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The repeated acceleration of thermal ions by an oblique shock wave is studied by means of fully
kinetic, electromagnetic particle codes. When thermal ions encounter a shock wave, some of them are
reflected at the shock front. It is theoretically shown that if θ � 45◦, where θ is the angle between
the wave normal and external magnetic field, the reflected ions can be repeatedly accelerated by the
shock wave because they can stay near the shock front for long periods of time. This is confirmed by
a one-dimensional simulation for a planer shock wave with θ = 45◦. Furthermore, a cylindrical shock
wave, in which the value of θ depends on the position on the front, is simulated with a two-dimensional
particle code. It is demonstrated that the ions that are reflected at the front with θ � 45◦ can be
repeatedly energized.
Keywords: planar shock wave, cylindrical shock wave, particle reflection, repeated acceleration, particle

simulation

1. Introduction
It has been shown with theory and particle simu-

lations [1, 2, 3] that nonthermal, energetic ions barely
entering a shock wave can be further accelerated to
higher energies by the transverse electric field in the
shock wave because, while they are in the shock region,
their gyromotions are nearly parallel to the transverse
electric field. If these ions move with the shock wave
for long periods of time, the acceleration processes can
be repeated several times; their energies increase once
in a gyroperiod. The condition for the repeated accel-
eration is given by [2]

v� cos θ � vsh (1)

where vsh is the shock propagation speed, v� is the
particle velocity parallel to the magnetic field, and θ

is the shock propagation angle, i.e., the angle between
the wave normal and external magnetic field. If the
relation vsh ∼ c cos θ is satisfied, where c is the light
speed, energetic particles could be indefinitely accel-
erated owing to the relativistic effects [3].

The above studies were concerned with the accel-
eration of nonthermal ions; that is, it was assumed
that energetic ions were present from the beginning.
In this paper, we study repeated interactions of ther-
mal ions with an oblique shock wave; we do not assume
the presence of the energetic ions at t = 0. In Sec. 2,
we consider the acceleration of thermal ions by a one-
dimensional, planar shock wave. When the thermal
ions encounter the shock wave for the first time, some
of them are energized by the reflection from the shock
front [4, 5]. We theoretically estimate their parallel ve-
locities in the upstream region immediately after the
reflection to be v� � 2vsh cos θ. We then show that if
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θ = 45◦, the reflected ions can be further accelerated
by the shock wave with the mechanism discussed in
Refs. [1, 2, 3] because the condition (1) is satisfied.
This is verified with one-dimensional (one space coor-
dinate and three velocity components), fully kinetic,
electromagnetic particle simulations. It is observed
that in a planar shock wave with θ = 45◦, some of
the thermal ions are accelerated three times; the first
energy gain is from the longitudinal electric field, and
the second and third ones are from the transverse elec-
tric field. The parallel velocities of these ions also
increase several times, which is due to the magnetic
field [2], and thus these ions eventually move away
to the upstream region. In Sec. 3, by means of a
two-dimensional code, we study the acceleration by a
cylindrical shock wave. In such a wave, the value of
θ depends on the position on the front. It is shown
that the repeated acceleration can occur near the front
with θ � 45◦. In Sec. 4, we summarize our work.

2. Repeated acceleration by a planar
shock wave
We consider the acceleration of thermal ions by

a planar shock wave propagating in the x direction
(∂/∂y = ∂/∂z = 0) in an external magnetic field in
the (x, z) plane,

B0 = B0(cos θ, 0, sin θ). (2)

Under these circumstances, the magnetic field Bz is
enhanced in the shock region while Bx is constant [6],
and thus the direction of B changes.

