφ = φp ± φb. (13)

Here φb, φp are described in Ref. [9],

φb = 2qθb, (14)

φp =

√
2q2

ε3/2

√
2mW
eBR

(
1 − sin2 ζ

2

) [
E(Θ) − K(Θ)

2

+2S
(
E(Θ) − K(Θ) cos2 θb

2

)]
, (15)

where W is the energy of the particle, E(Θ), K(Θ) are
the complete elliptic integrals, S = (ρ/q)(dq/dρ), Θ =

sin(θb/2), ε = r/R, and sin ζ = v⊥/v. Since energy is con-
served in collisionless processes, φb and φp are functions
of the poloidal magnetic flux, φb = φb(ψ), φp = φp(ψ).
Thus, starting from the lower banana tip, (φ−i , ψ

−
i ), succe-

sive bounce points are given by the banana tip map [5, 10],

ψ+i = ψ
−
i + Δb sin(Nφ−i + π/4), (16)

φ+i = φ
−
i + φb(ψ+i ) + φp(ψ+i ), (17)

ψ−i+1 = ψ
+

i + Δb sin(Nφ+i − π/4), (18)

φ−i+1 = φ
+

i − φb(ψ−i+1) + φp(ψ−i+1). (19)

The total change in the position of the lower banana
tip in one bounce is given by

ψi+1 = ψi + 2Δb sin(Nφi +Φ) cos(Φ − π/4), (20)

φi+1 = φi + 2φp(ψi+1), (21)

ignoring corrections to ψ of order Δ2
b and φ of order Δb

where Φ = N
(
φb(ψ) + φp(ψ)

)
/2. Thus the ripple reso-

nance condition, in which the toroidal phase, Nφ of the
particle is constant, is given by

2Nφp = 2kπ (22)

for all integers k. Furthermore, particles that satisfy
Eq. (22) and

2Nφ = (2l − k)π − Nφb (23)

for all integers l are fixed in the phase space, (Nφ, ψ).
To analyze the Poincaré map of Eqs. (20) and (21),

we replace the discrete points of the map with continuous
curves by introducing the differential time variable dt with
time measured in units of one bounce. Assuming φb and φp

as linear functions of ψ near the resonance surface ψ = ψk

(2Nφp(ψk) = 2kπ), Eqs. (20) and (21) are converted to the
differential equations

dψ = 2Δb sin(Nφ +Φ) cos(Φ − π/4)dt, (24)

dφ = 2φ′pk(ψ − ψk)dt, (25)

where ′ represents ∂/∂ψ. If Φ = Φk(Φk = Φ(ψk)), these
differential equations are solved,

ψ = ψk ±
√

2Δb

Nφ′p
cos(Φk − π/4)

[
C − cos(Nφ +Φk)

]
, (26)

where C is the integration constant. Figure 5 compares
Poincaré maps using the guiding center equations (1) and
(2), the mapping model (16)-(19), and the analytic repre-
sentation of Eq. (26). Representation (26) is a good ap-
proximation to the guiding center solutions. Near the
resonance energy, an island structure formes around the
resonance surface, ψ = ψk. When −1 < C < 1, the
corresponding orbit is located inside the separatrix. As
shown in Fig. 5, the fixed point satisfying Eqs. (22) and
(23) is the O-point or X-point determined by the sign of
cos(Φk − π/4)/(Nφ′p). Although this island structure is de-
termined by ψk, Φk, and Δb/Nφ′p as expressed in Eq. (26);
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Fig. 5 Comparison of Poincaré plot of orbits calculated with the
guiding center equations, the mapping of Eqs. (16)-(19),
and the analytical representation of Eq. (26) at 1.5 MeV.
ψ0 is the difference in the poloidal magnetic flux between
the plasma surface and magnetic axis, and ψ/ψ0 = 0 and
-1 correspond to the plasma surface and magnetic axis,
respectively. The starting positions of test particles for
Fig. 2 is on the red line; the initial collisionless orbits are
those that cross the red line.

the energy dependence of the structure mainly depends on
ψk andΦk because of the energy dependences of Δb ∝ W1/2

and φp ∝ W1/2. The structure of collisionless orbits around
the resonance energy is, therefore, determined by these two
parameters as follows: the position of the O-point is de-
termined by ψk and Φk, while the width of the island is
determined by Φk.

The distribution of α particles in the phase space is
specified by the structure of orbits and the initial positions.
When test particles initially satisfy the resonance condi-

tion ψ = ψk, they are localized in the separatrix, as shown
in Fig. 5 (a). When the energy decreases under the fixed
banana tip condition, ψk increases in the magnetic config-
uration used in this paper. Hence, the fixed initial surface,
ψ = const., is located on the lower side of the resonance
surface ψ = ψk, and the particles also exist in both inside
and below the separatrix. The percentage of particles lo-
cated outside of the separatrix increases with the difference
between the particle and resonance energies. If the energy
of the α particle is far from the resonance energy, the parti-
cles in the island disappear, while the island structure does
not disappear in the phase space. Here, introducing

