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Pre-sheath formation in front of a floating electrode immersed in a magnetized plasma
with the magnetic field at an oblique angle to the wall is studied with a one-dimensional fluid
model. The model equations are integrated numerically in order to find the space profiles of
the potential, density and ion velocities for various densities and angles of the magnetic field.
We also obtain comparable spacial profiles from a BIT1 particle-in-cell simulation. A method
is developed to compare both sets of results. The qualitative agreement of model results to
simulation results is quite good.
PACS. 52.25.Xz Magnetized plasmas – 52.65.Rr Particle-in-cell method – 52.40.Kh
Plasma sheaths

1. Introduction

In this paper we investigate the structure of
the magnetic pre-sheath using a simple fluid
model proposed by Riemann [1, 2]. A
magnetized plasma boundary layer is of key
interest to many fields of research, for example a
scrape-off layer in a tokamak, where we have a
relatively strong magnetic field applied at
various angles. We tried to emulate similar
conditions with this model, which would allow a
quick, yet comprehensive study of the pre-sheath.
In second chapter the analytical and the
simulation model are described. In third chapter
a part of the extensive study with the analytical
model is presented. Also some comparable PIC
simulations results are shown. There is a
comparison made between both sets of results
with the comparison method also being
explained. The fourth chapter draws some
conclusions and an evaluation of the model is
made.

Fig. 1 Schematic of the model

from a negative absorbing wall by a thin positive
space charge layer (sheath) with a thickness of
several electron Debye lengths �D .
L �� �D where L is a characteristic extension
of the boundary layer. A stationary sheath can
exist only if the Bohm criterion [3] is fulfilled.
In order to fulfill the Bohm criterion the ions
must be pre-accelerated by a finite electric field
that exists in the pre-sheath, that is the layer
preceding the sheath still disturbed by the
presence of the wall. If in addition a magnetic
field at an oblique angle to the wall is present in
the system, Chodura [8] has identified a third

2. Model

We considered a typical boundary layer
problem, where a quasineutral plasma is shielded
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� is a spatially varying quantity. In this way we
avoid the variation of ion sound speed cs with
Ti.
The Bohm criterion now becomes:

layer that sets in between the sheath and the
ordinary pre-sheath, sometimes also called the
“Chodura layer”. In this region there is already a
noticeable electric field as opposed to the
ordinary pre-sheath, though much weaker than
the electric field in the sheath. In this region ions
are diverted from the direction of motion parallel
to the magnetic field into the direction
perpendicular to the wall. The characteristic
length scale of the Chodura layer is of the order
of a few Larmor radii of ions moving with the
ion acoustic velocity rLi � � mi cs � / � e0 B � . An
additional condition was later found [2] to
complement the Bohm condition under magnetic
field the Bohm-Chodura-Riemann condition [9].
We used a one-dimensional, collisionless system
with a uniform magnetic field of different
magnitudes applied at various angles similar to
Zimmermann et al [10]. There are two species of
singly charged particles in the plasma, positive
ions and electrons. The model geometry is
shown in Fig. 1. Magnetic field lies only in the
x-y plane. The self-consistent electric field has
the direction perpendicular to the wall. The
equations for ion momentum and continuity are:
� � �
�
�
m i � v � � � v � e0 � E � v � B � �
�
� � � n i v � � n e� i

cs �

i

V �

� eU �
�,
� k BTe �

Assuming

��

B

i

i

a

collisionless

(5)

pre-sheath

� � t � 0 � we can separate the ion

momentum equations by its components and
add a fourth equation for potential:
1 � �Vx
�
� V � V � �X � �1 � � K cos �� � V ,
�
x �
x

Vx
Vx

t

Vx

�Vy
�X
�Vz
�X

z

� � K sin � � � Vz ,

(6)

