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We descitbe a neural network collocation method (NNCM) for tomographic image reconstruction with small
amount of projection data, which has been successfully applied to the three-dimensional ionospheric tomography
based on the dataset of signal delays from the GPS satellites. In NNCM the neural network is trained by mini-
mizing an object function composed of squared residuals of the governing equations evaluated at the collocation
points and some constraining conditions imposed usually by observation data. This method is applied not only to
the computerized tomography but also to the analysearmdus invese problems such as the data assimilation,
the parameter estimation, the time series prediction, and so on.
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1. Introduction the threedimensional CIT are being studied intensively by

In this paper we describe that the “neural network many authors [8-14]. In these analyses, usually, TEC data
with residual minimization training (NNRMT)” [1] used obtained for the ray paths between the Global Positioning
for the neural network collocation method (NNCM) can System (GPS) satellites and ground receivers are used and
be applied to the tomograpghimage econstruction with to attain higher resolution sometimes the occultation mea-
small amount of projectionata [2]. As a typical example surement by the Low Earth Orbit (LEO) satellite is incor-
of such a problem it has been successfully applied to the porated. The vertical density profiles are often expressed
three-dimeni®nal computerized ionospheric tomography by function series based on the empirical orthogonal func-

(CIT) [3]. tions (EOF) derived from the international reference iono-
sphere (IRI) model. By using the GPS-ground receiver sys-
1.1 Computerized ionospheric tomography tem many ray paths in a three-dimensional domain become

Reconstruction ofdnospheric electron density profile ~ avalable and the occultation measurement makes up scant
based on measurements of radio signals from navigation information on the verticadiensity profile. The problems
satellites has become an important technique for various on the scaiity of the ray paths and the lack of the near-
applications ranging froracademic to practical purposes.  horizontal ray paths, however, are not solvedisiently
As the ionospheric total electron content (TEC) is an in- by these methods. To solve these problems we proposed
tegrated value of the ionospheric electron density along a a new CT aalysis method gective for the case of small
ray path of the radio signal from a satellite to a ground amount of projection data based on NNCM and success-
receiver, the problem to reconstruct the electron density fully applied it to the three-dimensional CIT by using data
profile from a set of the TEC values is a kind of comput-  of the GPS Earth Observation Network (GEONET) [15]
erized tomography (CT). Since Austenal., [4] applied and the ionosonde data.
the algebraic reconstruction technique (ART) to the two-
dimensional analysis of model TEC data generated by a 1.2 Neural network with residual minimiza-
computer simulation various methods for CIT were pro- tion training
posed and applied to analyses of model data and real obser- A neural retwork is composed of many neurons with
vation data. Though the two-dimensional ionospheric to-  simple processing ability. A neuron has some input chan-
mography has been studied extensively from both the the- nels and one output channel. A weight value is assigned to
oretical and observational aspects [5-7], in these studies each input channel includirgbias channel and weighted
only the ionospheric structure within a cross-section de- sum of the input data is nonlinearly transformed by an
fined by the satellite orbit and the ground receiver array activation function. We consider a multilayer network in
can be obtained, which limits strongly the observation time which neurons are aligned in layers as an input layer, hid-
and place. In order to cope with the problem methods for den layer(s), and an output layer. We skip details of the

multilayer neural network as these are described by many
author’s e-mail: takeda-t@gakushikai.jp authors (e.g., [16,17]).
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Usually the multi-layer neural network is trained for a

set of comhmations of an input dataset (a “pattern”) and a
known output dataset (a “teacher dataset”) by minimizing
an object function (a sum of squaredfdirences of output
data from the teacher data) with respect to the internal pa-
rameters (weights) of the neural network. The training is
carried out by the commonly used error back-propagation
method [18]. It should be noted that for the sake of expla-
nation of the learning process we have hitherto described

object atf = L. Thechange of the beam quantitg,(¢) is
assumed to depends on the local value of the beam quantity
and the target quantity distributiop(f)) as

dajp =  (p(r). dp) . (1)
When weare to reconstruct the electron density distribu-
tion N(r) in a plasméeby measuring the phase delay of

the injected electromagnetic wave the above beam quan-

the conventional learning process where teacher data are tity g is the phase delafi, and the target quantigy(r) is
necessary but in the case of NNRMT teacher data are not e electron density distributiaN(r). In this cag the irte-

necessary. Inthe NNCM method values of the independent
variables (the position of the collocation points) of the out-
put variable (the solution of the problem) are fed and the
weights of the neural network are determined so that the
sum of the guared residuals are minimized. This is a map-
ping from a collocation point to the functional value under
the condition that the governing equation is satisfied by the
solution.

