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A New-Type Equilibrium of Flowing Plasma Dominated by
the Hall Effect
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New type of axisymmetric magnetohydrodynamic (MHD) equilibrium of toroidally flowing plasma, which
cannot be found in the framework of the ideal MHD, emerges due to the Hall and toroidal effects. If either of these
effects is neglected, only a conventional MHD-type equilibrium is obtained. Numerical solutions of both types
are calculated in toroidal geometries to simulate the equilibrium states in the Ring Trap-1 device constructed at
the University of Tokyo. Numerical analysis shows that when the toroidal flow is increased, the plasma shifts
inward in the new-type equilibrium, while in the MHD type the outward shift occurs due to the centrifugal effect.
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1. Introduction

The Ring Trap-1 (RT-1) device[1] is a toroidal sys-
tem equipped with a levitated internal ring creating a
magnetosphere-like configuration. This system can pro-
duce a variety of magnetic structures by using exter-
nal coils, e.g., a vertical field coil. Such configurations
have been applied to fundamental research in non-neutral
plasma physics, such as the verification of stable confine-
ment [2] and the driving of a high-speed toroidal flow [3].
As well, the system can be used to study the confinement of
high-beta plasma by a planet’s dipole field, as is observed
in Jupiter’s magnetosphere [4], which is being investigated
in the Levitated Dipole eXperiment (LDX) project [5].

The experiment involving the RT-1 device concerns
mainly the phenomena induced by plasma flows. Espe-
cially, it aims to examine the theory of self-organized states
of flowing plasmas [6, 7], which is called the “double Bel-
trami equilibrium” that predicts that the dynamical pres-
sure of the flow balances the thermal pressure, yielding a
high-beta plasma. Also, the theory indicates that the cou-
pling of the flow with the Hall effect leads to equilibrium
structures far richer than the ideal magnetohydrodynamic
(MHD) ones, and in the RT-1, the plasma parameters are
selected such that the Hall effect becomes prominent (see
Sec. 4). However, the equilibria including the flow and the
Hall effect have been analytically studied only in relatively
simple geometries, such as cylindrical [6] or slab geome-
try [8].

In this paper, we investigate the coupling of the flow
with the Hall effect in “toroidal” geometry. Since in the
RT-1 device it is planned that a high-speed toroidal flow
be driven in the order of Alfvén speed, we analyze the
axisymmetric MHD equilibrium with pure toroidal flows.
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The analytical results show that the coexistence of the
Hall effect and toroidicity produces a new-type equilibrium
whose profile is drastically different from that of the ideal
MHD type. Important issues to be addressed here are the
significantly different profiles of the toroidal flow and den-
sity between the two types of equilibria, implying that their
stability and confinement properties are totally different.

To analyze the equilibria in the RT-1 device, we calcu-
late numerical solutions to the generalized Grad-Shafranov
(GS) equations of both types in toroidal geometries. In the
MHD-type equilibrium, as the volume-averaged toroidal
flow increases, the peaks of the density and local beta value
shift outward. In contrast, in the new-type equilibrium, the
increased flow shifts the peaks inward.

We briefly review the related theories. It has been
shown in Ref. [9] that the ideal axisymmetric MHD equi-
librium including toroidal flow in a toroidal geometry is
described by the generalized GS equation, which is a regu-
lar elliptic partial differential equation, and that numerical
solutions can be obtained. Also, assuming that the solu-
tions are in separable forms, the analytic solutions includ-
ing toroidal flows in dipolar magnetic configurations have
been obtained in Refs. [10, 11] for the analysis of equilib-
ria in the LDX. However, none of these solutions take into
account coupling with the Hall effect.

This paper is organized as follows. In Sec. 2, axisym-
metric Hall MHD equilibria with toroidal flows are intro-
duced, and the significance of the toroidal effect is exam-
ined. In Sec.3, it is shown that a new type of equilib-
rium emerges due to the Hall effect, and that the MHD-
type equilibrium also exists. Numerical analyses of the two
types of equilibria, which are applied to the RT-1 device,
are described in Sec. 4. Section 5 provides a summary of
the results.

