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We study the magnetic reconnection for relativistic plasma in the framework of magnetohydrodynamics and by means of the Particle-In-Cell (PIC) simulation. In the former approach, the magnetic
ﬁelds are assumed to reconnect steadily inside the diﬀusion region as assumed in the conventional
Sweet-Parker model. The model takes account of the pressure gradient between the diﬀusion and outﬂow regions as well as increase in the inertia due to the thermal energy. At a given inﬂow velocity
(reconnection rate), the outﬂow velocity is faster when the Poynting to plasma kinetic ﬂuxes in the inﬂow region (namely the magnetization parameter σi ) is larger. For σi � 1, the plasma outﬂow velocity
decreases with the increase in the inﬂow velocity since the larger heating rate enhances the inertia.
We also carried out 2-dimensional PIC simulations to study the σi -dependence of the outﬂow speed.
The results indicate that the outﬂow velocity converges to a saturation value in the limit of large σi . On
the other hand, the thermal energy increases with σi without saturation. These results are consistent
with those based on the MHD analysis.
Keywords: relativistic plasma, magnetic reconnection, magnetohydrodynamics (MHD), Particle-In-Cell
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thermal energy in the diﬀusion region. In relativistic
plasma, the thermal energy contributes to the inertia
especially when it exceeds that of the rest mass. He
concluded that the outﬂow speed from the diﬀusion
region is non-relativistic or semi-relativistic at most.
He also concluded that the reconnection rate is not enhanced in contrast to the previous suggestions [8, 9].
However he did not take account of the possibility
that the enthalpy and the inertia may be lower in the
outﬂow region than at the neutral point.
Recently, Takahashi et al. [11] obtained the outﬂow speed from the relativistic magnetic reconnection
by taking into account the pressure gradient. In the
following, after summarizing the results by Takahashi
et al. [11], we compare the results with those obtained
by Particle-In-Cell (PIC) simulations.

1. Introduction
Magnetic reconnection is an important energy
conversion process in astrophysical plasma. The magnetic energy liberated by changing the magnetic ﬁeld
topology heats and accelerates the plasma. In the nonrelativistic magnetic reconnection, the outﬂow from
the diﬀusion region is accelerated up to the Alfvén velocity in the inﬂow region (e.g., [1]). In the relativistic
plasma in which the magnetic energy density exceeds
the rest mass energy density, the outﬂow speed from
the reconnection region approaches the light speed.
The magnetic reconnection can power astronomical phenomena such as the pulsar winds [2, 3], soft
gamma-ray repeaters [4, 5], and gamma ray bursts
[6, 7]. Magnetic reconnection also takes place in relativistic jets observed in active galactic nuclei (AGNs)
such as radio galaxies and quasars, and galactic microquasars.
Blackman & Field [8] and Lyutikov & Uzdensky
[9] studied the relativistic Sweet-Parker magnetic reconnection model. They concluded that the reconnection rate is enhanced due to the Lorentz contraction.
The speed of the outﬂow from the magnetic reconnection is proportional to the magnetization parameter
of the inﬂow. They assumed that all the magnetic energy ﬂowing to the diﬀusion region is converted to the
kinetic energy; they ignored the gas pressure in the
outﬂow region. Lyubarsky [10] pointed out the importance of the increase in the inertia due to the large

