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We analyze two-dimensional quantum systems of electrons on the basis of the classical-map
hypernetted-chain (CHNC) method which maps electron systems onto classical systems of charges.
This method has been proposed originally for the analyses through the hypernetted chain (HNC) and
related integral equations. Confirming the applicability of simulations based on this mapping in ho-
mogeneous systems, we perform Monte Carlo and molecular dynamics simulations on two-dimensional
finite systems of electrons confined by an external potential such as quantum dots. We emphasize the
advantage of simulations over integral-equation-based analyses for systems without the translational
invariance. With decreasing strength of confinement, these systems undergo a transition from the spin
unpolarized to the spin polarized state accompanying the discontinuous change of the average density.
The critical value of rs estimated from the average density is as low as rs ∼ 0.4. For given average
density (instead of given strength of confinement), the transition between the spin-unpolarized and
spin-polarized states occurs at the critical rs value around 10 which is closer to the known possibility
of polarization at rs ∼ 27. We also show the applicability of this method to two-dimensional electron
systems at finite temperatures.
Keywords: 2d-electron system, quantum dot, CHNC method, numerical simulation, spin polarization

1. Introduction
Degenerate plasmas have been one of important

subjects of plasma physics. Simulations which are use-
ful in analyses of classical systems of charges still have
some difficulties in applications to quantum systems
and the system sizes of ab initio simulations are much
smaller than those of classical ones. In this article,
we investigate the possibility of classical simulations
of quantum systems via the method of mapping.

We take two-dimensional systems of electrons as
the target of our analyses. They are one of indispens-
able elements of semiconductor electronic devices and
their properties not only in the bulk but also in finite
systems are the basis for the construction of new elec-
tronic devices such as quantum dots. For finite sys-
tems of electrons with small number of electrons the ab
initio quantum analyses have been reported by many
authors[1, 2] and the number of electrons in recent in-
vestigations has increased up to 20 or more. The spin
polarization as a function of electron number[3, 4] and
the formation of Wigner crystal[5, 6, 7] have been re-
ported.

When we have very large number of electrons, we
may apply the results of uniform system[8, 9, 10, 11].
In the case of electrons of intermediate numbers, for
example a few hundreds, however, it may not be jus-
tified to apply the results of uniform system. It may

be also not easy to apply ab initio methods.
We apply the classical numerical simulations to

these finite systems of electrons via the mapping be-
tween the quantum and classical systems[12]. As the
mapping, we adopt the classical-map hypernetted-
chain equation (CHNC) method by Dharma-wardana
and Perrot originally proposed for the analysis of
electron systems through HNC and related integral
equations[13, 14, 15, 16]. This method reproduces
the known results of ab initio quantum simulations in
three and two dimensions to a good accuracy and is
useful to obtain the spin polarization and other char-
acteristics including the case of finite temperatures[16,
17, 18].

We emphasize that numerical simulations can be
applied to finite systems without the translational in-
variance which are difficult to analyze on the basis of
the HNC and similar integral equations. We also note
that, we are able to take the contribution of the bridge
function automatically into account through resultant
distribution functions. Though the bridge function
is expected to be approximately evaluated within the
framework of the modified HNC approach[19], accu-
rate numerical simulations could be simpler and ap-
plicable to cases without translational invariance.

There exists a difficulty in applications to sys-
tems where the electron density is a function of the
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position: The CHNC method interprets the system
into the classical one introducing density dependent
quantum temperature and mutual potential. Except
for the cases of sufficiently large systems with slowly
changing density profile, we have to somehow define
the average density to be used in the mapping. In
this article, we follow earlier works[20, 21, 6, 7] as de-
scribed in Section 4.

We first confirm that the classical Monte Carlo
and molecular dynamics methods based on the CHNC
mapping at T = 0 give the results of at least the same
accuracy with those of integral-equation-based CHNC
method[22]. We then perform the Monte Carlo and
molecular dynamics simulations on electrons confined
by a two-dimensional parabolic potential with the sys-
tem size is too large to apply the ab initio methods
and too small to be regarded as homogeneous system.
We mainly focus our attention to the possible spin po-
larization of the ground state ζ in the domain where
the electron density is higher than the critical den-
sity for the Wigner lattice formation [5, 6, 7]. We use
the atomic units and take kB = 1 when necessary, kB

being the Boltzmann constant.

