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The full-wave Maxwell simulations on electromagnetic wave propagation based on a finite difference time
domain method are performed to study the shift in cutoff density due to relativistic electron mass modification.
The simulations on one-dimensional ultrashort-pulse reflectometry are also performed and the density-profile
reconstruction is shown to have an underestimated density profile by the relativistic effect, and an idea of electron
temperature estimation by means of reflectometry is discussed. Its related technology such as metallic wire-made
discrete waveguide and beam former is also briefly discussed.
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1. Introduction
Millimeter-wave diagnostics such as reflectometry are

receiving growing attention in magnetic fusion research.
More detailed measurements on density profile and its fluc-
tuations might be required in order to obtain the better
understanding of plasma confinement physics. Recently, a
new type of microwave reflectometry has been proposed,
which is called as ultrashort-pulse reflectometry [1–10]
with use of subcyclic pulses, or as imaging reflectome-
try [11, 12] being expected as a near-coming diagnostic.
In the ultrashort-pulse reflectometry, a subcyclic pulse is
an ultra-wide-band wave, and it can be considered as a
set of monochromatic plane waves with various frequen-
cies corresponding to various cutoff densities, therefore,
the ultrashort-pulse reflectometry has a potential of mea-
suring precisely the profiles of plasma density and mag-
netic field by only a single pulse.

In this paper, we first study numerically the relativis-
tic effects of high-temperature electrons on electromag-
netic wave propagation, which become important in burn-
ing plasma such as ITER plasmas [13–15]. We next study
one -dimensional full-wave simulations on ultrashort-pulse
reflectometry in high electron-temperature plasmas. In
both simulations, we find the shift in the ordinary(O)
or extraordinary(X) mode cutoff due to relativistic elec-
tron mass modification. We think that the present simu-
lation on reflectometry taking into account the relativis-
tic effect is a new attempt. The outline of our simulation
model is described in the following section. The simula-
tion scheme is based on the finite difference time domain
(FDTD) method. We perform two-dimensional simulations
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to study the relativistic shift of O- or X-mode cutoff den-
sity in Sec. 3 and one-dimensional simulations on O-mode
ultrashort-pulse reflectometry with the density profile re-
construction in Sec. 4. The related technology on metal-
lic wire-made discrete waveguide and beam former is dis-
cussed briefly in Sec. 5.

2. Simulation Model
In this section, we describe the simulation modeling

developed in the previous works [5–10]. The basic equa-
tions to be solved are Maxwell’s equation for the electro-
magnetic wave fields, E and B, and the equation of motion
for the induced current density J as follows:

∂

∂t
B = −∇ × E, (1)

∂

∂t
E = c2∇ × B − 1

ε0
J , (2)

∂

∂t
J = ε0ω

2
peE − e

me
J × B0, (3)

where c is the speed of light, ωpe( = (e2n/meε0)1/2) the
electron plasma frequency, −e the charge of the electron,
me the electron mass, n the plasma density, ε0 the permit-
tivity of vacuum, and B0 is the external magnetic field be-
ing dependent of plasma confinement device. In the deriva-
tion of eq. (3), we assumed that the current density J is
approximated as J = −enVe, Ve being the electron flow
velocity, as we consider electromagnetic waves in GHz
range. The above coupled equations can describe both of
the ordinary (O) and extraordinary (X) modes in a plasma.
When B = B0ez, ez being the unit vector in the z-direction,
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the wave component Ez denotes the O mode with the dis-
persion relation:

ω2 = ω2
pe + c2k2, (4)

where k is the perpendicular wavenumber. On the other
hand, Ex and E� correspond to the X mode with the dis-
persion relation:(

kc
ω

)2

= 1 − ω
2
pe

ω2

ω2 − ω2
pe

ω2 − ω2
pe − ω2

ce
, (5)

whereωce (= eB0/mec) is the electron cyclotron frequency.
The cross polarization scattering between the O and X
modes due to the magnetic shear is generated from the
J×B term in eq. (3). In the simulations, the previous equa-
tions are solved by the FDTD method.

3. Relativistic Shift of X-Mode Cutoff
In this section, we consider the relativistic effect of

high electron temperature on wave propagation. The most
important effect is the change of cutoff density due to the
relativistic electron mass modification [13–15]. Here, the
electron mass me is modified to me(1 + 5/µ)1/2, where µ =
mec2/Te, Te being the electron temperature. In this case,
the change of the cutoff density is given as follows [14]:

∆n
nc
=



√
1 + 5/µ − 1, (O - mode cutoff)√
1 + 5/µ − 1

1 − ωce/ω
, (upper X-mode cutoff)

(6)

where ∆n = nc(relativistic) - nc(non-relativistic). The shift
of the cutoff density due to relativistic effects is more sig-
nificant for X modes.

We perform two-dimensional (x, z) FDTD simulations
on X-mode propagation in a plasma with the modified elec-
tron mass, where a uniform magnetic field B0 = B0e�,
B0 = 2 T and a uniform electron temperature Te are as-
sumed, for simplicity. The density profile is given by

n(x) = n0 exp[−(x̄/Ln)2], x̄ = x − 180, (7)

where n0 = 4 × 1013 cm−3 and Ln = 75 mm. A X-mode
beam with ω/2π = 70 GHz is excited at x = 0 boundary
and launched into a plasma. The incident beam has a Gaus-
sian distribution along the z-axis. Figures 1 and 2 show
the simulation results of the wave field Ez(x) and Poynting
vector component S x(x) at the beam center (z = 0). The-
oretically estimated cutoff positions are xc = 98.2 mm for
Te = 0.1 keV and xc = 112.5 mm for Te = 20 keV, and
from Figs.1 and 2 we can see that the numerical results
coincide well with the theoretical estimation.

