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Abstract
We discuss the wake wave-breaking that occurs due to the inhomogeneity of the Langmuir

frequency with the aim of exploiting this wave-breaking to inject electrons into the acceleration phase of
the wave. Particle in cell simulations show that stable'beams of energetic electrons are formed. These

beams are well bunched in coordinate and velocity space and contain a considerable fraction of the pulse

energy.
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Among the charged particle accelerators that use

collective electric fields in plasmas, the Laser Wake-

Field Accelerator (LWFA) provides one of the most
promising approaches to high performance compact

electron accelerators [1]. Acceleration of electrons in
electric fields ofup to 100 GV/m have been observed in
LWFA experiments during the interaction of high
intensity laser pulses with plasmas [2]. The production

of accelerated electron beams with low energy spread

requires a very precise injection of extremely short

electron bunches in the appropriate phase of the wake

field. We propose to use for electron injection the wake

field breaking of the wake wave of a single laser pulse

so as to overcome any synchronization problem [3].
Even in the l-D case, wave breaking can either
completely destroy the regular structure of the wave, or

it can develop quite gently, with only a small portion of
the wave involved in the break. In addition, even when

the crash of the wake field occurs at the plasma-vacuum

interface and destroys the wave pattern locally,
nevertheless it may serve the purpose of injecting a

portion of the electrons in the accelerating phase in the

wake behind the laser pulse far from the plasma

boundary [4]. In a homogeneous plasma the wake wave

breaks, either inside the pulse orjust behind it, when the

square of the laser radiation amplitude a2 exceeds 706

(Tpt = a /alo"). This regime has attracted attention since

it provides both the injection of electrons into the

acceleration phase and, at the same time a high rate of
acceleration [5]. In this paper we present the analytical

theory and the computer simulations of the
nonlinear evolution of wake field waves in weakly
inhomogeneous plasmas. In this case, at any given time,

only a relatively small portion of the electron population

is involved in the break.

In the l-D case the Langmuir wave break occurs

when the quiver velocity of electrons, u, becomes equal

to the phase velocity of the wave. In a plasma with
inhomogeneous density, the Langmuir wave
wavenumber depends on time through the well known

relationship 0.k = -0,a. The resulting growth over time
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of the wavenumber results in the break of the wave even

when the initial wave amplitude is below the wave

break threshold. In this case the wave break occurs in
such a way that only a relatively small part of the wave

is involved. We can use this property to perform a

gentle injection of electrons into the acceleration phase.

We notice that the dependence of the Langmuir wave

frequency on the coordinate may also be due to

relativistic effects that cause the wake wave amplitude

to vary [6]. This appears naturally due to the laser pulse

depletion as it is accompanied by the downshifting of
the laser pulse frequency [7], which in turn changes the

wake field amplitude excited by the laser pulse. In order

to describe the wake wave pattern in the region of
plasma inhomogeneity, we assume the plasma frequency

to vary between the two values tr)ot and apz with a

dependence on the Lagrange coordinate xe of the form
ab"(ro) = 0.5(ab' + a4) - 0.5(abr + aro) tanh x1tlL1, w\th
L1 the width of the region where the plasma is

inhomogeneous. The resulting wave pattern in the x, t
plane is shown in Fig. la, where the longitudinal electric

field in the wake wave is shown in the frame moving
with the laser pulse. We see that, behind and ahead of
the region where the Langmuir frequency is

inhomogeneous, the wavelength of the wake field does

not depend on time, while in the inhomogeneous region

the local value of the wavelength of the wake field
decreases with time. In Fig. lb the dependence of the

Jacobian of the transformation from the Euler to the

Lagrange coordinate and of the phase velocity of the

wave tror,(xo, t) = alk , on the Lagrange coordinate is
shown. In Fig. lc the electron velocity in the wave is
plotted as a function of the Euler coordinate at the

breaking time /5."u1 = 2Ll(^La4,. We see that in the

region where the wake field frequency is
inhomogeneous, the wake phase velocity decreases until
it becomes equal to the quiver velocity of the electrons.

Since the parameters of the nonlinear Langmuir wave

approach the wavebreaking limit gradually, the wave

pattern in phase plane (p,.r) acquires specific features.

The characteristic cusp like patternp' * x'2t3 f3f appears

in the phase plane.

As the result of the break, fast electrons from the

wave crest are trapped by the wave and are

preaccelerated into the region where the phase velocity
increases and the wake field has a regular and steady

structure. In this way we obtain a gentle injection of
electrons into the acceleration phase in the wake far
from the breaking region. The breaking leads to the

local decay of the wake wave. Its energy is transported
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Fig. 1 a) Pattern of the electric field in the wake wave in the x - unf. f plane. b) Plasma density distribution (dotted line),
dependence of the Jacobian (solid line) and of the wave phase velocity (dashed line) on the Lagrange coordinate.
c) Electron momentum versus the Euler coordinate in the breaking wave. d) Pattern of the electric field in the
wake wave in the x, t plane. e-f) The same quantities as in frames (b-c) in the case when the plasma-vacuum
interface is taken into account.

