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We analyze thermodynamics of the system composed of charged particles with hard cores inter-
acting via the repulsive Yukawa potential and the ambient plasma (of ions and electrons), taking the
contribution of the latter properly into account. When the Coulomb coupling between particles becomes
sufficiently strong, the isothermal compressibility of the whole system diverges and we have a phase sep-
aration and associated critical point. When appropriate conditions are satisfied, the critical point can
be in the domain of solid phase of Yukawa particles. An enhancement of the long wavelength density
fluctuations near the critical point is expected. We investigate the applicability of these results to fine
particle (dusty) plasmas. Experimental conditions of fine particle plasmas, densities and temperatures
of components and the fine particle size, are explicitly expressed in terms of dimensionless characteristic
parameters corresponding to the critical point. Though it might be difficult to realize such a system
on the ground due to large influence of the gravity on fine particles, we expect the experiment under
microgravity may provide a chance of observation.
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1. Introduction
Fine particle plasmas (dusty plasmas) are charge

neutral mixtures of macroscopic fine particles (dust
particles, particulates), ions, and electrons. Fine par-
ticle plasma is one of important examples of strongly
coupled plasmas. In particular, each fine particle can
be directly observed by CCD cameras or even by
naked eyes enabling kinetic analyses of various phe-
nomena in strongly coupled systems.

Fine particles in fine particle plasmas can be ap-
proximately modeled as Yukawa particles with hard
cores embedded in the ambient plasma of ions and
electrons. When the latter serves only as an inert
background, we call the system of Yukawa particles
the Yukawa one-component plasma (OCP).

The isothermal compressibility of OCP generally
diverges with the increase of the Coulomb coupling
and this holds also for the Yukawa OCP. In order to
observe this thermodynamic instability, however, it is
necessary to take the background into account as a
real physical entry to the system. In other words, we
have to take the deformation of the background into
account. This instability is suppressed when the back-
ground is almost incompressible as in the usual case of
systems modeled by OCP and this is the reason why
this long-known instability has never been observed in
experiments.

In the system of Yukawa particles embedded in
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ambient plasma, there is a possibility of deforma-
tion of the background and it is shown that the to-
tal isothermal compressibility diverges when the cou-
pling of Yukawa particles is sufficiently strong[1, 2].
We have a phase separation and related critical point.
When we approach the critical point, the density fluc-
tuations of the system are largely enhanced.

In order to realize such an instability in experi-
ments, it is necessary to interpret dimensionless char-
acteristic parameters into experimental conditions.
We discuss the correspondence between experimen-
tal conditions and characteristic parameters[3] and
give examples of possible combinations of experimen-
tal conditions at the critical point.

Fine particle plasmas are not completely de-
scribed by our model. We discuss some of their impor-
tant aspects which are not included in our treatment
and confirm the applicability of our analyses to fine
particle plasmas

2. Equation of State of Yukawa Par-
ticulates and Ambient Background
Plasma
We consider the system in a volume V composed

of Ni ions (i) with the charge e, Ne electrons (e)
with the charge −e, and Np fine particles (p) with the
charge −Qe, satisfying the charge neutrality condition
for densities

(−e)ne + eni + (−Qe)np = 0. (1)
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We assume that ni, ne � np and take the statistical
average with respect to electrons and ions to have an
expression for the Helmholtz free energy of the system.
The effective interaction energy for fine particles is
given by[4]

Up = Ucoh + Usheath, (2)

Ucoh =
1
2

∫ ∫
drdr′

e−|r−r′|/λ

|r− r′| ρ(r)ρ(r′)

− (self-interactions). (3)

The charge density ρ(r) =
∑Np

i=1(−Qe)δ(r−ri)+Qenp

includes that of background plasma Qenp and

1
λ

=
(

4πnie
2

kBTi
+

4πnee
2

kBTe

)1/2

. (4)

The term Usheath is the (free) energy of the sheath
around fine particles. Fine particles are effectively
confined by background plasma, mutually interacting
via the repulsive Yukawa potential. This effective con-
finement comes from the charge neutrality of the whole
system: The charge −Qe on fine particles has attrac-
tive Yukawa interaction with the background charge
density Qenp. We explicitly take into account the con-
tribution of the background plasma to the equation of
state. We also take the finite radius of fine particles
into account assuming they are spheres of the same
size[2].

