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Abstract
Anomalous characteristics in the P and R branches in hydrogen Fulcher-α emissions were investigated

with respect to rotational temperature and population in the excited electronic state (upper-Fulcher state).
The ro-vibrational population distribution of the ground electronic state was deduced by applying the coronal
equilibrium to the Q branch, and then the population for the P and R branches was predicted. The anomalies
in P and R branches can be found in the rotational temperature and the branching ratio between the branches.
Our results suggest that the sum of the emission from P and R branches seems to agree with that predicted
based on the Q branch emission.
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1．Introduction
Fulcher-α band (d3Π−u −aΣ+g ) spectra are widely used

to measure ro-vibrational distribution of the hydrogen
molecules in divertor plasmas in fusion devices [1], di-
vertor plasma simulators [2], and laboratory plasmas
[3], including negative ion sources [4]. Because it has
been known, from the early stage of molecular spec-
troscopy, that the P and R branches, which originate
in the d3Π+u sublevel, exhibit anomalous intensity com-
pared to the Q branch, which originates in d3Π−u [5],
usually only the Q branch has been used to determine
the ro-vibrational distribution in the ground electronic
state. The reason for this phenomenon has often been
referred to as the perturbation between d3Π+u and e3Σ+u

[6,7]. However, if the characteristic can be clarified
either theoretically or empirically, data points of the
Fulcher band could be increased, and then a better fit
to obtain the ro-vibrational structure of the ground elec-
tronic state could be provided.

In this study, we investigated the P, Q, and R
branches in the diagonal Fulcher-α transition using the
hollow cathode glow discharge of 230 V − 70 mA.
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2．Principle of the diagnostics
We have developed an analysis scheme in which the

ground state (X1Σ+g ) populations for both vibrational (v)
and rotational (J) distributions are assumed to be de-
scribed by the Boltzmann temperatures T X

vib and T X
rot, re-

spectively. The electron impact excitation rate from the
X(v, J) state to the d(v′, J′) state, Rdv′J′

XvJ , and the sponta-
neous emission coefficient from the d(v′, J′) state to the
a(v′′, J′′) state, Adv′J′

av′′J′′ , are used in a coronal model to
determine T X

vib and T X
rot. Then, the measured intensity

ratio of the Fulcher band spectra is fitted to the function
[2],

Idv′J′
av′′J′′ =

hc

λdv′J′
av′′J′′

Adv′J′
av′′J′′∑

v′′,J′′
Adv′J′

av′′J′′

× ne

∑
v,J

{
Rdv′J′

XvJ Cv(2J + 1)gJ
as (1)

exp
[
− FX(J, v)

kT X
rot

− GX(v) −GX(0)
kT X

vib

]}
,

where λdv′J′
av′′J′′ is the wavelength of the measured line;

FX(J, v) and GX(v) are the rotational and vibrational en-
ergies in the X1Σ+g state, respectively; h and c are the
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Planck constant and the light velocity, respectively; and
Cv is the normalization constant with respect to J for
each v level. The degeneracy of nuclear spin gJ

as stands
for“ asymmetric”or“ symmetric,”depending on the
symmetry of the level J. In H2, levels of odd J in d3Π−u
(Q branches) and X1Σ+g and of even J in d3Π+u (P and
R branches) are asymmetric, so that the wave function
of the nuclear spin is symmetric to satisfy the feature
of fermions, i.e., gJ

as = ga
s = 3, while the opposite case

requires gJ
as = gs

a = 1.
The ro-vibronic structure of Aav′J′

av′′J′′ for the diagonal
band can be well described by Franck-Condon factor
qv′v′′ and the Hönl-London factor for the P, Q, or R
branch, namely,

S P
J′J′′ = J′/2,

S Q
J′J′′ = (2J′ + 1)/2,

S R
J′J′′ = (J′ + 1)/2. (2)

Note that S Q
J′J′′ = S P

J′J′′ + S R
J′J′′ = (2J′ + 1)/2. (3)

The ro-vibrational structure in the excitation rate Rdv′J′
XvJ

is evaluated from the adiabatic approximation com-
bined with Gryzinski’s semi-classical electron ex-
change cross-sections [8]:

Rdv′J′
XvJ = qdv′

Xv < QGryzinski
v′←v ve > a1J′

0J δ
g′ Jas

gJ
as
,

∑
K′

aΛ
′K′
ΛK =

∑
K′

∑
r

Q̄′r(2K + 1)

⎛⎜⎜⎜⎜⎝ K′ r K
Λ′ Λ − Λ′ −Λ

⎞⎟⎟⎟⎟⎠
2

= 1, (4)

where Q̄′r is the multi-polar components of the par-
tial cross-section determined in Ref. [9], which, for
r = 1 ∼ 4, are 0.76, 0.122, 0.1, and 0.014. Note that the
dipolar component of a1J′

0J , namely Q̄′1 with r = 1, cor-
responds to the Hönl-London factor for the X to d tran-
sition. Kronecker’s delta represents the selection rule
for the symmetry of nuclear spin. The spin multiplicity
is so small that K can be replaced by J in this case.

