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The Weibel instability has received renewed attention for its applicability in various astrophysical
and laboratory plasmas. The Weibel instability is a plausible mechanism for the magnetic field
generation in the gamma ray burst. It is also considered as the source of the cosmological magnetic
field in the early universe. This instability also seems to play an important role in a high-intensity
laser produced plasma. In this paper, we investigate the ion mass effect on the relativistic Weibel
instability by using a particle-in-cell simulation technique, considering two different ion-to-electron mass
ratios. The study extends to the nonlinear physics regime. It is found that when the ion-to-electron
mass is smaller, the magnetic field energy grows stronger and is more quickly damped, manifesting
clearer inverse cascade process following the quasilinear saturation stage. We ascribe this mass effect to
the increased electrostatic fluctuation associated with the ion acoustic wave by the enhanced ion mobility.
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1. Introduction
Mechanisms of magnetic field generation in plas-

mas have been of great interest since it has been re-
alized that the magnetic field plays a crucial role in
determining the physical properties of various plas-
mas. Amplification of the magnetic field in a highly
conducting medium has been observed not only in
astrophysical bodies such as the Earth, the Sun,
galaxies, interstellar media, and even in black holes
[1, 2, 3, 4, 5, 6, 7], but also in many laboratory plasmas
such as the laser evaporated plasma [8, 9], z-pinch [10],
reversed field pinch [11, 12], and field reversed config-
uration [13, 14, 15]. A variety of interesting physical
phenomena are found to occur via the interplay be-
tween the magnetic field and these plasmas. However,
the processes leading to the large scale magnetic fields
are largely unknown.

The Weibel instability has recently drawn atten-
tion for its possibility to occur in various astrophysi-
cal situations. Medvedev and Loeb suggest that the
Weibel instability can be a candidate mechanism for
generating magnetic fields in the gamma ray burst
[16, 17]. Schlickeiser proposes that the Weibel insta-
bility might be responsible for the generation of cos-
mological magnetic fields in the early universe [18].
The role of the Weibel instability in generating large
scale cosmic magnetic fields might also be relevant in
dark energy [19]. Plasmas in these astrophysical and
cosmic bodies, as well as laser plasmas where gener-
ation of strong magnetic fields are often observed are
highly energetic. As a consequence, the discussion of
the Weibel instability in the energetic plasma systems
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requires a relativistic treatment [20, 21, 22, 23, 24].
The Weibel instability is excited by the localized

charged particle motions. The classical study of the
Weibel instability has focused mainly on the electrons
with an assumption that the ions are immobile [25].
Of many studies into the Weibel instability, only a few
on the electron-positron plasmas in gamma ray bursts
have dealt with the ion effects, and the ion effects on
the Weibel instability have been neglected in general.
Even in the case that the ion effects are included, they
are merely limited to satisfying the charge neutrality
condition. However, with better understanding, real-
ization of the importance of the ion effects starts to
emerge. For instance, Medvedev and Loeb have shown
that the magnetic field strengths shown in previous
simulations are too small compared to actual obser-
vations, and thus that the ion effects may have to be
considered [16]. In the nonlinear regime where strong
coupling to various modes take place, ion effects might
be important.

In the present paper, we investigate the ion-to-
electron mass ratio effects on the Weibel instabil-
ity which is driven by temperature anisotropy in a
relativistic regime, by employing a one-dimensional
PIC(Particle-in-cell) simulation method. We consider
two different cases of ion-to-electron mass ratios.

The organization of the paper is as follows: In
Sec. 2 the simulation conditions are described. Sec. 3,
and Sec. 4 presents the simulation results, and Sec. 5
presents conclusions.
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Fig. 1 Schematic of the Weibel instability.