For our pumpos the following features of the multi-
layer neural network are very important.

(1) It can approximate any fctions within any preci-
sion under a certain mathematical condition [19, 20].
Though this existence theorem does not guarantee
that the solution could be attainable, an approximate
solution is often attainableomparatively easily prob-
ably because the multi-layer neural network repre-
sents a functionpansion by “variable basis func-
tions” instead of “fixed basis functions” such as the
system of orthogonal functions (as the trigonometric
functions).

Generalization property is controlled by selecting the
network structur@nd iteration number appropriately,
and the method is robust against noises in input data.
These are empirically believed though reliable gen-
eral recipes for obtaining a result with the minimum
approximation error have not been found despite of
extensive ieoretical works. Ashe interpolation and
smoothing functions are inherently included in the
multi-layer neural network [21] the diculty in CT
that arises from an imperfect set of projection data is
relaxed considerably by using the neural network.
Wide range of complex nonlinear problems can be
solved by selectig theobject function appropriately
because the learning prosds anonlinear optimiza-
tion of an object inction composed of the above de-
scribed flexible “approximatfunctions”, their deriva-
tives, and integrals.

)

®3)

2. Computerized Tomography by Neural
Network Collocation M ethod
We assume to injech beam represented by a quan-
tity (beam quantity)qp(f)l (o INto the object along the p-th
projection path wheréis the coodinate along the path and
the quantity is measured after the beam goes out from the

grand of the above integral does not depend on the phase
delay¢, but degends on the electron densi§(r) linearly,
and the following equation is derived.

=L(p)

Agp = ¢p(L) — ¢p(0) = Afz N(r)d¢, 2

¢=0

where A is a constant ang) denotes thep-th integra-

tion path. In this analysis wase a neural network sys-
tem shown in Fig. 1, where a neural network represents the
electron density distribution as a function of the spatial po-
sition. If the coordinate values of a spatial position are fed
to the input channel the electron density at the given posi-
tion is obtaned from the output channel. Therefore, if we
prepare numerical integration points (collocation points:
u = 1,...U) on the p-th projection patm&p) = ry) be-
forehand the electron densities at the integration points
Y = N(x{P)) are calculated and the corresponding phase
delay for the p-th mjedion pathA¢i™ is obtained. The
object function is, therefore, defined as

P
£= 52 (8" - =’ ®
p=1

N u L.(p)
AhN = AZ auN(ry) ~ Afo N(r)de, (4)
u=1

whereA¢T™s, @, andU are the measured phase delay on
the p-th path, the weight for tha-th integration point, and
the totalnumber of the sampling points for the numerical
integration. For the abowvebject function the increment
of the weight in the updating process of the error back-
propagation method is derived as

ON(ry)
ow

U
AW = A (AN - AgE=S) )" o

W)

(5)

+BAWTD),

where w represents a value of a weight (one of the
weights),7 andg are the learning and inertial cieients,

7 is the iteration number. It should be noted that the
weights are updated every time of a single line integral
calculation, i.e., weights are updated evérymes ofmap-
ping calculations (the “quasi-online updating scheme”).
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Fig. 1 Sclematic diagram of CIT by NNCM.

3. CT ImageReconstruction for Small
Amount of Model Projection Data

To demmstrate the two-dimensional image recon-
struction by NNCM we prepare a set of line integrals
for the double peak Gaussian distribution as a model of
the numericalexperiment. First we employed parallel-
beam configuration with 30 directions with 30 beams each
(830x 30=900) and solved it by the NNCM system of
Fig.1. It should be noted that “NB”s in Fig.1 represent
neurons for the instrumental biases in CIT and are not used
in the model data analysis of this section.

Though usually an activation function is not used in
the output layer neurons, in our CT analysis method the
following "skimmer-type” adtvation function is used for
stableconvergence during the training process.

o(X) = x+log(1+¢e™), (6)
The functional error of the reconstructed imdgeis
defined as

E. = 2N (Zorg - Zrec)?
' MZnax

where zyg, Zec, Zmax, and M denat theoriginal, recon-
struced images, the maximum value of the original image,
and the total number of evaluation points, respectively.

The reconstructed image is shown in Fig. 2 with the
result bythe conventionally used filtered back projection
(FBP) method in Fig. 3. The FBP method works very well
if it is applied to a problem vth a large amont of projec-
tion data, but it gives a very poor result when it is applied
to a problem with small amount of data as in this case. The
errors of the reconstructed images by the NNCM and the
FBP areE; = 0.0219 andE; = 0.143, respectively. It was
also confirmed that the new method gave a rather good re-
sult even for an extremely small amount of projection paths
as 3x 10 = 30 wherek; = 0.034.