� � K cos � � � Vx � � K sin �� � V ,

�Vx
��
� 1�
�X
�X

We now have a system of 4 equations for 3
unknown velocity components Vx(x), Vy(x),
Vz(x) and potential � ( X ) .
In our model we can change to independent
parameters: � K which is a measure of the
applied magnetic field density and the angle of
the applied field �. We introduced a quantity
� K , which gives the number of the Larmor
radii of an ion moving with the ion acoustic
velocity. The equations (as) are then integrated
using an adaptive step Runge-Kutta method. A
very small value of 10-9 was chosen for the
initial value of Vx at a large distance from the
wall. The integration was stopped when unity
was reached, defining the sheath edge.
We used a BIT1 [11, 12] PIC code to

(2)

where ns is the charged particle density in the
bulk plasma and U is the electrostatic potential.
The ion pressure pi and density ni are related
by:
�p � � k T �n .
(3)
i

e0U
v
x
, X � , � =,
cs
L
k BTe

e0 B L
L
L
� .
K �
, �K �
cs
mi cs rLi

(1)
Here � i is the ionization rate while � t
is the total collision rate. The electrons are
assumed to be Boltzmann distributed while both,
electrons and ions are isothermal. Assuming the
pre-sheath quasineutrality we can write:
ne � ni � ns exp �

(4)

mi

We introduce the following dimensionless
variables:

1
�
�p � m � v
ni
i

k B � Ti � Te �

i

We assume the ion flow to be isothermal
( � � 1 ), despite the recent discovery [5, 7], that
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simulate a similar system. The length of the
system was 9cm, and was divided into 24000
cells. The temperatures of the injected particles
were the same k BTe � k BTi � 1eV . Hydrogen
ions (protons) were selected. We used the time
�12

step 5 � 10 s . The code was run in the fast

mode until the steady state was reached. This
state was saved, and then the code was run in
the slow mode with full diagnostics. One
computer run usually took around 4 days.

3. Results

The model presented is used to study the
effects of the magnetic field on a collisionless
pre-sheath. Apart from the three velocities and
the potential aforementioned, we can also
calculate two velocities with reference to the
magnetic field direction: Vpar – parallel to the
magnetic field and Vperp – perpendicular to the
magnetic field. We can also calculate

Fig. 3 Spatial dependence of Vpar(X) and the
angle of incidence � of the ion flow

thickness of the Chodura layer can be estimated
to approximately 1.3rLi . Note how Vperp gains
the largest part of its increase in the Chodura
layer where the effects of the electric and
magnetic field become comparable. In Fig. 3

Fig. 2 Spatial dependence of Vx(X), Vpar(X)
and Vperp(X)

the angle of incidence for ions �. In Fig. 2. we
show spatial dependence of Vx(X), Vpar(X) and
Vperp(X) for � � 30� and � K � 50 , which
means a somewhat elevated magnetic field
density. Formation of the magnetized
pre-sheath (Chodura layer) can be well
observed. If the sheath edge is defined at the
position where Vx � 1 and the magnetized
pre-sheath as the position where V par � 1 , the
thickness of the Chodura layer can be
determined. In this Fig.2 for example it is
approximately 0.026 L. With � K � 50 the

Fig. 4 Axial profiles of � � X � and Vx(X) for
various values of � K
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we show a comparison between the weak and
the strong magnetic field. The parallel velocity
Vpar and the angle of incidence of the ion flow
are shown versus X. For the top figure we select
� � 30� and � K � 1 , while for the bottom
figure we select � � 30� and � K � 50 . As
we can see in the top picture, weak magnetic
field only has little effect on the direction of the
ion flow and no Chodura layer is formed. When
the strong magnetic field is applied (bottom
figure) the Chodura edge can be well identified.
In the pre-sheath the ion flow is practically in
line with the magnetic field. Note that � is
almost exactly equal to the selected angle
�� � 30� � .
Further illustration of the effect of the
increasing magnetic field density is shown in
Fig. 4, where the axial profile of the velocity
Vx(X) and the potential � � X � are plotted for
several values of � K , while � is kept
constant � � 30� . As � K is increased the
length of the pre-sheath decreases, while the
gradient of the potential increases by absolute
value. Larger electric field in the Chodura layer