H(Nφ, ψ) ≡ Nφ′p(ψ − ψk)2

+2Δb cos(Nφ +Φk) cos(Φk − π/4), (27)

this is a constant of motion and the Hamiltonian of
Eqs. (24) and (25). The relationship between H and the
integration constant C can be expressed as follows;

C =
H

2Δb cos(Φk − π/4)
. (28)

Therefore, the collisionless orbit of each test banana par-
ticle can be specified by C = const. (⇔ H = const.) and
orbits do not cross each other in the phase space, (Nφ, ψ).
As example values are given in Table 1, the characteris-
tic times based on the collision are long enough compared
to the bounce time. Thus, we can consider the following
diffusion processes in the phase space:

1. orbits, on which particles initially exist, are deter-
mined by the initial condition,

2. particles are uniformly distributed on each orbit, and
3. diffusion is represented as the change in Hamiltonian

H (⇔ C), which is caused through the change in con-
stants ψk and Φk by collisions.

According to the model, a discontinuous jump of ψ and
enhanced diffusion occur when a particle outside the sepa-
ratrix enters the island by collisions. Therefore diffusion is
expected to be determined by both the co-existence of open
and closed collisionless orbits and the initial distribution of
the test particles in the phase space.

5. Ripple Resonance Diffusion and its
Energy Dependence
In a collisionless case, although particles spread in the

phase space, they maintain periodic motion on their col-
lisionless orbits where C evaluated by Eq. (28) is const.,
and diffusion does not occur. Collisions change C with
time according to changes in ψk and Φk, causing diffusion.
Since particles spread along an orbit, C = const., in much
shorter time than the collision time as described in Sec. 4,
we evaluated the diffusion coefficients of each orbit labeled
by C = const. Initial positions of test particles were ran-
domly distributed on each collisionless orbit. In collision-
less cases, although C in the analytic representation (26) is
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constant, C obtained from the guiding center orbit is not
constant. Hence, we introduce a label for each orbit, C̃,
defined by

C̃ =

⎛⎜⎜⎜⎜⎝ψ − ψk

Δ̃p

⎞⎟⎟⎟⎟⎠2

− 1 =
H(π −Φk, ψk)

2Δb cos(Φk − π/4)
, (29)

where 2
√

2Δ̃p is the width of the island skimmed from the
Poincaré map of the guiding center orbits. The results are
shown in Fig. 6 (A). At C̃ > 1, there are two plots corre-
sponding to the upper and the lower side of the island. The
Poincare plot of orbits of particles with a fixed energy of
1.5 MeV is shown in Fig. 6 (B). The diffusion coefficients
are large just outside the separatrix and become smaller
with the distance from the separatrix. On the other hand,
the diffusion coefficients inside the separatrix are small.
This behavior can be interpreted as follows; When particles
outside the separatrix enter the separatrix by collisions, the
averaged radial positions jump by about one-half of the is-
land width and hence diffusion is enhanced. Away from
the island (C̃ becomes large), the time for particles to reach

Fig. 6 (A) C̃-dependence of diffusion coefficients at 1.5 MeV.
C̃ > 1, two plots correspond to orbit on the upper and
lower side of the island. (a)-(d) correspond to the initial
orbits in (B). (B) Initial orbits of the calculation of each
diffusion coefficient in (A). Initial positions are randomly
given from a few hundred bounce motions on these colli-
sionless orbits.

the separatrix by collisions becomes longer, and diffusion
becomes smaller. Even if a particle inside the separatrix
leaves it because of collisions, the averaged radial posi-
tions do not vary much, since the particles get to both sides
of the island with nearly equal probabilities. Consequently,
the diffusion coefficients inside the separatrix are small.

When the energy and magnetic moment of particles
vary because of collisions, the structure of the Poincaré
map changes. Thus, diffusion is caused not only by the
transition of orbits in Fig. 6 (B), but also by the change in
the structure of the Poincaré map. Even in that case, diffu-
sion coefficients have a maxima just outside of the C̃ = 1
surface, because the separatrix is always on C̃ = 1

Figure 7 shows the time evolution of
〈
(Pφ −

〈
Pφ

〉
)2
〉

of particles initially in orbits (b) and (c) in Fig. 6. Since the
oscillations in Case (b) are due to the time in which parti-
cles go around the island, diffusion coefficients are evalu-
ated for a time period longer than this as indicated by the
straight line. The initial large value in Case (b) is due to
spreading along the island. The slope is not large because〈
Pφ

〉
does not vary much even if particles leave the sepa-

ratrix by collisions. On the other hand, the initial value in
Case (c) is small. Its subsequent rise, which was confirmed
to follow the Gaussian process, becomes steep because of
stepwise changes in

〈
Pφ

〉
of particles that enter the sepa-

ratrix by collisions. After that, once particles are spread
along the island, its slope becomes small. For comparison,
those time evolutions in collisionless cases are also shown
in Fig. 7.