© 2006 The Japan Society of Plasma
Science and Nuclear Fusion Research
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2. Basic Equations

2.1 Hall MHD equilibrium
Let us consider the Hall MHD equilibrium. The gov-
erning equations are

V- (V) =0, (1)

n(V-V)V =(VxB)xB-Vp, ?)
E

Vx[(V—;VxB)xB]:O, 3)

V-B=0, 4)

where n, B, V, and p are the number density, the mag-
netic field, the flow velocity, and the pressure, respec-
tively. We have normalized the length by the system size
Ly, n by the representative number density ng, B by the
representative magnetic field By, V by the Alfvén speed
Va = Bo/ VpuoMng (o is the vacuum permeability and M
is the proton mass), and p by B(Z)/,uo. The scaling coeffi-
cient & = 6;/Lo measures the ion skin depth 6; = ¢/wp; =
M/ (ugnpe?) (e is the elementary charge). Note that we
need the equation of state to close the system. The only ad-
dition to the ideal MHD is the Hall term in (3), thus putting
& = 0 recovers the ideal MHD equilibrium.

2.2 Hall MHD equilibrium in a toroidal
geometry

We consider an axisymmetric toroidal geometry, then
(4) indicates

B(R.Z) = VY(R,Z) X V$ + RB4(R, Z)V¢, (5)

where i (By) is the poloidal flux (toroidal component) of
the magnetic field, and R-¢-Z are the standard cylindrical
coordinates. The assumption of pure toroidal flow leads to

(6)

where V; is the toroidal component of the flow velocity.
Equation (1) is automatically satisfied. Substituting (5) and
(6) into (2) yields

V(R,Z) = RV4(R,Z)V¢,

nv?

_T"’VR = —AI;//VM/ + {w,RB¢}V¢
. %V (RBy) - Vp, (M

where A*u Rog (R‘laRu) + 6%u is the GS
operator, and {P, Q} —(VPxVQ) - V¢
—R7'[(8,P) (g Q) — (OxP) (620)] is the Poisson bracket.
From the toroidal component of (7), we get the first
surface quantity,

RBy = I(¥)). (8)
Then (3) and (7) reduce to
EAy+ 21 + RV, = Ro(), )
n n
nVv?2 A* ’
oy Ay Ly,
R VR = o Vyr D Vy - Vp, (10)
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respectively, where w(y) is the second surface quantity,
and the prime indicates the derivative with respect to .
The flow effect (the left-hand side of (10)) emerges due
to the toroidicity, as we shall see in the next subsection.
The force balance equation (10) shows that the flow and
the magnetic field are coupled, and that the equilibrium
deviates from the static force balance between the Lorentz
force and the pressure gradient.

2.3 Hall MHD equilibrium in a straight
cylinder

To show the importance of the toroidicity, we briefly
describe the equilibrium in a straight cylinder, which rep-
resents a toroidal geometry with a large aspect ratio. Then
(4) yields B(x,y) = Vy(x,y) X Vz + B,(x,y)Vz, where x-
y-z are the standard Cartesian coordinates, and B, is the
“toroidal” component of the magnetic field. The assump-
tion of pure toroidal flow leads to V(x,y) = V.(x,y)Vz,
where V, is the toroidal component of the flow velocity.

Substitution of the above expressions into (2) yields

(1)

where A = 92 +6§ is the Laplacian. Equation (11) indicates
that the flow velocity and the magnetic field are totally de-
coupled (cf. (10)), and that the magnetic field is determined
by the poloidal flux of current density and the pressure as
in the case of static equilibrium, assigning B, = B,(i) and
p = p(¥). The resultant GS equation —Ays = B.B, + p’ is
identical to the static one.

The toroidal flow is determined from (3) as V, =
QW) + ep’ [n, where Q(¢) is a surface quantity. Since the
toroidal flow of the ideal MHD equilibrium in a straight
cylinder is written as V, = Q(¢) [12], the term with coeffi-
cient £ is a modification to the ideal MHD flow. Therefore,
we conclude that in a straight cylinder, the Hall effect plays
a minor role of slightly modifying the ideal MHD flow, and
that the toroidicity is indispensable for the significant ac-
tion of the Hall effect.