2. Simulation Conditions
The initial electron distribution is taken as a fully

relativistic bi-Maxwellian distribution, which is given
in Ref. [21],

f =
α⊥ e−α⊥(γ−γ�)−α�γ�

4π(mc)3 K2(α�)A
,

A = 1 +
�

α�
α⊥

− 1
�

K1(α�)
α� K2(α�)

, (1)

where γ = (1 + p2/m2c2 + p2
�/m2c2)1/2 is the rela-

tivistic Lorentz factor with m and c being the electron
rest mass and the speed of light in vacuo, respectively.
The direction of the wave propagation is taken as the
x axis, and the parallel and perpendicular directions
are defined along and perpendicular to it, respectively.
Then, we define γ� = (1 + p2

�/m2c2)1/2. Kn(x) is
the modified Bessel function of the second kind of or-
der n. Dimensionless parameters α� = mc2/T� and
α⊥ = mc2/T⊥ characterize the plasma temperature
defined along the parallel and perpendicular directions
to the wave propagation direction, respectively.

The computer code used in this study is a
relativistic electromagnetic particle-in-cell(PIC) code
with one spatial and three velocity dimensions
(1D3V). Particles are initially loaded according to the
bi-Maxwellian distribution function described above.
The number of gridsNx is 4096, and for each cell, 4000
particles are allocated. The plasma density is initially
uniform. A periodic boundary condition is used at
both ends. The grid size is given by Δx = 0.1c/ωpe

and the time step by Δt = 0.001/ωpe, where ωpe =
(nee

2/�0m)1/2 is the plasma frequency. Here, �0 is the
vacuum permittivity. We take ω−1

pe as the unit time
and the electron skin depth c/ωpe as the unit length.
We considered two cases of the ion-electron plasma
with mass ratios of M/m = 1833 and M/m = 10.
When the mass ratio is small, the ion mobility in-
creases, and thus we expect that the ion effects would
be pronounced. The ions are taken to have the same
temperature as the electrons.

The simulation was performed until 400ωpet. The
Weibel instability occurs when the perpendicular tem-
perature is higher than the parallel temperature. The
schematic of its operating mechanism is illustrated
in Fig.1. The simulations are performed for various

Fig. 2 Evolution of the energy. Magnetic field energy(solid
line) and kinetic energy(dashed line) of the elec-
trons are plotted together with the kinetic energy
(dotted line) of the ions for (a) M/m = 1833 and
(b) M/m =10, respectively.

perpendicular thermal anisotropic parameters, and
among these, we have chosen α⊥ = 5 and α� = 30
as the representative parameters.

3. Growth of the Magnetic Field En-
ergy

In Figure 2, time evolution of the magnetic field
energy and the kinetic energy of the electrons are
shown together with the kinetic energy of the ions.
The first two energies are normalized by the initial
electron thermal energy and the ion kinetic energy is
normalized by the initial ion energy. The increase
of the magnetic field energy is about the same as
that of the decrease of electron energy. Although not
shown, the electrostatic field energy does not show ap-
preciable change, indicating that the unstable mode
is the electromagnetic one. However, in the case of
M/m = 10, the ion kinetic energy is shown to contin-
uously increase in time.

In Figure 2, it is shown that the increase of the
magnetic field energy is accompanied by a decrease
in the electron thermal energy of equal magnitude for
the time up to ωpet ∼ 40. Since the ions are much
heavier than electrons, the ion effects can appear only
in a later phase, and, as a result, the simulations for
the two different ion masses show almost the same be-
havior in the initial phase when the Weibel instability
grows linearly. This observation is in agreement with
the theoretical expectation.

After passing the linear stage, the plasmas en-
ter a quasilinear and then a nonlinear state. For
M/m = 1833, the B field energy first undergoes a
small overshoot before settling down to a quasi-steady
asymptotic state, until the end of the simulation. The
saturated B field energy is at about 3% of the initial
kinetic energy of the electrons. The B field energy for
a smaller ion mass increases up to about 5% of the to-
tal initial kinetic energy of the electrons taking longer
time ωpet ∼ 80. As the nonlinear effect involving the
ions sets in, the electron distribution also shows satu-
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ration.
With the assumption that the ions are immobile,

the solution of the Vlasov equation for the electrons
alone can give rise to the dispersion relation for the
Weibel instability as [24],

c2k2

ω2
p

=
α2
⊥α�

α�K2(α�) + ΔK1(α�)