is required for stronger acceleration of the ions
in the direction perpendicular to the wall. One
also notes that there is a limit in the pre-sheath
length. Above a certain value of � K the
length of the pre-sheath becomes insensitive to
further increase of � K .
Next we will present the results of the
computer simulations. The example shown in
the Fig. 5 was made at an intermediate angle
�� � 20� � and for 4 different magnetic
(B=0.005 T, B=0.01 T, B=0.1 T and B=1 T).
The output of the BIT1 diagnostics only gives
two velocity profiles: the velocity component
perpendicular to the wall vx and the velocity
parallel to the magnetic field vpar. Both are
given in absolute units m/s. In Fig. 5 also the
potential and density profiles are shown. The
potential U is given in volts and the density n in
the number of charged particles per cubic meter.
The results are as expected and in accordance
with theoretical model. When the magnetic
field is increased vpar increases also. Note that
vpar exceeds vx on the entire length of the
system. This indicates that vpar very probably

Fig. 5 The velocities vx and vpar, ion density n and potential U obtained from PIC simulation. Only the
right half of 9cm long system is shown
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would be difficult to establish the precise sheath
edge anyhow. After that a new approximation

exceeds the ion sound speed already at some
place before the sheath entrance. The density
increase with the increasing magnetic field can
be explained by the inhibited transport of
charged particles towards the wall across the
magnetic field lines.
Defining the length scale L for the PIC
results is not unambigous. As the example in
Fig. 6 shows the main problem is a correct
determination of the length scale L that
corresponds to the simulation parameters. This
length scale is defined in (5) in such way that
the parameter � K gives the number of the ion
Larmor radii rLi that fit into L. The ion Larmor
radius is calculated for an ion that moves with
ion acoustic velocity.
For the computer simulation shown in Fig.
7 we select � � 20�, B � 1T and the
temperatures of the ions and electrons at
injection are k BTe � k BTi � 1eV . However, by
the time the system reaches steady state the
temperatures drop to k BTe � 0.9eV and
k BTi � 0.8eV respectively. Also they are space
dependent with highest values in the middle of
the system and decreasing towards both
boundary electrodes. We must take these two
temperatures as constants so that we can
calculate the ion sound speed according to (4).
We get approximately cs � 13000m / s . The
next task is to find � K for the numerical
model that corresponds to the magnetic field
B � 1T in the simulation. The parameter
� K is given by (5). Because L is rather
arbitrarily selected length scale for the
pre-sheath, which is not known, we proceed in
the following way. We select an initial value for
� K and solve (6). The value of X where Vx
reaches unity is identified. With this value of X
the length scale L is found from (5) with
x=0.045m. This is simply one half of the length
of the simulated system. Very small thickness
of the sheath is neglected – a visual
conformation of this statement can easily be
made. If we look at the bottom picture in Fig. 6
which shows Vx, the sheath is represented by
the part of the curve (PIC simulation), where
Vx � 1 , which is indeed a very small length
comparing to the length of the whole system. It

Fig. 6 Comparison of Vpar and Vx obtained
from numerical model and PIC
simulation

for � K is found from (5) with the values of B,
mi and cs found from the simulation. Then (6) is
solved again with the new � K and a new
value of X where Vx reaches unity is found and
the procedure is repeated. This procedure
converges rather quickly. In the case shown in
Fig. 7 the value is � K � 1751.39 . This gives
L � 0.233m . Such value of L is in very good
agreement with the value of X, where Vx
reaches unity, which is in the case shown in Fig.
7 X � 0.193 . We then calculate the profiles of
Vx and Vpar and compare them with the results
of the simulation normalized to cs. The
comparison shown in Fig. 6 shows quite good
qualitative and to some extent even quantitative
agreement.

4. Conclusions

A one-dimensional fluid model was
presented for a collisionless magnetized
pre-sheath. We have compared the results with
the results of the PIC computer simulation
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made by BIT1 code in order to establish the
usefulness of the analytical method. A
quantitative comparison was only made
possible by the correct determination of the
length scale L. A simple method for the correct
determination of L was developed and
presented.
The results of the analytical model were in
very good agreement with the simulation
results. Therefore it was established that an
analytical model of this sort, which offers a
comprehensive analysis of the magnetic
pre-sheath, can, up to a certain point, replace
the time-costly PIC simulation.
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