0= —AyVy — [(V¢ X VB,) - VZ] Vz - B.VB, — Vp,

3. Two Types of Equilibria Produced
by the Hall Effect

Using (9), we eliminate the —R™2(A*y + II")Vy term
in (10), and obtain the force balance equation of the ion
fluid,

2
&n V¢
R
Note that the left-hand side of (12) emerges due to the Hall
effect and the toroidicity. The toroidal flow Vj, the pressure
p, and the density n should satisfy (12) and the equation of
state.

We assume that the pressure and toroidal flow profiles
are in the following forms,

Vs = R*f(y),

I’lV¢
VR = va—nwvlp—eVp. (12)

p=pW,R), (13)
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where @ # 0 is an undetermined real number, and f(y) is
an undermined surface quantity. Substituting (13) into (12)
yields

8_211; =nR'f - no, (14)
dp 2a—1 22

2L~ pR21 g2, 1
3R n f (15)

As is mentioned in Sec.2, we need the equation of
state to close the system. In this paper, we assume the
isothermal magnetic surfaces, i.e.,

PW,R) = n(y, R)TW), (16)

where T is the temperature which is constant on each mag-
netic surface due to the high thermal conductivity along
magnetic field lines. Then, equation (15) can be integrated
as

f2

M—TRM) . (17)

n(W, R) = no() eXP(

Then (14) reads

’

nO ’

W) + sT(t//)n—O +&T
& RZa (2 4 T, Raf—] —_ 0 18
+f(Y) o f = f7 - =0. (13)

Since the first three terms of the left-hand side of (18) de-
pend on only ¢, we need to restrict the surface quantities
W), T(¥), and np(y) and the unknown @ and f(¥) such
as

W) + gT(¢)Z—2 +&T" +C f(h) = 0, (19)
8Co g pa-l _ ¢, (20)
2«

, 1
2f - f? = (,, 21

where C; and C, are some constants. In the remainder
of this section, we investigate (19)-(21) to show that there
exist two types of equilibria.
3.1 MHD-type equilibrium
Firstly, we consider the case with C, = 0, which turns
out to give an MHD-type equilibrium that satisfies the ideal
MHD model. In this case, from (20) and (21), we get
—R*! = ¢y and 2f" — fT'/T = 0, which yields @ = 1,
C; = -1, and f(y) = C3 /T (), where Cj3 is the integra-
tion constant.

From (13), the flow is written as

Vs = Rx C3\T(),

which is similar to the rigid rotation with angular fre-
quency C3+/T () which is a surface function. Equation

(19) indicates C3\T@W) = w(W) + &[Tny/no() + 1",

(22)
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which implies V5 = Rw()) + O(g). From (17), the den-
sity is calculated as

2

_ G
n(y, R) = no(y) exp 7R

1
=Ny exp{ﬁ

Using (9) and (19), we can derive the generalized GS equa-
tion as follows,

¢

— R2

)

2

R2}. (23)

no o
w+e|T—+T
n

—A"y = 11"+ R* (nyT + noT") exp[

d
=1 +R22E,

0 (24)

We can see that the toroidal flow (22), the density (23), and
the generalized GS equation (24) derived in this subsection
are modified versions of the ideal MHD equilibrium (see
Ref. [9] for the ideal MHD case).

3.2 New-type equilibrium

We move to the case with C, # 0, and show that a
new-type equilibrium exists. Equation (21) can be solved
as f() = \TW)[Cy4 + C, fw T7'2dy /2], where Cy is the
integration constant. Equation (20) yields = -1, C; = 0,
and C, = —-2/e.