Our system is characterized by four parameters:

Γ =
(Qe)2

akBTp
, ξ =

a

λ
, Γ0 =

(Qe)2

rpkBTp
= Γ

a

rp
,

A =
nekBTe + nikBTi

npkBTp
� 1, (5)

where a = (3/4πnp)1/3 is the mean distance between
particles and rp is the radius of core of fine particles.
We assume three components have different tempera-
tures, Tp, Ti, and Te.

We obtain an approximate expression for the
Helmholtz free energy of our system and other ther-
modynamic quantities[2]. With explicit consideration
of the deformation of background, the total pressure
is given by

ptot

npkBTp
≈ A

1− η
+

pp

npkBTp
, (6)

pp

npkBTp
≈ 1 + η + η2 − η3

(1− η)3

+ a1Γ̃ea2ξ

(
1
3

+
1
6
a2ξ +

r̃2
p

1 + r̃p

)

+ a3Γ̃1/4ea4ξ

(
1
3

+
2
3
a4ξ +

r̃2
p

1 + r̃p

)

+
3
2
Γ̃ξ−2

r̃2
p

1 + r̃p
(1 + e−2r̃p)− 1

4
Γ̃ξe−2r̃p , (7)

where

η =
(

Γ
Γ0

)3

,
Γ̃
Γ

=
e2r̃p

(1 + r̃p)2
, r̃p =

rp

λ
(8)

and a1 = −0.896, a2 = −0.588, a3 = 0.72, a4 =
−0.22.

3. Phase Diagrams
Since a1 is negative, the pressure of Yukawa par-

ticulates pp takes on increasingly negative values when
the Coulomb coupling Γ increases. For sufficiently
large Γ, the total pressure vanishes and even be-
comes negative: The negative contribution of fine par-
ticles overcomes the positive contribution from ambi-
ent plasma of ions and electrons. More importantly,
the inverse isothermal compressibility vanishes due to
negative contribution of fine particles. (The vanish-
ings of the pressure and the inverse isothermal com-
pressibility occur separately but at similar strengths of
coupling.) We thus have a separation into phases with
high and low densities and related critical point[1, 2].

Examples of phase diagrams are shown in Fig.1.
In (Γ/Γ0, ξ)-plane, high and low density phases co-
exist inside of the thick solid line, the broken line be-
ing the spinodal. In (Γ/ξ2, ptot)-plane, the domain
of coexistence shrinks to a single line terminating at
the critical point. These diagrams correspond to the
density-temperature and the pressure-temperature di-
agrams in usual liquid-gas transitions. The locus of
critical point is shown in Fig.2.
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Fig. 1 Examples of phase diagrams. The critical isotherm
is also shown in (Γ/Γ0, ξ)-plane (top).
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Fig. 2 Relation between Γ and ξ at the critical point.

4. Density Fluctuations
The static form factor of Yukawa particles S(k) is

related to the dielectric response function ε(k, ω = 0)
describing the response to external Yukawa particle
density via the fluctuation-dissipation theorem as

S(k) =
k2 + 1/λ2

k2
D

[
1− 1

ε(k, ω = 0)

]
, (9)

where k2
D = 4πnp(Qe)2/kBTp. In the limit of long

wavelengths, the balance of the external force and the
pressure gradient gives

1
S(k)

∼ − V

npkBTp

(
∂ptot

∂V

)
Ti,Te,Tp

+O (
k2

)
.(10)

Density fluctuations are thus enhanced near the crit-
ical point as shown in Fig.3. We obtain not exactly
the same but similar results from the thermodynamic
perturbation[2].
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Fig. 3 Density fluctuation enhancement. Numbers are en-
hancement in amplitude squared.