()

i)

e

o5 o

(c)

2
N

18

1+

)

Fig. 2 (Left) Reconstructed Fig.3 (Right) Reconstructed
double peak Gaus- double peak Gaussian
sian distribution by the distribition by FBP
neural network method method (30« 30 paral-
(30x 30 parallel beams), lel beams)Es = 0.143.
E: = 0.0219. (a) Bird-
eye view, (b) Contour
diagram, (c) Recons-
tructed vs. True value.

4. CT Image Reconstruction of lono-
spheric Electron Density Distribu-
tion by NNCM

In this section, first, we describe some issues on the
CT image reconstruction by NNCM specific to the iono-
spheric electron density disbiition,then numerical exper-
iments for the data of the modinosphere, and lastly the
CT image reconstruction ofié real observation data.

4.1 Some issues specific to the CT of the
ionospheric electron density distribution

We skipthe technical details how to calculate the slant
TEC values from the GPS observations. They are obtained
from the group delays and the carrier phase advances of
two radio signals from a GPS with fiigrent frequencies.
The slant TE(ZliJ (t) attimet along the projection path be-
tween the GP$ and the ground receivers the integrated
value of theionospheric and the plasmaspheric electron
density which includes the instrumental biases of the trans-
mitter in the satelliteB! and the ground receivé; as

1) = rfiN(r,t)df +B + B @©

(=1.. . 1;j=1..J)
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Fig. 4 Sclematic diagram of the two-dimensional cross-section
of the computational domain of CIT.

whereN(r, t) is the ekctron density at the observation time

t and the spatial position andl andJ are the total num-
bers of the ground receivers and the GPS positions, re-
spectively. The computational domain of the above inte-
gral equations ofN(r,t) is dividedinto two regions, i.e.,
the ionospheric region (lower region, 100 ka700 km in
altitude) and the plasmaspheric region (upper region, over
700kmin altitude), and the ionospheric region is our target
for the CT image reconstruction (Fig.4). The GPS orbits
are located at 20,200 km in altitude.

When a s#ficient number of the observation data for
the slant TEC are available vean derive the ionospheric
electron densit\N(r, t), and instrurental biase; andB!
(“NB”) by solving the integral equation (Eq.(8)). The
equation is descretized and the object function to be mini-
mized is obtained as

2

U
Ei = Z ZauN(ru,t) +B+B+P -1,
i,j \u=1
9)

whereu denotes the sampling point for the integration path
within the ionosphere ariq' is the contribution of the plas-
maspheric electroneatsity to the slant TE(I:Ij (®).

As described previously the most significant issue
in CIT by using the GPS signals is that high resolution
in the vertical direction is diicult to attain because of
scarcity of horizontal or near-horizontal projection paths.
To cope withthis problem and improve the vertical res-
olution we use the information on the peak electron den-
sity Ni°o(rio0) = NmF2 and the corresponding height
hmF2 obtained by the ionosonde measurement at the s-
thionosonde observation statidff®. For this purpose we
employed the following penalized object function as

E = gE1 + Ey, (10)

S

2= D (N(rE) - (7o)

s=1

’ (11)
where S denotes the total number of the ionosonde sta-
tions, “iono” denotes the measured value by the ionosonde,
andg is the penalty coicient. In our analysis we used
ionosonde data of only one station out of 4 ionosonde sta-
tions.

Though it is not necessary to discretize the compu-
tationaldomain as the mapping function realized by the
multi-layer neural network is continuous, continuous treat-
ment of the input space causes overfitting and makes the
system unstable because of the finite number of the con-
straints (humber of projectiopaths). To awid these de-
fects, input space discretization is extremeffieetive. In
the actual CIT, therefore, we discretize the temporal and
spatial domain into finite-sized meshes. We set that the
temporal resolution of the electron density distribution as
A/2 = 7.5min and we us# the data observed during
(t,t+A). As for the spatial domairthe discretization is car-
ried out so that more than one projection paths cross each
three-dimasional mesh on average. For this reason we as-
sume that the electron density is constant within an area of
0.5x 0.5 deg (about 50 km50km) in latitud@ongitude
and 30km in altitude.

To egimate the contribution fathe plasmaspheric re-
gion to the observed TEC value, we employ a simple
diffusve euilibrium model proposed by Angerami and
Thomas [22]. According to this model we assume the
electron density distribution in the plasmasphatb) is
decreasing exponentially from the top of the ionospheric
region fiy = 700 km) with the scale lengthls up tothe
satellite orbits i,y = 20200 km). Under this assumption
the plasmaspheric contribution to the TEC value of the path
(i.j), P! is given as

hsat —_
f n(ho) exp(— h o ho) dh
ho s

1
~ ——n(ho)H
cosd (ho)Hs,
wherehg is the altitude of each GPS ards the incli-
nation of the projection phtwith respect to the vertical
direction.