For the purpose of comparing the accuracy of the fit-
ting, we executed a Boltzmann plot of the d3Π−u or d3Π+u
state. Although the rotational distribution of the excited
vibronic state is not necessarily in thermal equilibrium,
lower rotational levels are well described by T dv′

rot , which
is dependent on v′.

3．Experimental results
Plasma was generated in a hollow cathode discharge

chamber [10]. The cathode region was 19 mm in di-
ameter. The discharge current and voltage were 70 mA
and 230 − 270 V, respectively. The operating range of
the gas pressure was 10 − 300 Pa in our present appa-
ratus. The typical electron density, ne, and temperature,

18

17

16

15

14

13

12ln
 (

N  
dv

'J
'  

/(
2J

'+
1)

g  a
s  )

 [a
rb

. u
ni

t]

125000120000115000
Energy [cm   ]-1

vʼ=0 vʼ=1 vʼ=2 vʼ=3 vʼ=4
vʼ=5

Fig. 1 Molecular Boltzmann plot of the Fulcher band in
hollow cathode discharge at 110 Pa. Solid lines
represent the reconstruction from the fitting result
of Trot and Tvib in the ground electronic state us-
ing the data for v’≤ 3. Filled circles represent the
corrected data for the Q branch, taking the relative
lifetime into account.

Te, were 109 cm−3 and a few eV, respectively.
A 1-m Czerny-Turner scanning monochromator

equipped with a 2400 grooves/mm holographic grating
and a photo-multiplier tube detector (PMT: Hamamatsu
R928) was used for the optical measurements. The typ-
ical wavelength resolution in the present work was less
than 0.03 nm at a 50-µm slit width.

We measured ne and Te at the center of the hollow
cathode using a Langmuir probe made of Molybdenum
and covered with a Pyrex glass rod. In the present study,
the working gas pressure was set to 110 Pa. The ne and
Te were 3.9 × 109 cm−3 and 3.9 eV, respectively.

Molecular Boltzmann plots of d3Π
+/−
u states popu-

lation are shown in Fig. 1. Hönl-London factors for
P, Q, and R branches were used. Q branch spectra of
v′ ≤ 3 were normally used for the evaluation of T X

vib

and T X
rot. Obtained results were T X

vib = 2301 ± 292 K
and T X

rot = 380.4 ± 21.7 K. Reconstructed distributions
of the d3Π

+/−
u states using these fitting results are also

shown (lines). The intensity of v′ ≥ 4 is weaker, since
the dissociation limit to H(1s) and H(2s) lies between
the v′ = 3 and 4 levels (open circles). The filled circles
in v′ ≥ 4 represent the corrected data by applying the
lifetime of the state involved in vacuum. One can see
that corrected values are slightly higher in this condi-
tion, which is discussed later.

The so-called anomaly in the P and R branches can-
not be compensated for by the lifetime [10]. As seen in
the figure, the anomaly in the P and R branches consists
in the differences in (1) the rotational temperature of the
d3Π+u state, and (2) the population.

For the purpose of investigating the characteristics
of the anomaly, we evaluated T X

vib and T X
rot from the

Q branch, predicted the populations of d3Π+u , and then
compared them with the P and R branch emission in
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terms of T dv′
rot and the population.

4．Discussion
4.1 Rotational temperature

In Fig. 2, T dv′
rot , deduced from the Boltzmann plot

method for d3Π
+/−
u states, is shown as a function of

v′ (markers) together with the calculated values from
the fitted T X

rot and T X
vib to the Q branch spectra (lines).

The data in Fig. 1 were used. There are considerable
discrepancies between branches. In particular, the adi-
abatic approximation requires that P and R branches
from the same Λ-sublevel provide equal values.

There have been experiments to determine T X
rot,

which can be interpreted as the gas temperature in a
high-temperature regime from the obtained rotational
temperature in the d3Π−u state for a specific v′ level,
T dv′

rot . The most commonly used formula for the Q
branch was proposed by Lavrov [12], as follows:

T X
rot(v = 0)

BX
v=0

∼ T d
rot(v

′)
Bd

v′
, (5)

where BX
v=0 and Bd

v′ denote the rotational constants,
which are 59.3 and 29.6 (v′ = 0) cm−1, respectively.
Hence T X

rot(v = 0) ∼ 2T d
rot(v

′ = 0).
However, our model based on eq. (4) gives differ-

ent values, especially in a low T X
rot regime, as shown

in Fig. 3. The difference comes from the multi-polar
components of Q̄′r. The dipole component, r = 1, pro-
vides the Hönl-London factor. Due to the selection rule
with respect to the symmetry of the nuclear spin, rota-
tional quanta do not change in either the excitation to
d3Π−u or in the radiative decay to a3Σ+g for the Q branch.
Consequently, the Boltzmann distribution in the rota-
tional population conserves between the vibronic states,
which yields eq. (5), shown in the line without markers
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Fig. 2 Rotational temperature in the (a) d 3
Πu

– and (b)
d 3
Πu

+ state as a function of the vibronic level v′.
Lines without markers are the reconstructed val-
ues from the fitting result of Trot and Tvib in the
ground electronic state.
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Fig. 3 Relation between (X, v = 0) and (d, v’ = 0) state ro-
tational temperatures. Results based on the sim-
ple linear formula [12] and those based on the
dipolar component of the excitation rate are added
as a comparison.

in Fig. 3.
Open diamonds represent the result using r = 1 only.