×
�
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α2
⊥
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�

− Γ
ck

� ∞

0

dτ

ξ2
⊥

�
3Δ
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⊥

+
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3Δ
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+
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ζ

+ ξ2
�

α�
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K2(ζ)
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where τ is the normalized time, and

Δ =
α�
α⊥

− 1,

ξ⊥ = α⊥ +
Γ
ck

τ,

ξ� = α� +
Γ
ck

τ,

ζ =
�

ξ2
� + τ2.

Figure 3 shows the growth rate Γ/ωpe obtained
from the solution for Eq. (2) with α⊥ = 5, α� = 30. In
this graph, Γ/ωpe has a maximum at kc/ωpe ≈ 0.916
with the value 0.151ωpe, and thus, the most unstable
mode appears at kc/ωpe = 0.916.

Simulation results are shown in Fig. 4 for the
two different mass ratios. A few modes growing most
rapidly are plotted. The vertical scale is on a log-
arithmic amplitude scale. It can be seen that the
slopes of the mode amplitudes are about the same,
indicating that the linear growth rates are almost
the same, but the mode with kc/ωpe = 0.92 has the
highest growth rate in agreement with the theoreti-
cal prediction. Therefore, we select the mode with
kc/ωpe = 0.92 in the PIC simulation as the represen-
tative case of the study. By estimating the growth
rate from the linear fitting, we get Γ = 0.144ωpe for
M/m = 1833, 0.137ωpe for M/m = 10 [Fig. 5]. The
growth rate estimated from the simulation shows an
excellent agreement with the one obtained from Eq.
(2), which considered the electrons alone. The result
that almost the same growth rates are obtained for
two different ion-to-electron mass ratios, in agreement
with the theoretical prediction confirms that there is
no effect of ions on the Weibel instability in the early,
linearly growing phase.

It is shown in case of the smaller ion-to-electron
mass ratio that the increase of the magnetic field oc-
curs simultaneously with the reduction of the ion tem-

Fig. 3 Linear growth rate obtained from Eq. (2) vs. wave
number for α⊥ = 5 and α� = 30.

Fig. 4 (Color online) Time evolution of several different
modes in the linear regime, for (a) M/m = 1833
and (b) M/m = 10.

perature anisotropy. Time evolutions of the electron
and ion momentum distribution are plotted in Figs. 6
and 7. The initial distribution (shown in Figs.6 and
7 (a) and (c)) has an elliptical shape in the px − py

momentum space. Figures 6 and 7 (b) show that the
distribution broadens in time in both the x and y di-
rections. There is no difference in the electron distri-
butions for the two different mass ratios. However, the
difference in the ion distribution is noticeable. Unlike
the case of M/m = 1833 where there is no change,
in the case of M/m = 10, ion distribution becomes
broadened to a rectangular shape. The ion momen-
tum values do not go beyond the boundary values,
similarly to the case of the electrons. The rectangular
boundary remains the same after the particle distri-
butions are settled, and the magnetic field energy has
stopped its increase.

On the other hand, as the ion temperature
anisotropy is reduced, the ion thermal energy does not
convert into the magnetic field energy, in contrast to
the fact that the electron thermal energy converts to
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Fig. 5 Time evolution of the mode with kc/ωpe = 0.920
for (a) M/m = 1833 and (b) M/m = 10.
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Fig. 6 (Color online)Electron and ion distributions in
the momentum space at different times for M/m
=1833.

the magnetic field energy. It is shown that as the ion
distribution become isotropic, the thermal energy in-
creases, whereas as the electron distribution becomes
more isotropic, more magnetic fields are generated
[Fig. 2(b)]. It can also be seen that for M/m = 10,
around 50 ∼ 80ωpe the electron thermal energy is re-
duced and the magnetic field energy increases by the
same amount. The increase of the electron isotropy
for a lower ion-to-electron mass ratio plasma has also
been observed in other PIC simulations [26].