Next, we investigate the relationship between the dif-
fusion coefficients of Figs. 2 and 6. The green bars in Fig. 8
denote the range of initial C̃, which was evaluated from
Eq. (29) using the initial orbits in the Poincaré map, at each
energy. The blue line in Fig. 8 shows the diffusion coeffi-
cients calculated from the C̃-dependence of diffusion co-

Fig. 7 Time evolutions of
〈
(Pφ −

〈
Pφ

〉
)2
〉

(collisional and colli-
sionless case) starting from orbits located at inner (b) and
outer (c) sides of the separatrix in Fig. 6.
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Fig. 8 Diffusion coefficients (dotted blue line) evaluated from
C̃-dependence of the diffusion coefficient at each energy.
Red line is the energy dependence of the diffusion coeffi-
cients shown in Fig. 2. Green bar is the initial range of C̃
in Fig. 2, and the blue line is obtained by integrating the
C̃-dependence of diffusion coefficients over this range.

efficients. At each energy, it was evaluated by integrating
the diffusion coefficients depending on C̃ over the initial
distribution of orbits, C̃ (green bars). Almost the same en-
ergy dependence as shown in Fig. 2 was reproduced. Three
Poincaré maps at three energies are plotted in Fig. 9. The
diffusion coefficients are small near the resonance energy
because many particles are inside the separatrix and do not
enhance the diffusion to a great extent. On the other hand,
the diffusion coefficients are large at both sides of the res-
onance energy because substantial open orbits outside of
the separatrix supply particles that jump into the island by
collisions, enhancing diffusion. Thus the M-shaped depen-
dence on the energy has been elucidated. This M-shaped
dependence does not appear in Yushmanov’s work [6] be-
cause of the neglect of the radial change in φp, although
this radial change creates the island structure, which con-
tributes to the ripple diffusion.

Finally, we investigated the energy width of the M-
shaped ripple resonance diffusion. The diffusion coeffi-
cient becomes large when test particles exist outside the
separatrix in the phase space. We evaluated the energy
range where the separatrix intersects the straight line ψ =
const., which represents the initial positions of test parti-
cles. Rewriting Eq. (26) as

ψ = ψk ± Δp

√
C − cos(Nφ +Φk), (30)

Δp =

√∣∣∣∣∣∣ 2Δb

Nφ′p
cos(Φk − π/4)

∣∣∣∣∣∣, (31)

the condition that the initial positions overlap the separatrix
is

|ψ − ψk | ≤
√

2Δp. (32)

If ψ at a banana tip is fixed, the resonance surface ψk

changes according to the particle energy. When the en-

Fig. 9 Changes of collisionless orbits (dotted blue lines) that
start from ψ = const. (dotted red lines) on the
Poincaé map depending on energy. At resonance en-
ergy (1.5 MeV), many particles are inside the separatrix.
On the other hand, at both sides of the resonance energy
many particles are outside of the separatrix.

ergy changes from Wk to Wk + ΔW, the resonance surface
changes as

ψk(W) = ψk(Wk) +
∂ψk

∂W
ΔW, (33)

where Wk is the kth resonance energy at a certain banana
tip ψ and ψk(Wk) = ψ. Then if∣∣∣∣∣∂ψk

∂W
ΔW

∣∣∣∣∣ ≤ √2Δp, (34)

the initial orbit overlaps the separatrix and the resonance
width is

|ΔW | ≤ √2Δp

∣∣∣∣∣∣ φ′p
∂φp/∂W

∣∣∣∣∣∣ . (35)

Since ∂φp/∂W = φp/2W and Δp ∝ γ1/2, the resonance
width is proportional to W and γ1/2. Substituting the
value of resonance energy, 1.5 MeV, the resonance width
is 0.73 MeV and closely agrees with that evaluated from
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Fig. 2. As seen in Fig. 2, the resonance width occupies a
substantial energy range around the theoretical resonance
energy. In the present work, the ripple resonance diffusion
of banana particles with a specific pitch angle was investi-
gated. Note that all banana particles can basically resonate
with the TF ripples as they slow down. Hence, ripple res-
onance dominates the transport process of α particles in
their slowing-down process.

6. Conclusions
The energy dependences of the diffusion coefficients

of α particles in rippled fields were investigated by using
an orbit-following Monte Carlo code. This work consid-
ered the effect of radial changes in the toroidal precession,
which was neglected in previous work. Concluding re-
marks are made as follows.

1. The diffusion coefficients are enhanced around the
ripple resonance energy while they are not greatly en-
hanced in its neighborhood of it and hence they have
an M-shaped dependence on the energy.

2. The resonance width has a finite energy range pro-
portional to W for the energy and γ1/2 for the ripple
strength. Ripple resonance diffusion is dominant for
fusion-produced α particle, as the resonance energy
width occupies a large portion of the energy range and
basically all banana particles can resonate with the TF
ripples as they slow down.

3. Analytical studies using a mapping method show that
particles outside the separatrix are the main contribu-
tors to ripple resonance diffusion, since they can enter
the separatrix by collisions and then the averaged
radial position changes in a stepwise manner. Accord-

ingly the diffusion coefficients are enhanced at both
sides of the resonance energy where the percentage
of particles outside of the separatrix is high, and the
diffusion coefficients have an M-shaped dependence
on the energy.

In these processes, radial changes in the toroidal preces-
sion were found to play a very important role. It is, there-
fore, clarified that the toroidal precession cannot be ne-
glected when investigating ripple diffusion.
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