This calculation agrees with the simple formula. By
taking the higher multi-polar components into account,
however, this conservation breaks. For example, J′ = 1
in d3Π−u (ortho-H2) is populated by the odd J levels in
X1Σ+g , while J′ = 1 in d3Π+u (para-H2) is populated by
the even J levels. Consequently, the relation in low T X

rot

becomes non-linear. The large error-bars in the lower
T X

rot are due to the fact that the excited state distribution
cannot be described by the Boltzmann temperature. In
the same manner, the multi-polar components make the
d3Π−u state rotational distribution slightly depart from
Boltzmann. This might be the dominant reason for the
difference between the Boltzmann plot and the calcu-
lated values seen in Fig. 2. Thus, the above simple
evaluation cannot apply. In other words, it is important
to consider the multi-polar components in determining
T X

rot and to use curves such as those in Fig. 3 obtained
from the model, or more desirably, to determine the
best-fitted T X

rot to a whole Fulcher band structure based
on the model provided here in eq. (1).

Deduced T dv′
rot does not depend on Te and has only

a slight dependence on T X
vib(ignorable). It should be

noted, however, that by considering the multi-polar
components, T dv′

rot in d3Π−u and d3Π+u become slightly
different to each other1. However, the predicted T dv′

rot

in d3Π+u cannot reproduce the experimental data. This
result indicates that the adiabatic approximation cannot
be applied in the analysis of the rotational structure of
P and R branches.

1 Fig. 5 (b) in Ref. [10] had an error in Tdv′
rot of d3Π+u , which was

corrected here.
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Fig. 4 (a) Calculated portion of the population density of
d 3
Πu

– and d 3
Πu

+ states as a function of rotational
temperature in the X state for the vibrational tem-
perature of 0 and 2000 K. (b) Population summed
over the rotational structure of the vibronic states
normalized to that of v’ = 0 of the Q branch. (c)
Same plot as (b) for the P and R branches.

4.2 Population density of the Λ-type doublet states　

According to the selection rule, the lowest rotational
level in X1Σg(para-H2) can be excited mainly to J′ = 1
in d3Π+u . Consequently, d3Π+u has more population than
d3Π−u in low-density coronal equilibrium plasmas where
collisional redistribution of the Λ-doublet state is negli-
gible. A collisional-radiative equilibrium including the
other electronic states may tend to distribute the popula-
tion proportional to the statistical weight again. There-
fore it is especially important to consider the unbalance
of the excitation fluxes when investigating the intensity
ratio from the Λ-doublet in low-density plasmas.

The calculated ratio of populations in the d3Π−u to
d3Π+u states as a function of T X

rot is shown in Fig. 4(a).
The ratio does not depend on Te, while weak depen-
dence on T X

vib can be seen. The difference between the
Λ-doublet states is more apparent in the low T X

rot and
T X

vib regime.
In Fig. 4 (b) and 4 (c), the population in d3Π

+/−
u states

deduced from the experimental data for 110 Pa are
shown together with the reproduced population from
fitted T X

rot and T X
vib. The population for each v′ level

was evaluated by the Boltzmann plot to obtain T dv′
rot , and

then the resultant rotational population was summed up
to J′ = 20. Because we applied lifetimes in vacuum

relative to that for v′ ≤ 3, over-estimation occurred for
the corrected vibronic population in v′ = 4 and 5 in the
Q branch. This correction reproduces the population
without taking the predissociation process into consid-
eration. Collisions to the neutral could shorten the life-
time for v ≤ 3. In fact, this correction scheme shows
better results in the case of 15 Pa [10]. This should be
confirmed in a future study.

There is an obvious discrepancy between the cases
of the P and R branches. However, the average of
these branches coincides with the reproduced popula-
tion. This suggests that the anomaly consists in the
branching ratio of the P and R branches. In this respect,
intensity perturbation caused by the adjacent electronic
state is not obvious, though the rotational temperature
exhibits an anomaly. This tendency was also found in
the different discharge condition of 15 Pa and the rean-
alyzed historical data of Ginsburg [5].

5．Summary
In Fulcher-α band spectra, populations of the vi-

bronic state v′ ≤ 4 in the Q branch can be corrected
to some extent by taking into account the lifetime of the
states. The 110 Pa case in comparison with our previous
result at 15 Pa indicates that the collisional de-excitation
of the d3Π−u might be taken into account. The ratio of P
and R branch intensities is far from that expected from
the Hönl-London formulae. The anomaly is also found
in the fact that the rotational temperatures in d3Π+u de-
duced from the P and R branches are different from each
other. However, our initial results show that the average
of the upper-Fulcher populations in the vibronic state
deduced from the P and R branches coincides with the
population predicted from the Q branch by taking into
consideration the difference in the selection rule of ex-
citation from the ground electronic state based on the
adiabatic approximation.
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