Within the Yukawa OCP, the response to the ex-
ternal field is related to the ‘screened response’ and
we have

1
SOCP (k)

∼ k2
Dλ2− V

npkBTp

(
∂pp

∂V

)
Tp

+O (
k2

)
.(11)

The divergence of the isothermal compressibility of
Yukawa OCP − (∂V/∂pp)Tp

is not directly related to
the enhancement of the density fluctuation[5].

5. Experimental Conditions
Thermodynamics of fine particles plasmas are

characterized by theoretical parameters and it is nec-
essary to interpret them into experimental parame-
ters. Characteristic parameters are readily calculated
from experimental parameters by definitions but the
reverse needs at least some manipulation and numer-
ical solution of equations[3].

Since it is believed that Te > Ti(∼ Tp) in most
experiments, we assign different values for the temper-
atures of the components. We thus have eight param-
eters for charged components of the system, namely,
(rp, np, Tp, Q, ni, Ti, ne, Te).

We assume that the charge neutrality condition
(1) is satisfied. When characteristic parameters (Γ, ξ)
are specified, we have two conditions. The charge on
a fine particle −Qe is determined by the balance be-
tween the fluxes of ions and electrons onto the surface.
When we write Q in the form

Q = fQ
kBTe

e2/rp
(12)

introducing fQ, the condition is given by

ne

(
kBTe

me

)1/2

exp
(
− fQ

1 + r̃p

)

−ni

(
kBTi

mi

)1/2 (
1 +

fQ

1 + r̃p

Te

Ti

)
= 0 (13)

in the orbital-motion-limited (OML) theory. Here the
effect of reduction of the electron density is reflected
through (1). We take into account the effect of finite
radius on the surface potential of the fine particles.
The applicability of the OML theory is discussed in
[3].

Since we have imposed four conditions, (1), Γ, ξ,
and (13) for eight experimental parameters, we are left
with four degrees of freedom. As these four, we take
the radius rp, Γ0, A = (neTe + niTi)/npTp, and the
ratio of the ion and fine particle temperatures

τip =
Ti

Tp
. (14)

In principle, the ratio τip is determined by other
parameters through the energy relaxation processes
which include neutral atoms. In most experiments,
however, τip ∼ 1 is implicitly assumed without de-
tailed analysis of the latter processes or temperature
measurements. In this paper we treat this ratio as
an externally determined parameter expecting to be
around unity, instead of giving other conditions to de-
termine τip.

We first note that np, ni/(A/τip), ne/(A/τip),
Ti/(A/τip) = τipTp/(A/τip), and Te/(A/τip) are ex-
plicitly expressed in terms of rp, Γ/A, ξ, Γ/Γ0, and
fQ[3]. We also point out that, since ne ≥ 0, we have
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to satisfy the condition (1/3)ξ2/(Γ/A) ≥ 1 or

ξ2 =
(a

λ

)2

≥ 3
(

Γ
A

)
. (15)

This comes from the condition of charge neutrality but
has not been explicitly shown in terms of characteristic
parameters. Thus the lower limit of realizable ξ is
determined by Γ.

Substituting explicit expressions for np,
ni/(A/τip), ne/(A/τip), Ti/(A/τip) = τipTp/(A/τip),
and Te/(A/τip), we can determine the value of fQ.
We note that, since (13) includes only the ratios
ne/ni and Te/Ti which are independent of rp or
A/τip, the value of fQ is determined self-consistently
when the set of values (Γ/A, ξ, Γ/Γ0) is specified.