2. MHD Theory of Relativistic Reconnection

We consider a 2-dimensional steady state reconnection in X − Y plane. The electric resistivity is
assumed to be appreciable only within the diﬀusion
region, |X| ≤ L and |Y | ≤ δ (see, Fig. 1). Thus
the ideal MHD condition is applied outside the diﬀusion region. We assume Bz = 0 (without guide ﬁeld).
The proper density ρ, proper gas pressure p, magnetic
ﬁeld B, bulk ﬂow velocity v = cβ are assumed to be
constant in the inﬂow and outﬂow regions. All the
variables with the subscript i denote the values in the
inﬂow region, while those with the subscript o do the
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When the inﬂow (βi , Bx,i , ρi ) and the size of the
diﬀusion region (L and δ) are given, equations (1),
(5), and (6) give us three independent relations for
four unknowns, βo , Bx,o , ρo , and po . An independent
relation is required to determine the outﬂow. A simple
solution to close the equations is to ignore the thermal pressure in the outﬂow region by assuming po = 0
[8, 9]. Lyubarsky [10] pointed out the importance of
the increase in the inertia due to the enhanced thermal energy and solved the momentum equation between the neutral point and the outﬂow region. He
evaluated the thermal enthalpy of the plasma in the
acceleration region by using the gas pressure at the
neutral point pN . Here we take into account the pressure gradient between the neutral point and the outﬂow region, which accelerates the outﬂowing plasma.
Suppose that the plasma is heated by dissipation
of magnetic energy near the neutral point. The pressure balance across the current sheet implies
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Fig. 1 Schematic picture of the Sweet-Parker magnetic reconnection in X − Y plane. Only the ﬁrst quadrant
is shown. The electric resistivity is non-zero in the
shaded region. Solid curves depict magnetic ﬁeld
lines. A stream line is shown by the dashed curve.

values in the outﬂow region.
From the mass and energy conservation equations,
we obtain
ρi γi βi L = ρo γo βo δ,

pN =

(1)

2
Bx,i
,
8π

We assume that the density of the plasma in the
neutral sheet is the same as that of the inﬂow,

ρi c2 γi2 βi L (1 + σi ) = ρo c2 γo2 βo δ (1 + αo + σo ) ,(2)

ρN = ρi ,

where
α≡

p
Γ
,
Γ − 1 ρc2

(3)

σ≡

|B|2
.
4πρc2 γ 2

(4)

and

po
pN
= Γ.
Γ
ρo
ρN

(9)

The equations (1), (5), (6), (7), (8), and (9) give us
the relation between the inﬂow and outﬂow.
The speciﬁc momentum of the outﬂow uo = γo βo
is shown as a function of σi in Fig. 2 for βi = 10−5 .
The thick curve denotes the result for L/δ = 10, while
the thin curve does for L/δ = 100.
The speciﬁc momentum of the outﬂow increases
with σi , when βi and L/δ are ﬁxed. It is saturated in
√
the limit of large σi , while it is proportional to σi
when σi is small.
When the outﬂow is cold (αo � 1), the approximate solution can be obtained as

(5)

from the X- and Y-component of the induction equation.
From equations (1) and (2), we obtain
(1 + σi ) γi = (1 + αo + σo ) γo .

(8)

where ρN is the plasma density at the neutral point. In
other words, the magnetic energy release is so prompt
that the plasma does not have time to expand in the
neutral sheet. We assume that the plasma evolves
adiabatically after the prompt heating by magnetic
energy release. We then obtain the closure relation,

Here we assume that the thermal pressure is small and
can be ignored in the inﬂow region. The symbol α denotes the ratio of thermal enthalpy and the rest mass
energy. The speciﬁc heat ratio Γ is taken to be 4/3.
The symbol σ denotes the magnetization parameter.
We obtain
βi Bx,i = βo By,o .

(7)

(6)

This equation is equivalent to the Bernoulli’s theorem
and means that the speciﬁc enthalpy remains constant. The enthalpy is the product of the Lorentz
factor and the inertia. The inertia includes thermal
and magnetic energies as well as the rest mass, since
we are dealing with relativistic plasma. To produce
an ultra-relativistic outﬂow (γo � 1), the inertia in
the outﬂow region should be much smaller than the
speciﬁc enthalpy of the inﬂow.

γo � (1 + σi )γi .