The upstream region ions are supposed to be
in thermal equilibrium with the thermal speed much
smaller than vsh. When the ions encounter the shock
wave, some of them are reflected at the shock front and
are accelerated to the speed v � 2vsh in the direction
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Fig. 1 Ion phase space plots (x, K) and profiles of Bz for
a one-dimensional shock wave with θ = 45◦.

nearly perpendicular to B; the acceleration is caused
by the electric field, whose parallel component is usu-
ally small in magnitude in the magnetosonic shock
wave. Since B is approximately in the z direction in
the shock wave, the directions of the velocities of re-
flected ions are nearly parallel to the x axis. When
they go out to the upstream region, therefore, their
parallel velocities are

v� � 2vsh cos θ. (3)

If the x component of the parallel velocity, which is
given by v� cos θ, is close to vsh, this particle can move
with the shock wave for a long time and can interact
with it repeatedly. The condition v� cos θ � vsh is
satisfied when θ � 45◦.

We now study the acceleration by means of a one-
dimensional (one space coordinate and three veloc-
ity components), electromagnetic particle code with
full ion and electron dynamics. The simulation size is
Lx = 8192Δg, where Δg is the grid spacing. The total
number of simulation particles is N ∼ 1.0× 106. The
ion-to-electron mass ratio is mi/me = 100. The ther-
mal speeds are vTe/(ωpeΔg) = 1.0 and vTi/(ωpeΔg) =
0.1. The electron skin depth is c/ωpe = 4. The ratio of
the electron gyrofrequency to the electron plasma fre-
quency is |Ωe|/ωpe = 1.0 in the upstream region; the
Alfvén speed is then vA/(ωpeΔg) = 0.4. The propa-
gation angle is θ = 45◦, for which the repeated accel-
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Fig. 2 Time variations of the x position, kinetic energy
K, and works Wx and Wy done by the electric field
Ex and Ey, respectively, of a repeatedly accelerated
ion. The periods for which the ion is in the shock
region are denoted by A, B, and C.

eration of thermal ions is expected.
Figure 1 shows ion phase space plots (x,K), where

K is the kinetic energy, and the profiles of Bz for a
shock wave with vsh = 2.6vA. At ωpet = 170, some
ions are energized via the reflection at the shock front
at x/(c/ωpe) � 180. At ωpet = 1020, ions with much
higher energies are present. These ions have been
produced by the repeated interaction with the shock
wave.

The top panel of Fig. 2 shows time variation of the
x position of a repeatedly accelerated ion, where xf is
the position of the shock front (the location where the
field quantities begin to sharply rise); the upstream
region is x−xf > 0. This ion interacts with the shock
wave three times; the periods for which it is in the
shock region are denoted by A, B, and C. After the
period C (ωpet > 960), this ion is in the upstream
region moving faster than the shock wave. From the
second panel, we see that the kinetic energy K jumps
three times, and the jumps occur when the ion is in the
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Fig. 3 Time variations of v�, v⊥, and Bz[x(t)]. Here, x(t)
is the particle position.

shock region. The third and fourth panels show the
work done by Ex and that by Ey, respectively. (Since
the magnitude of Ez is much smaller than those of Ex

and Ey, the work done by Ez is quite small and is not
shown here.) The first energy gain A is from Ex, while
the second and third ones (B and C) are mainly due
to Ey. It has thus been shown that in a planar shock
wave with θ = 45◦, some ions can suffer the repeated
acceleration by Ey [2], after the reflection at the shock
front.

In association with the repeated acceleration, the
increase in v� takes place owing to the change in the
direction of the magnetic field B. Figure 3 shows time
variations of the parallel velocity v�, its x component
v�x, perpendicular velocity v⊥, and Bz[(x(t)] at the
particle position x(t). Near the end of the first inter-
action with the shock wave (A), v� increases, which is
due to the decrease of Bz. The theory (3) gives a good
estimate of v� in the upstream region immediately af-
ter the reflection; the observed value of v� is 75% of
the theoretical value. Because v�x is close to vsh, the
particle can stay near the shock front, which leads to
the second and third interactions in periods B and C.

When the ion is in the shock region, v⊥ increases ow-
ing to the transverse electric field. When the particle
goes in and out the shock wave, v� increases and v⊥
decreases because of the change in B. As a result of
these processes, v�x exceeds vsh, and the ion moves
away to the upstream region.