Let us now introduce n0 and E0 = kBT0 defined
respectively by n0 ≡ 3/4πr3

p and E0 = kBT0 ≡ e2/rp.
We also define A′ = A/τip. Then the values of
(fQ, np/n0, (ni/n0)/A′, (ne/n0)/A′, (Ti/T0)/A′ =
τip(Tp/T0)/A′, (Te/T0)A′) are determined by the set
of values (Γ/A, ξ, Γ/Γ0) irrespective of the values of
(rp, A/τip): We may thus regard rp, A, and τip as a
kind of adjustable parameters which can be chosen so
as to satisfy the conditions for densities or tempera-
tures.

In Fig.4, we show some examples of experimental
parameters at the critical point. We assume the gas
is Ar and ions are Ar+. Along the locus of the crit-
ical point, we obtain experimental conditions by the
above mentioned procedure. Due to the condition (1),
the experiments of the critical point with fine particle
plasmas are possible on the lines plotted in Figs.3.
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Fig. 4 Experimental conditions for rp = 10μm. Densities
(top) and temperatures (bottom).

6. Applicability to Fine Particle Plas-
mas
In experiments on the ground, the ion flow in the

sheath gives the anisotropy of interaction between fine
particles which is neglected in the above model. Many
properties of fine particle plasmas, however, can be de-
scribed within the isotropic interaction and we assume
our system can be regarded as isotropic at least in the
first approximation. Important aspects of fine parti-
cle plasmas which are not included in our model are;
(a) anisotropy of interaction, (b) possible existence of
attractive interactions between particles[6], (c) nonlin-
ear screening and deviation from Yukawa interaction,
and (d) thermodynamic openness.

As for (a), we assume that we have a bulk, ap-
proximately isotropic three-dimensional fine particle
plasmas which may be realized under microgravity or
methods to effectively cancel the gravity. The pos-
sibility (b) has the effect to make the conditions for
strength of coupling in favor of the instability. As for
(c), collision experiments indicate that Yukawa repul-
sion works at least in some range of mutual distance[7].
Though the aspects (b), (c), and (d) may influence
critical conditions quantitatively, we may expect our
results may be applicable to fine particle plasmas
semi-quantitatively.

7. Conclusion
We have shown that the intrinsic thermodynamic

instability of OCP and related critical phenomena can
possibly be realized in experiments with fine particle
plasmas and given corresponding experimental condi-
tions. In order to observe phenomena near the critical
point, it is necessary to have a bulk isotropic three-
dimensional system of fine particle plasmas. Though
it might be difficult to realize such a system on the
ground due to gravity on fine particles, we expect the
experiment under microgravity may provide a chance
of observation.

This work has been supported by the Grant-in-
Aid for Scientific Research (C) No.19540521 of JSPS.

[1] H. Totsuji, J. Phys. A: Math. Gen. 39, 4565(2006);
Non-Neutral Plasma Physics VI, Workshop on Non-
Neutral Plasmas 2006, ed. M. Drewsen et al., AIP
Conference Proceedings 862, American Institute of
Physics, New York, 2006, p.248.

[2] H. Totsuji, Phys. Plasmas 15, 072111(2008).
[3] H. Totsuji, Plasma and Fusion Research 3, 046(2008).
[4] H. Totsuji et al., Phys. Rev. E 71, 045401(R)(2005);

H. Totsuji et al., Phys. Rev. E 72, 036406(2005); T.
Ogawa et al., J. Phys. Soc. Japan 75, 123501(2006).

[5] H. Totsuji and K. Tokami, Phys. Rev. A 30,
3175(1984).

[6] For example, M. Nambu et al., Phys. Lett. A 230,
40(1995); V. N. Tsytovich et al., Commun. Plasma
Phys. Control. Fusion, 17, 249(1996).

[7] For example, R. Kompaneets et al., Phys. of Plasmas
14, 052108(2007).

260

H. Totsuji, Phase Diagram of Strongly Coupled Yukawa Particulates in Deformable Background and Application to Fine Particle (Dusty) Plasmas