(10)

This relation is equivalent to that by Lyutikov & Uzdensky√[9]. When σi � 1, the outﬂow velocity is
vo � 2vA , where vA is the Alfvén velocity in the
inﬂow region. This result is equivalent to that of
the conventional Sweet-Parker magnetic reconnection
model when po = pi (see, e.g., [1]).
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Fig. 3 Plasma density (color) and magnetic ﬁeld lines
(white curves) at t = 80τc for kB Tc /mc2 = 0.1
corresponding to σi = 3.8.
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3. PIC simulation
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We carried out 2-dimensional relativistic ParticleIn-Cell (PIC) simulations for pair plasma to study the
σi -dependence of the outﬂow velocity. The initial condition is given by a relativistic Harris conﬁguration
[12]. The number of grid points in the simulation box
is (NX , NY ) = (1024, 512). We imposed the periodic
boundary conditions in both the directions. We employed ∼ 6.7 × 107 electron-positron pairs. The length
and the time are normalized by the width of the current sheet λ and the light crossing time τc = λ/c,
respectively. We used 10 grid points in λ and the corresponding simulation box size is −51.2 ≤ X/λ ≤ 51.2
and −38.4 ≤ Y /λ ≤ 12.8. Besides the current sheet at
Y = 0, another current sheet is placed at Y /λ = −25.6
for the periodic boundary. In other words, the region
of −38.4 ≤ Y /λ ≤ −12.8 is a mirror. The drift velocity is ﬁxed at vd = 0.3c in the current sheet. The temperature of the background plasma (Ti ) is 0.2 times
lower than that in the current sheet (Tc ) and the density of the background plasma (ni ) is 5% of that of the
current sheet (nc γd ) for all simulations. Here n is the
proper number density and γd is the Lorentz factor of
the drift velocity vd .
The pressure balance across the current sheet
gives the following equation;

Fig. 2 Speciﬁc momentum of the outﬂow uo ≡ γo βo as
a function of the magnetization parameter σi for
βi = 10−5 . The thick curve denotes uo for L/δ =
10, while the thin curve does for L/δ = 100.

When the outﬂow is relativistically hot (αo > 1),
the speciﬁc momentum of outﬂow uo approaches to
uo ∼

usat
o

=

�

1δ 1
.
8 L βi

(11)

Note that the outﬂow velocity is reciprocal to square
root of the inﬂow velocity. This indicates that the outﬂow velocity is slower for a larger reconnection rate.
The outﬂow velocity is smaller than the Alfvén velocity for a relativistically hot plasma because of the
large inertia. Note that the heating rate is larger for
a larger reconnection rate. A hot relativistic plasma
is hard to be accelerated and tends to be jammed in
the diﬀusion region. Hence the outﬂow is hotter and
slower when the reconnection rate is larger.
The outﬂow velocity is relativistic only when the
inﬂow speed is very low, so that the outﬂow is cold.
Equation (11) gives us the condition for a relativistic
outﬂow,
βi � δ/L .

Bi2
= 2nc kB Tc .
8π

(13)

This equation gives

(12)

σi =

The maximum inﬂow velocity is estimated to be
βi,max � δ/L from the condition that equation (6)
has a solution. When the reconnection rate is high
(βi � δ/L), the outﬂow remains relativistically hot
and can be only weakly relativistic as pointed out
by Lyubarsky [10] even after the adiabatic expansion.
Lyubarsky [10] already pointed out that the pressure
should decrease signiﬁcantly towards the outﬂow region in order the outﬂow to be highly relativistic. Such
a situation can be realized when the reconnection rate
is suﬃciently small, βi � δ/L.

Bi2
nc kB Tc
�2
.
4π(2ni )γi2 me c2
ni me c 2

(14)