4. Nonlinear regime
After the linear phase and passing the quasilin-

ear phase, merging of small-scale structures of fluctu-
ations into a larger scale one shows up revealing an
inverse cascade process. Figs. 8 and 9 show the time
evolution of the By and ni spectra. The two spec-
tra are normalized by the electron rest energy. In the
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Fig. 7 (Color online)Electron and ion distributions in the
momentum space at different times for M/m =10.
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Fig. 8 (Color online) Power spectra of (a) magnetic field
By and (b)ion density ni for M/m=1833.

early linear growth phase, the strongest wave appears
at kc/ωpe ∼ 0.9 as mentioned before. As the time
evolves, the k numbers of the dominant waves become
smaller. The inverse cascade features of B field and
ion density show significant difference for the two dif-
ferent mass ratios. In case of the magnetic field, the
inverse cascade is independent of the ion-to-electron
mass ratio, but for M/m = 10 merging of modes oc-
curs more actively. The ion density fluctuation shows
a manifest difference for the two different mass ratios.

Figure 10 shows the plot of the electrostatic fluc-
tuations of ω − k spectrum. We have drawn this fig-
ure to identify the modes in Fig.9(b)of ni fluctuation.
The red line corresponds to the dispersion curve for
the IA(Ion Acoustic) wave. On this curve, the ex-
istence of the IA wave can be identified by a strong
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Fig. 9 (Color online) Power spectra of (a) magnetic field
By and (b)ion density ni for M/m=10.
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Fig. 10(Color online) ω− k spectrum of the ion density ni

for M/m=10 during the time 0.0 ∼ 204.8ωpet. The
red line is the dispersion curve for the ion-acoustic
wave.

intensity area around kxc/ωpet ∼ 0.2. Below this IA
mode, many fluctuations are shown to exist near zero
frequency.

The inverse cascade process seems to involve an
electrostatic mode induced by the ion motion via the
wave-wave coupling. The result that the electrostatic
fluctuation shows an inverse cascade pattern similar to
that of the magnetic field, and that ni fluctuation in-
tensity increases during this process indicate they are
not independent of each other. Electrostatic modes
like the IA wave can participate in the inverse cascade
process of the Weibel instability.

5. Discussion and conclusions
Large scale magnetic fields are present in many

astrophysical and laboratory plasmas, playing impor-
tant roles in many interesting plasma dynamics. Pro-
cesses leading to these large scale magnetic fields in
the universe or laboratory plasmas, the so-called dy-
namo mechanism, are not yet clear.

The Weibel instability is one of those candidate
mechanisms to explain such a large scale magnetic
field in a plasma. The interesting aspect of the
Weibel instability is that excess energy stored in the
anisotropic distribution of the electrons in a plasma
could be released as magnetic field energy by the in-
stability, producing the magnetic field in the electro-
static environment of the null magnetic field. This
instability could provide a seed magnetic field such as
the primordial field in the early universe.

Classical study of the Weibel instability has
mainly focused on the electron motion with an as-
sumption that ions are immobile. In the nonlinear
regime where strong coupling to various modes could
take place, this assumption may not be valid. We have
investigated the ion mobility effect on the Weibel in-
stability by using a 1D PIC simulation. In the early
growth phase, when the ions do not have time to con-
tribute, the magnetic field energy increases exponen-
tially, independent of the mass ratio. However, the ion
effect becomes evident in the nonlinear regime. When
the mass ratio is small compared to the realistic one,
the maximum magnetic field energy attained becomes
much higher. In this case, the ion distribution ex-
pands as the electron distribution does. When this
expansion stops, the magnetic field energy does not
increase further. For a small mass ratio case, the ion
thermal energy is shown to increase continuously.

The inverse cascade process is clearly seen for the
magnetic field energy in both cases. In the inverse cas-
cade process, coupling to the electrostatic fluctuations
like the ion acoustic mode is strongly indicated.
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