3. Simulation for a cylindrical shock
wave
By means of a two-dimensional (two space and

three velocity components), electromagnetic particle
code, we now study the ion motion in a cylindrical
shock wave. Because of the curvature of the front, the
angle θ between the wave normal and external mag-
netic field depends on the position on the shock front.
We will show that the ions that are reflected at the
front with θ � 45◦ can suffer the repeated accelera-
tion by the shock wave.

The system size of the simulation is Lx × Ly =
4096Δg × 4096Δg. The total number of simulation
particles is N ∼ 1.0 × 109. The external magnetic
field is taken to be B0 = B0(cos 30◦, 0, sin 30◦). The
other parameters are the same as those in the one-
dimensional simulation in Sec. 2.

Initially, we set the plasma density in the circular
region with a radius, r0 = 250Δg, four times as high
as that in the outer region. The ions and electrons
in this high-density region have the shifted Maxwell
velocity distribution functions; the local average ve-
locity vps(x, y) is in the radial direction of the circle.
These particles act as a piston and initiate a cylindri-
cal shock wave. Suppose that the front is given by

x2 + y2 = r2 = v2
sht2, (4)

then θ is written as

θ = arccos [(1− y2/r2)1/2Bx0/B0], (5)

which indicates that θ is 30◦ at y = 0, increases with
|y|, and is 90◦ at y = ±r.

Figure 4 shows phase space plots (x, y,K) of the
energetic ions with K/(miv

2
A) ≥ 10 at ωpet = 720 for

a shock wave with vsh ∼ 2.5vA. The contour map of
B in the (x, y) plane is also plotted. Energetic ions
exist near the shock front. We note that the ions near
y = 0 have particularly high energies. These ions have
been repeatedly accelerated by the shock wave.

The trajectory of a repeatedly accelerated ion is
depicted in the upper panel of Fig. 5, where the
dashed lines represent the wave front at several dif-
ferent times from ωpet = 30 to 630. The circles and
squares show the positions of the ion at these times
and, respectively, indicate that the ion is in the shock
and upstream regions. The lower panel of Fig. 5
shows its kinetic energy as a function of the parti-
cle position x. Even though the shock front has a
curvature, the ion penetrates the shock region three
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Fig. 4 Phase space plot (x, y, K) of energetic ions and con-
tour map of B in the (x, y) plane for a shock wave
with a cylindrical front.
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Fig. 5 Trajectory of a repeatedly accelerated ion (upper
panel) and the dependence of K on x (lower panel).

times and is accelerated three times. The ion encoun-
tered the shock wave for the first time at the position
(x, y) � (50c/ωpe,−90c/ωpe), at which the value of θ

was 45◦.
Figure 6 shows the positions at which the ions

that have been accelerated three times by ωpet = 720
had encountered the shock wave for the first time.
These points are near the two solid lines of θ = 45◦.
It is thus shown that the ions that are reflected at the
shock front with θ � 45◦ can be repeatedly energized
by the shock wave.

Fig. 6 Distribution of repeatedly accelerated ions. The
positions at which the repeatedly accelerated ions
had encountered the shock wave for the first time
are plotted.

4. Summary
We have studied the repeated acceleration of ther-

mal ions by an oblique shock wave. We have been
theoretically shown that if θ � 45◦, thermal ions can
suffer the repeated acceleration. We have then ver-
ified this prediction with one-dimensional, fully ki-
netic, electromagnetic particle simulations. In a pla-
nar shock wave with θ = 45◦, some of the thermal
ions were energized three times; the first acceleration
is caused by the longitudinal electric field and the sec-
ond and third acceleration processes are caused by the
transverse electric field. The parallel velocities of ions
increase owing to the change in the direction of the
magnetic field in the shock transition region, and the
ions move away ahead of the shock wave. Further-
more, we have simulated a cylindrical shock wave by
means of a two-dimensional code. Because of the cur-
vature of the front, the value of θ varies as one moves
along the front. The simulation has shown that some
ions that encounter the shock wave for the first time
at the positions with θ � 45◦ can be repeatedly accel-
erated by the shock wave.
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