P.i:i
' cosf

(12)

4.2 Numerical experiment on themodel data

To examine he performance of NNCM we first ap-
plied it to the model problem in which the electron density
distribution is generated by using the global core plasma
model (GCPM) [23]. GCPM is considered to be the most
comprehensive model presently available including the
ionosphere, plasmasphere, magnetospheric trough and po-
lar cap, where the ionospheric densities are represented by
the international referencenosphere (IRl) model [24] at
lower altitudes. The actual positions of GPS satellites and
ground receivers during a particular observation (the real
projection path geometry) are used for the model calcu-
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lation, whereas the bias values of the satellites and ground {a)
receivers are assigned artificially. The valueblofF2 and !
hmF2 a the actual ionosonde station located in Japan are T
obtained from GCPM and used as the “observed” data. For fi0 ) e
the numerical experiment by NNCM we produced model
observation data corresponding to the GCPM data of 1200-
1215 JST, 22 December 2001 for 40 GEONET receivers
located in Japan from Hokkaido to Okinawa. In both the o
model experiment and the real data analysis the observa-
tion data from one ionosonde station located at Kokubuniji
(139.51 E, 35.74 N) among 4 ionosonde stations in Japan
are employed and the data of 3 otherionosonde stations are
used for validation. Total number of the projection pahs
of 2128 is used and 20 sampling points for the integration
are placed on each projection path. Taking into account B 3 W @ M 3% 1 40 a2
of the errors of the gliminary calculations and the com- Latitude (¥)
putational cost we decided to employ a 4-layered neural
network with 3,12,12, 1 neurons in each layer. The cal- {h)
culations were carried out on a workstation with a Xenon s
2.20GHz CPU and it took about 10 min of CPU time to
train the network (4000 iterations).

An example of the reconstrted density contour plot
at the longitude of 137 E is shown in Fig. 5 b with the cor-
responding true contour plot produced from the GCPM
density distribution (Fig.5a). The average density error
is 28 x 10 m~2 in this calculation, which is very small in
comparison with the typical peak density ok210¥m3.
The bias values of the transmitters and the ground receivers
were determined very accurately as 0.12 and 0.31 TECU (1
TECU=1x10*m2).

ki)

Alritude

(lem}

Altitude

4.3 Reconstruction of real electron density #® % & om O Wowm B oE M

Latitude (N}

distribution _ _
From the GPS data_btalned by 40 df_erent receivers Fig. 5 Contour plot of the model (a) and reconstructed (b) den-
over the Japanese archipelago and the ionosonde data ob- sity distributions at longitude 137 E. The unit of density
saved at Kokubunji the actual three-dimensional iono- is 10"t m=3.

spheric electron density distribution of November 5, 2001
has been reconstructed. The observation data obtained
within 15min every hour are analysed to investigate the 5. Conclusion
hourly variations of the ionospheric electron density dis- We have socessfully applied NNCM based on
tribution from 0000 to 2400 JST. To confirm that the suf- NNRMT to reconstruct a local ionospheric electron den-
ficiently high vertical resolution is attained by NNCM the ity distribution from the rodel data and the real observa-
peak density valueBimF2 and the peak density heights  tion data. In order to improve the vertical resolution we
hmF2 at the ionosonde stations, Wakkanai, Yamagawa, used the penalized object function for the neural network
and Okinawa in addition to Kokubunji whose data were training where the ionosonde data are taken into account.
used for training are ptted over 24 hr o Novemver 5, It is quite effective because the vertical density profile can
2001 and compared with the observed data (Figs. 6 and 7). pe recovered well by constraining the solution at only one
Agreement between the reconstructed values and the ob- point in the three dimensional domain. It is also very ad-
served vales are very good (the root mean square error vantagous that this CIT is carried out by using only the
of the peak density at the ionosonde sites 7%), from grourd based observation data. For stability of conver-
which it can beconcluded that the reconstructed density gence of the training process we discretized the input space
distribution agrees ith the true density distribution even o the neural network, which is considered to be concerned
at points apart from the ionosonde station used for train- with avoidance of the overfitting. It is conjectured that in
ing. the CT image reconstruction with small amount of nonuni-
formly distributed projetion paths NNCM gives better re-
sut in comparison with previous ones because the neural
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formulation of rather comrated problem can be carried
out comparatively easily.
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