4. Ultrashort-Pulse Reflectometry
with O-Mode
In this section, we perform one-dimensional (x)

FDTD simulations on O-mode ultrashort-pulse reflectom-
etry in a plasma with the modified electron mass, where a

Fig. 1 Snapshots of Ez(x) with Te = 20 keV (solid line) and
0.1 keV (dashed line) at the beam center z = 0.

Fig. 2 Snapshots of S x(x) with Te = 20 keV (solid line) and
0.1 keV (dashed line) at the beam center z = 0.

uniform magnetic field B0 = B0ez, B0 = 1 T is assumed,
and the density and electron temperature profiles are given
by

n(x) = n0 exp[−(x̄/Ln)2], x̄ = x − 1000, (8)

Te(x) = Te0 exp[−(x̄/LT )2], (9)

where n0 = 2×1013 cm−3 and Ln = 200 mm, LT = 300 mm
and Te0 = 20, or, 100 keV. In this case, a Gaussian O-mode
pulse (Ez) of the pulse width 16.7 ps (in FWHM) is excited
at x = 0 boundary and launched into a plasma. Figure 3
shows the temporal behavior of the wave electric field Ez

at x = 200 mm. The earlier signal at ω0t ≈ 200 shows
the incident pulse and the later signal denotes the waves
reflected from at the cutoff. From these reflected wave sig-
nals, we obtain the time delay τ(ω), and we can reconstruct
the density profile n(x) by using the Abel inversion equa-
tion for the cutoff position xr:

xr(ωpe) =
∫ ωpe

0
dω

cτ(ω)

π
√
ω2

pe − ω2
. (10)

Figure 4 shows the reconstructed density profile at
x = 200 mm (open circles) for Te0 = 20 keV (a) and
100 keV (b). The solid line shows the modeled profile n(x)
the dashed line denotes the density profile n∗(x) with the
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Fig. 3 The temporal evolution of Ez(t) at x = 200 mm.

Fig. 4 The reconstructed density profile at x = 200 mm (open
circles) for Te0 = 20 keV (a) and 100 keV (b). The solid
line shows the modeled profile n(x) the dashed line de-
notes the density profile n∗(x).

relativistic mass modification given by

n∗(x) =
n(x)√

1 +
5Te(x)
mec2

. (11)

We see that the shift in cutoff density due to the relativistic
mass modification becomes larger for the higher electron
temperature. The relativistic shift in cutoff density is about
17 mm at x ≈ 900 mm for Te0 = 20 keV.

We next discuss a possibility of electron temperature
profile estimation from reflectometry. When the density
profile n(x) is known by means of the other measurements,

Fig. 5 The reconstructed electron temperature profile (open cir-
cles) for Te0 = 20 keV (a) and 100 keV (b). The solid line
shows the modeled profile.

measuring the density profile n∗(x) from reflectometry, we
could estimate the electron temperature profile Te(x) from
eq. (11) as

Te(x) =
mec2

5

[( n
n∗

)2
− 1

]
. (12)

Figure 5 shows the reconstructed electron temperature pro-
files (open circles) for Te0 = 20 keV (a) and 100 keV (b),
where the reconstructed density profile data shown by open
circles in Fig. 4 are used for n∗(x) in eq. (12). The solid line
shows the modeled profile. The reconstruction is not good
for Te0 = 20 keV, however, it could provide us a rough
estimation of the temperature in ITER-like plasmas. We
see that the accuracy for this electron temperature estima-
tion becomes better for the higher temperature, as the re-
construction for Te0 = 100 keV as shown in Fig. 5(b) is
not bad. As the difference between n(x) and n∗(x) is much
larger for X modes, if we use X-mode reflectometry to find
n∗(x), we might make an electron temperature estimation
more precisely.

5. Related Technology
We here briefly discuss the technology related to the

present microwave diagnostics. We have recently devised
the concept of metallic wire-made discrete waveguide and
beam former [16]. These devices made by metallic wires
can be very flexibly assembled and applicable to electro-
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Fig. 6 2-d model of metallic wire-made discrete waveguide.

Fig. 7 Electric field distribution in metallic wire-made discrete
waveguide for ω/2π = 20 GHz (a) and 55 GHz.

magnetic waves of very wide range from microwave to op-
tical waves.

In Figure 6, we show a two-dimensional model of
metallic wire-made discrete waveguide, which is charac-
terized by a, L and R, R being the radius of wire rod. We
here demonstrate that electromagnetic wave are confined
by this metallic wire-made discrete waveguide, and prop-

agate in it. Figure 7 shows the magnitude of wave elec-
tric fields of 20 GHz (a) and 55 GHz (b) propagating in a
metallic wire-made discrete waveguide, where R = 1 mm,
a = 5 mm and L = 10 mm are assumed in two-dimensional
FDTD simulations. This waveguide can be applicable to
frequency filters, as it has forbidden band gaps such as
photonic crystals. We mention that metallic wire-made dis-
crete beam former is also possible. The similar analysis on
discrete beam former has been reported in Ref. 16.
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