€0 -40 -20 0 20 ,t0 60

-0.

-60 .40 .20 0 20 ,O 60

t42



Bulanov S. et al., Particle Inlection into the Wave Acceleration Phase Due to Nonlinear Wake Wave-Breaking

away by the fast electrons. From the energy balance we

estimate the fast electron density in the breaking region

to be equal to ,4inj = ns(^lL.
In order to study the long time evolution of the

breaking wake wave we performed numerical
simulations using the lD PIC code described in Ref. [7].
In these simulations a circularly polarized laser pulse

interacts with a weakly inhomogeneous plasma. The

laser pulse length is lZL, and its amplitude is a = eEl

mo)c = 2. The laser pulse is initiated in the vacuum

region and then interacts with the plasma. Ions are

assumed to be immobile. Asymptotically, as v -e -, the

plasma is homogeneous with a density nln", - 11625 that

corresponds to alope = 25. Below x and t are

normalized to ,1, and 2rla, conespondingly. The plasma

density varies smoothly from zeto at x = 32 to 11548n",

at x = 96 to avoid the distortion of the plasma wave due

to wave-break at the vacuum-plasma interface discussed

in Ref. [4]. The plasma is homogeneous at 96 < x < 128

and its density decreases gradually from 11548n", to ll
625n", at 128 < x < 152. To illustrate the difference in
the wake field evolution that arises because of the finite

width of the vacuum-plasma interface we present the

electric field distribution in the plane.r, t (Fig. I d), the

Jacobian and phase velocity (Fig. I e) and the wake

wave pattem (Fig. I e), for ab"(-rg) = ((alr + ct4) - @pr

- ooz) tanh (xolL)(l + tanh (xslL)). In the vacuum-

plasma interface we see the formation of wake breaking

toward the vacuum region. This process is similar to the

"electron vacuum heating" discussed in Ref. [8].
We have performed a long-time run, up to 2500

periods of the electromagnetic wave, in order to study

both the injection and the subsequent acceleration of the

electrons injected into the wake field. The simulations

were made in a "moving window". In Fig. 2 we show

the electric field in the wake obtained in the PIC
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Fig. 2 The electric field in the wake wave in the x, f
plane: a) in the region of plasma inhomogeneity,
b) behind the laser pulse.

simulations in the region of plasma inhomogeneity (a) in

the time interval 0 < / < 280, and behind the laser for
300 < t < 25OO (b) where it has a regular stationary

structure. In Fig. 2a we see the change of the local
wavelength of the wake field in agreement with Fig. ld.
In Fig. 3 the phase plane at different times is shown. At
t = 130 (a) we see the formation of the cusp structures

that characterize the wave break and corresponds to Fig.

le,f. At t = 200 (b), during the wave break, particles are

injected into the accelerating phase of the wake field.
Further acceleration is seen for t = 300 (c), and t =2500
(d). At time t = 2500 the maximum energy of the fast

particles is approximately 330 mc2. The most energetic
particles have been accelerated in the first period of the

wake-wave behind the laser pulse. In Fig. 2c we notice

that the amplitude of the wake wave for periods with
numbers larger than 3 is much smaller than the

amplitude in the first period. This is caused by the fact

that the wake wave is loaded by the bunch of
accelerated electrons and loses its energy. Thus in the

regime presented in Figs. 2-3 a significant portion of the

energy of the laser pulse is converted into the energy of
fast particles.

A very important feature of this injection regime is

that it provides conditions when the resonant wave-

particle interaction in the region of homogeneous
plasma forms electron bunches that are well localized
both along the x-coordinate and in energy space (Fig. 4).

The main goal of LWF accelerators is to reach the

largest possible accelerating field which is limited by

the wake wave-breaking constraint. In a smoothly
inhomogeneous plasma (and/or when the amplitude of
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Fig.3 Electron phase plane at f = 130 (a), f = 200 (b). t=
300 (c) and t= 2500 (d).
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Fig.4 Distribution function inside the bunch of
accelerated electrons versus (a) particle position
and (b) particle energy.

the wake depends on the coordinates) the wavelength of
a relativistically strong Langmuir wave depends on time.
When this wavelength becomes of the order of the
quiver amplitude of the electrens, the wake starts to
break. This provides a mechanism for the injection of
electrons into the acceleration phase of the wake field.
In this regime of injection the resonant wave-particle
interaction in the region of homogeneous plasma forms

electron bunches well localized both along the .r-
coordinate and in energy space. These bunches are
stable and contain a finite portion of the laser pulse
energy.
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