From (13), the flow reads

VW) |

R

1 dy’
€ VT W)
which is in inverse proportional to R, in contrast to the

MHD type whose flow is proportional to R [see (22)]. The
density derived from (17) reads

V¢ =

, (25)

Cy

1
n(y, R) = no(y) exp {—ﬁ

1 (v dy :
eJ TwHl)
The generalized GS equation of the new-type equilib-
rium is derived from (9) and (19) as

no() VT ()
&

(26)

L AL

€ VIT®)
1 (Y dy

] 2

xexp{—ﬁ C4—; \/TW) },(27)
which is totally different from the counterpart of the MHD
type (cf. (24)). This type of equilibrium does not satisfy
the ideal MHD, thus is not derivable from the MHD model.
Note that this new-type equilibrium appears due to the cou-
pling of the flow with the Hall and toroidal effects.

Cy—

Ay =1II' + {

+ R (nfT + nOT')}
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4. Numerical Analysis of the Two
Types of Equilibria

4.1 Setting of the problem: application to
the RT-1 device

The generalized GS equations of the two types of
equilibria derived in the previous section ((24) and (27))
are numerically solved as boundary value problems to sim-
ulate the equilibria in the RT-1 device. In this paper, we
confine our attention to how the flow affects the equilib-
rium configurations.

We set the calculation system as follows. The major
and minor radii of the system are ~ 0.55m and ~ 0.45m,
and those of the levitated ring are ~ 0.3m and ~ 0.1 m,
respectively. We assume ¢ > 0 in the calculation region.
The schematic view of the calculation system is shown in
Fig. 1.

The expected parameters are B ~ 0.1 T near the lev-
itated ring, and n ~ 8.4 x 107 m™3 (cut-off density gen-
erated by 8.2 GHz Klystron). The expected temperature is
not known, and we assume 7 ~ 100eV. Table 1 shows
the parameters for the RT-1 device, implying that the Hall
effect becomes prominent in this system.

We set the surface quantities as follows:

W) = a®, T@W) = ard®, noW) = a®, (28)

Boundary
{(W=0)

o)

Contour of 9

“0.45] - e

Fig. 1 Schematic view of the calculation system simulating the
RT-1 device. The boundary is constituted of the levitated
ring producing a dipolar magnetic field and the bound-
ary. In the calculation region, it is assumed that the flux
function is positive (¢ > 0).

where a;, ar, and @, are some constants (a7 and «,, should
be positive). Since the magnetic configuration is almost
dipolar in the RT-1 device, |o;| < 1 is required. The sec-
ond and third equations of (28) imply that the temperature
is high and the density without flow is large near the levi-
tated ring where y is large. We define the volume-averaged
value of a quantity A by (A) = V! f Adv, where V is
the plasma volume, and dv is the volume increment. In
the present calculation, for simplicity, we fix the volume-
averaged toroidal magnetic field as <B¢> = 1072 T to deter-
mine the parameter «;, and determine the parameters ary,
and @, by assuming that the volume-averaged values of
the temperature and the density become (T) = 100eV, and
(n) = 8.4 x 10'°m™3, respectively.

We need C; and C4 for the MHD-type and new-
type equilibria, respectively, which are associated with the
toroidal flows (see (22) and (25)). Instead of varying these
parameters, we vary the volume-averaged toroidal flow
<V¢> to compare both types on equal footing.

In what follows, varying <V¢> in the range 0 < <V¢> <
0.08 (in this range, the reasonable solution of the MHD-
type equilibrium exists), we observe the behavior of the
solutions.

4.2 Numerical solutions of the MHD-type
equilibrium

We analyze the MHD-type equilibrium by solving

(24) for various <V¢>. The contour of the flux function

¢ is shown in Fig.2 (for <V¢> = 0.06), which indicates
the dipolar magnetic field, which is a typical configuration
obtained in the present calculation.

Figure 3 shows the profiles of the density (calculated
from (23)) and the local beta in the equatorial plane (Z = 0)
for various volume-averaged toroidal flows, <V¢> = 0.0,
0.06, 0.08. From Fig. 3, we observe that the peak of the
density (resultantly, the local beta value) shifts outward as
<V¢> increases. The shifts are attributed to the effect of cen-
trifugal force, as is shown in (22) and (23). The maximum
of the local beta value is almost 3% for various <V¢>.

If we increase <V¢> further, the density peak hits the

boundary, and we cannot obtain feasible equilibrium solu-
tions.