Here we used the approximation γi � 1 in the last
equation. This enables us to derive σi -dependence
of the outﬂow by changing the temperature inside
the current sheet. We carried out simulations for
kB Tc /me c2 = (0.05, 0.1, 0.5, 1.0, 4.0, 8.0, 16.0), corresponding to σi = (1.9, 3.8, 19, 38, 153, 305, 611).
These initial conditions are almost the same as those
of Zenitani & Hoshino [13].
To trigger the magnetic reconnection, we imposed
a weak electric ﬁeld around X = Y = 0 at the initial
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Fig. 4 shows the σi -dependence of the maximum
outﬂow four velocity uo (squares), P �xx (crosses), P �yy
(diamonds), and P �zz (triangles) for electrons. Here
we averaged P �μν inside the diﬀusion region and normalized it by the rest mass energy. Other components
of the pressure tensor are negligible around the neutral point. The outﬂow four velocity uo increases with
σi for a smaller σi , while it is saturated at a certain
value in the limit of the large σi . When σi is large,
the outﬂow velocity is much smaller than the Alfvén
velocity of the inﬂow.
The plasma cannot be accelerated up to the ultrarelativistic speed in spite of the larger free energy
(magnetic energy). Fig. 4 shows that the thermal enthalpy increases with σi without saturation. It indicates that the magnetic energy is mainly converted to
the thermal energy when σi is large. These results are
consistent with those based on the MHD theory.
In our simulations, the maximum inﬂow velocity
is 0.2 − 0.7c. It is consistent with those by Zenitani &
Hoshino [13]. The aspect ratio of the diﬀusion region
is about 10. These results indicate that the condition
given by equation (12) for the relativistic outﬂow from
the magnetic reconnection region is not satisﬁed. The
relativistic outﬂow is not formed because the larger
heating rate results in the larger inertia (enthalpy).

101

uo, P’ij

101

100

uo
P’xx
P’yy
P’zz

10-1
100

101

102

103

Fig. 4 The maximum outﬂow four velocity uo (squares),
P �xx (crosses), P �yy (diamonds), P �zz (triangles)
inside the diﬀusion region obtained by PIC simulations are shown as a function of σi (lower horizontal axis) and kB Tc /(me c2 ) (upper horizontal
axis). The energy momentum tensor P �μν is averaged inside the diﬀusion region and is normalized
by the rest mass energy. Thick solid curve shows
P �μν ∝ σi .

state [13]. Particles ﬂowing into the current sheet by
the drift motion enter the reconnection region.
After imposing the triggering electric ﬁeld, magnetic ﬁelds are reconnected and plasma ﬂows out to
the ±X-direction. Fig. 3 shows the plasma number
density (color) and magnetic ﬁeld lines (white curves)
at t = 80τc for σi = 3.8 around the reconnection region. The magnetic ﬁeld lines in the reconnection region are similar to those of the Sweet-Parker reconnection [13]. The shape of the diﬀusion region where
(E + β × B)z �= 0 is rectangle. No shocks appear in
the outﬂow region. The corresponding Alfvén velocity for σi = 3.8 is 0.87c, while the maximum outﬂow
velocity is 0.56c.
Next we evaluate the thermal energy inside the
diﬀusion region. We simply evaluate it from the energy momentum tensor,
� 3
d p μ ν
(15)
p p f (t, x, p),
P μν =
�

4. Conclusion
We extended the Sweet-Parker model of magnetic
reconnection for relativistic plasma. Our model takes
into account the pressure gradient between the neutral point and the outﬂow region. When the inﬂow
velocity is small, the outﬂow can be ultra-relativistic
for a larger σi . Meanwhile, when the inﬂow velocity
is large, the outﬂow velocity cannot exceed the upper
limit set by equation (11). The outﬂow speed is slower
for a larger reconnection rate since the larger heating
rate results in the increase in the inertia. We also carried out 2-dimensional PIC simulations to study the
σi -dependence of the outﬂow velocity. We conﬁrmed
that the outﬂow velocity is saturated at a certain value
in the limit of large σi , while the thermal enthalpy increases with σi monotonically. The outﬂow velocity is
still only mildly relativistic for a larger σi . These results are consistent with those obtained from the MHD
analysis. The adiabatic expansion is insuﬃcient to accelerate plasma outﬂow to highly relativistic speed in
our PIC simulations.

where f (t, x, p) and � are the particle distribution
function and the particle energy, respectively. Since
the particles are mainly accelerated in the Z-direction,
we need to evaluate the thermal energy by carrying
out the Lorentz transformation in the Z-direction as
P �μν = Λμη (βz )Λνρ (βz )P ηρ ,

(16)
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where Λ is the transformation matrix and βz is the Zcomponent of the average velocity inside the diﬀusion
region. We compare them at the moment when the
distance between the points of maximum |By (X, Y =
0)| reaches 30λ.
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