2. CHNC method
The elements of the mapping in the CHNC

method are the assignment of the “quantum” tem-
perature to account for the effect of degeneracy, the
modification of the Coulomb potential to account for
the quantum diffraction, and the inclusion of an ex-
tra potential (the Pauli potential) for electrons of the
same spin.

When the electron system is at the temperature
T , the corresponding classical system is assigned a
temperature Tcf

Tcf = (T 2
q + T 2)1/2, (1)

where Tq is the “quantum” temperature. Of two pro-
posals for Tq[13, 17] in the two-dimensional case, we
adopt the one by Bulutay and Tanatar[17] which gives
somewhat better results for small values of rs [22];

Tq =
1 + ars

b+ crs
EF , (2)

where rs = 1/(πn)1/2, n is the surface density, EF is
the Fermi energy, a = 1.470342, b = 6.099404, and
c = 0.476465.

To take the effect of quantum diffraction into ac-
count, the Coulomb potential is replaced by [23]

Vcou(r) =
1
r
[1− e−rkth ]. (3)

The value of kth is expressed by the thermal de
Broglie wave number as kth = 1.158T 0.103

cf k0
th with

k0
th = (2πm∗Tcf )

1/2 and m∗ = 1/2, m∗ being the
reduced mass of scattering pair of electrons[15].
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Fig. 1 Correlation energy: CHNC numerical simulation
vs. diffusion Monte Carlo (DMC).

The additional potential (the Pauli poten-
tial), Pσσ, is determined, within the hypernetted-
chain(HNC) approximation, so as to reproduce the
pair correlation function of ideal Fermi gas. The pair
potential between electrons of spin species σ and σ�,
φσσ�(r), is thus given by the sum of (3) and Pσσ.

3. Application to Homogeneous Sys-
tems
Before simulation-based applications of the

CHNC method, the accuracy of the method needs to
be confirmed in the context of simulations. Figure 1
shows the results of Monte Carlo simulations of two-
dimensional electron liquids at T = 0 in comparison
with those of ab initio quantum simulations. Simula-
tions based on the CHNC mapping are at least of the
same accuracy with the integral-equation-based anal-
yses of the method.

4. Application to Finite Systems
As a model of electrons in quantum dots, we con-

sider N electrons confined by a two-dimensional har-
monic potential[2]. Since any confining potential has a
parabolic form at least near the center and the electro-
static potential of a uniform distribution of opposite
charge in a circle is approximately represented by the
harmonic potential to a good accuracy within the ra-
dius of distribution[24], we may expect the harmonic
potential to be applicable in experiments.

The Hamiltonian of the system is given by

Ĥ = −
�

i

h̄2

2me
Δi +

�
i>j

e2

rij
+
1
2
k

�
i

r2
i . (4)

We perform the Monte Carlo and molecular dynamics
simulations based on the classical Hamiltonian deter-
mined by the CHNC mapping.

Elements of the CHNC method are defined for
uniform systems and depends on the density. As men-
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tioned in Introduction, we have to determine the aver-
age density of the system by some appropriate method
and adopt the quantum temperature and the Pauli
potential corresponding to the average density in our
application to systems which are not uniform. For the
distribution n(r), we define the average density n̄ by

n̄ =
�

n2(r)dS�
n(r)dS

(5)

and assign rs by rs = 1/(πn̄)1/2 following earlier works
on inhomogeneous systems[20, 21, 6, 7]. By iterations,
we attain the consistency of resultant rs with the value
used for the quantum temperature and the Pauli po-
tential in simulations.

The average of the Coulomb interaction energy

�Ĥint� = �
�
i>j

1
ri,j

� = e2

aB
e(N, ζ, ω) (6)

is determined for given number of electrons N , the
strength of the external confining potential k, and the
spin polarization ζ. The dimensionless coupling pa-
rameter ω is defined by

ω2 =
ka3

B

e2
=

h̄6k

m3
ee

8
. (7)

The free energy of our system F (N, ζ, ω) is ob-
tained through the integration with respect to the cou-
pling parameter:

F (e2)− F (0) =
ω

2

� ∞

ω

dω

ω2
e(N, ζ, ω). (8)

The difference between states with ζ = 0 and ζ = 1 is
shown in Fig.2. When ω is large (strong confinement
and resultant high average density), the ground state
is not polarized (ζ = 0) and when ω is small (weak
confinement and resultant low average density), we
have a polarized ground state (ζ = 1). The critical
value is ω = 2.1 for N = 64 and ω = 2.4 for N =
128. Since the confinement is given, we have a jump
in the value of rs around the critical density rs ∼
0.4: With the decrease of the confinement, the system
reorganizes itself into the polarized state with larger
radius of distribution.