Table 1 Calculation parameters for the RT-1 device

Parameter Value

Remarks

scale length L 0.5m
representative density g
representative magnetic field By 01T
Alfvén speed Va

ion skin depth ¢;

8.4%x 10" m™3

2.38x 10°m/s
twice the magnetic pressure BS/,uo 7.96 x 10*J/m? | derived from By
0.248 m
Hall parameter £ 0.496

minor radius

cut-off density of 8.2 GHz Klystron
B near the levitated ring

derived from ng and By

derived from ny
derived from Ly and 6;




Plasma and Fusion Research: Regular Articles

Volume 1, 050 (2006)

Boundary

Levitated ring

0.5
0.4
0.3
0.2
0.1

0
-0.1
-0.2
-0.3
-0.4

-0.5
0.102030405060.70809 1
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Fig.2 Contour of flux function ¢ of the MHD-type equilibrium
for <V(,,> = 0.06 (<V(,,> is the volume-averaged toroidal
flow), which indicates the dipolar magnetic configura-
tion.
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4% 107k
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0.015

0.01
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Levitated ring e
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R [m)]
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Fig. 3 Behavior of the solution of the MHD-type equilibrium
in the equatorial plane (Z = 0) with different volume-
averaged toroidal flows, <V(,,> = 0.0, 0.06, 0.08. The top
panel shows the density profile, and the bottom one shows
the local beta value. As <V¢> increases, the peaks of both
quantities shift outward due to the centrifugal effect.

4.3 Numerical solutions of the new-type

equilibrium
The solutions of the new type, obtained by solving

(27), have magnetic surfaces similar to those of the MHD
type (see Fig.2). However, as is clear from (25) and (26),
the profiles of the toroidal flow and the density are totally
different from those of the MHD type, which brings about
qualitatively different behavior of the solution.

In Fig.4, we show the density and the local beta

value profiles in the equatorial plane for the same volume-
averaged toroidal flows as the MHD type. Figure 4 in-
dicates that both peaks shift slightly inward as <V¢> in-
creases, which is in contrast to the MHD type. The plasma
inside the levitated ring in the top panel of Fig.4 stems
from the hollow distribution enclosing the levitated ring, as
is shown in Fig. 5 (for <V¢> = 0.08). The numerical anal-
ysis shows that in the new-type equilibrium, the density
(and the beta value) localizes in a narrower region, the beta

value has a larger amplitude (about 10%), and the shifts

due to the flow effect are smaller compared with the MHD-
type solutions.
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n [m~

1.2 x 10%
108} * (V) =0.08
¢ £
]
- 3 +
8x 10 4 *F (Va) = 0.06
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6x 107 ¥ LS
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
R [m]
0.12 T T
RIRTA ; "
0.1} <1 (>> 0 08\~ M/
0.08 |
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0
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Fig.4 Behavior of the solution of the new-type equilibrium
in the equatorial plane (Z = 0) with different volume-
averaged toroidal flows, <V¢> = 0, 0.06, 0.08. The top
panel shows the density profile, and the bottom one shows
the local beta value. The peaks of both quantities shift
inward as <V¢> increases. Both quantities localize in a
narrow region.
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Fig. 5 Two-dimensional structure of the solution of the new-
type equilibrium with <Vd,> = 0.08. The gray-scale con-
tour represents the density. The plasma encloses the levi-
tated coil, making a hollow profile.

5. Summary

We have shown that the axisymmetric MHD equilib-
rium with toroidal flow has a new-type equilibrium pro-
duced due to the coexistence of the Hall effect and toroidic-
ity. The density and flow profiles of this new-type equilib-
rium are significantly different from those of the conven-
tional MHD type; thus, it is expected that their stability
and confinement properties are qualitatively different.

The generalized GS equations of both types have been
numerically solved in toroidal geometries to simulate the
equilibria in the RT-1 device. As the volume-averaged
toroidal flow increases, the peaks of the density and local
beta of the MHD-type shift outward, which is attributed
to the centrifugal effect induced by the flow similar to the
rigid rotation (cf. (22)). In contrast, the density and lo-
cal beta peaks of the new-type equilibrium shift inward as
the toroidal flow is increased. This contrary behavior may
stem from the fact that the flow profile, which is propor-
tional to R™! (see (25)), is very different from the MHD
type, and resultantly the dependence of the density on R
is also different (compare (23) with (26)). In the new-type
equilibrium, the density and the beta value localize in a
narrower region, the maximum of the local beta reaches a
higher value ~ 10%, and the shifts due to the flow effect
are smaller than the MHD type (see Figs. 3 and 4).

We end this paper by making two remarks. First,
we note that the equilibria obtained in this paper have
no poloidal flow, which makes the analysis mathemati-
cally tractable. In the presence of poloidal flow, prob-
lems of hyperbolicity [13] may occur, which indicates that
the equilibrium cannot be obtained as a boundary value
problem. Thus, obtaining equilibria with poloidal flows
is a very tough problem. Secondly, we note that the the-
ory presented in this paper does not clarify which type
of equilibrium is experimentally realized, nor the condi-
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tion necessary to achieve it, which are beyond the scope
of the present study. To resolve these problems, a stability
analysis should be performed, which is a very challenging
problem because of the existence of the flow and the two-
dimensionality, and will be reported elsewhere.

This work was supported by Grant-in-Aid for Scien-
tific Research from the Japanese Ministry of Education,
Culture, Sports, Science and Technology, No. 14102033.

Appendix: Computational Method
of Solving the Generalized Grad-
Shafranov Equation

In this appendix, we shortly delineate the computa-
tional technique used in this paper to solve the generalized
GS equations ((24) and (27)) with Dirichlet boundary con-
ditions. The problem reads —A*y = F(y¥) where F(Y) is
some nonlinear function and ¢ = ¥(R, Z) on the bound-
ary. Since the equation is nonlinear, the iteration method is
invoked, which leads to

A"y = F'(R,Z) := F(y"),

where n is the iteration step. The numerical solution
™! is obtained when max “W’” - W’l / max ((V’)] < €
is achieved, where € is a sufficiently small number. We
rewrite the above equation in the form of integral equation
as

l,bn+1 - (_A*)—l F”(R, Z),
where the inverse operator (—A*)~! can be calculated by
(-A) PR, Z)

F'(R.Z'
=fG(R,Z,R’,Z’)7( 2

drR'dZ’,
R/
where
K 2
2 4RR’
K= 5 >
R+R)Y +(Z-2)

Here G(R,Z,R’,Z’) denotes the Green function, and K(«)
(E(k)) is the complete elliptic integral of the first (second)
kind. Note that F"(R’,Z’)/R’ indicates the toroidal current
density. At the beginning of the iteration, we drive uniform
toroidal current in the plasma region (F° = constant).

The Dirichlet boundary condition is treated as follows.
We allocate many points representing the external current
Ié{;) and the boundary flux l,[/g) as is shown in Fig. 6. First
we construct a matrix that relates the external current with
the boundary flux. We substitute 1 into external current
19, calculate the i-th boundary flux by (—A*)™' 1, and
define the matrix A;; such that A;; corresponds to the flux
at the i-th boundary produced by the j-th external current
(fixed to unity). Next we calculate the i-th boundary flux
produced by the plasma current as (pg) = (-A")"! I, and

GR,Z,R.,Z) := L Vrr )K(K) - E(K)},
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®
\ e /

‘—)6/( plasma region
°

Fig. 6 Explanation drawing for the calculation method. The
black circles denote the external current Ié{), and the x-
marks represent the points for the boundary condition

g), both of which are located in the levitated ring and
the boundary (reduced points are shown for illustrative
purpose). The plasma exists in the shaded region.

define g@g) = wg) - I,Dg) where I,Dg) is the given value at
i-th boundary. Using the inverse matrix Ai‘j', we set the
: () —-1,7()
external current by computing Iy = — Y; A; jl l//g . Then,
since the boundary flux produced by the external current is
calculated by 1//2’,2 =2A jléf(), the flux of the i-th boundary
reads l,[/g) = 1//1([,') + 1//2’,2 = l//g), which satisfies the boundary
condition.
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