The critical density may seem to be much higher
than the value in uniform systems rs ∼ 27[9, 10, 11,
15, 16]. We note, however, that when the free ener-
gies at given average density are compared as shown
in Fig.3, the critical value of rs is around 10. Though
the estimation of rs in confined systems has some am-
biguity, our data give the result close to rs ∼ 27 of
the known possibility in uniform systems. Since the
density of electrons is not uniform, the average den-
sity underestimates and overestimates the real den-
sity near the center and on the periphery, respectively,
and the quantum temperature is underestimated and
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Fig. 2 Difference of ground
state energies in un-
polarized (ζ = 0)
and polarized (ζ = 1)
states vs. ω.

-0.05

0

0.05

0.1

0.15

0.2

2 4 6 8 10 12 14 16 18

N=64
N=128

F(
ζ
=1

, r
s) 

- F
(ζ

=0
, r

s)

rs

Fig. 3 Difference of ground
state energies in un-
polarized (ζ = 0)
and polarized (ζ = 1)
states vs. rs.

overestimated, correspondingly. The Pauli potential
has also similar errors. The critical rs value might
be affected these deviations. This possibility, how-
ever, needs further investigation and is not conclusive
within our present analyses.

5. Application to Systems at Finite
Temperatures

One of the merits of our method is the applica-
bility to systems at finite temperatures which have
very small number of results of quantum simulations.
Integral-equation-based analyses have shown possi-
ble existence of the domain of an intermediate spin
polarization[16]. We apply the mapping to homoge-
neous two-dimensional systems of electrons at finite
temperatures.

The Pauli potential is a universal function of kσ
F r

(kσ
F being the Fermi wavenumber for species σ) , but

its behavior at zero and finite temperatures is signif-
icantly different: The finite-temperature Pauli poten-
tial is short-ranged without the long-range asymptote
at T = 0

β P (kσ
F r) ∼ π

kσ
F r

. (9)

As shown in Fig.4, it decays more rapidly on increas-
ing temperature.

At finite temperatures, we obtain the results
shown in Fig.5. For given rs, the differences in the
Helmholtz free energies of spin-polarized (ζ = 1) and
spin-unpolarized (ζ = 0) states first decrease and then
increase with the increase of the temperature. The de-
crease is significant for rs < 10. As a function of rs,
the difference is still positive but becomes close to zero
at low but finite temperatures around rs ∼ 10.

In the integral-equation-based CHNC analysis[16]
which gives a spin-polarized domain for 27 < rs at
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Fig. 5 (a) Difference of Helmholtz free energy in ζ = 0
and ζ = 1 states vs. T � = T/TF in homogeneous
two-dimensional systems. (b) The same as in (a)
vs. rs.

T = 0, it has been shown that the boundary of the
polarized domain first decreases from 27 and then in-
creases to larger values with the increase of the tem-
perature. Our results shown in Fig.5 are consistent
with this behavior.

The system approaches to the classical one with
the increase of the temperature. Since the spin po-
larization is a quantum effect (the exchange effect)
coming from the correlation between electrons of the
same spin, the domain of spin polarization is expected
to decrease. The above result (the increase of the po-
larized domain at low but finite temperatures) indi-
cates that the approach to the classical system is not
monotonous. In our method, the exchange effect is
represented by the Pauli potential and we expect its
behavior at finite temperatures shown in Fig.4 may
naturally have some relation to the above behavior.
The detail, however, is not yet clear and needs further
analyses. The analyses of finite electron systems are
also in progress.

6. Conclusions
After confirming the applicability of the CHNC

mapping in numerical-simulation-based analyses of
two-dimensional electron systems, we have applied the
method to confined finite systems of intermediate sizes
(64 and 128 electrons). It is shown that electrons are
polarized when the value of rs for the average density
satisfies rs > 0.4. When we regard rs as a control pa-
rameter, the spin polarization occurs for rs ∼ 10. The
latter critical value is not so far from the known pos-
sibility for the uniform system. We have also shown
some results obtained by application of the method to
homogeneous systems at finite temperatures.
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